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On Selberg’s Central Limit Theorem for Dirichlet
L-functions

par Po-HAN HSU et PENG-JIE WONG

RESUME. Dans cet article, nous présentons une nouvelle preuve du théoréme
central limite de Selberg pour les fonctions L de Dirichlet, basée sur une
méthode de Radziwill et Soundararajan. De plus, nous étudions la propriété
d’indépendance pour les variables aléatoires apparaissant dans ce théoréme
central limite.

ABSTRACT. In this article, based on a method of Radziwill and Soundarara-
jan, we present a new proof of Selberg’s central limit theorem for Dirichlet
L-functions. Also, we study the independence property for the random vari-
ables arising from such a central limit theorem.

1. Introduction

In light of the Riemann hypothesis and the Lindeltf hypothesis, the
value distribution of L-functions (and their moments) over the critical line
R(s) = % has attracted many mathematicians. More than eighty years
ago, Selberg [14] proved that for T sufficiently large, as ¢ varies in [T, 277,
log ¢ (% + it), the logarithm of the Riemann zeta function over the critical
line, is normally distributed with mean 0 and variance %log log |t|. This
has been further extended by Selberg himself to all L-functions belonging
to the “Selberg class” (see [15]). In particular, for any (primitive) Dirich-
let character x, log L(% + it,x) is “approximately” normally distributed
with mean 0 and variance 3 loglog |t|. (Here, as later, L(s,x) denotes the
Dirichlet L-function attached to x.)

Recently, Radziwill and Soundararajan [12] gave a new and elegant proof
of Selberg’s central limit theorem for log|((3 + it)| and remarked that
their argument may be applied to general L-functions in the t-aspect. The
primary object of this article is to present a proof of Selberg’s central limit
theorem for Dirichlet L-functions, stated formally below, by adapting the
method of [12].
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Theorem 1.1 (Selberg). Let x be a primitive Dirichlet character and V a
fized positive real number. Then as T — 0o, one has

1 1 /1 1 00 42
Tg{t S [T, 2T] : log‘L(2 +Zt7x>‘ 2 v QIOgIOgT} ~ E g 6_7d$’

uniformly for v € [V, V], where, as later, £ denotes the usual Lebesgue
measure.

After deriving his central limit theorem, Selberg remarked that subject
to his orthogonality conjecture, [15, Conjecture 1.2], primitive L-functions
in the Selberg class are “statistically independent” (see [15, p. 53]). How-
ever, Selberg did not give any precise description for the “independence”
involved.! The second object of this article is to prove the following explicit
version of the independence of Dirichlet L-functions.

Theorem 1.2. Let x1 and x2 be distinct primitive Dirichlet characters.
For T sufficiently large and t € [T, 2T, the random vector

1 1
(log ’L(2 + it,x1> ,log ’L(2 + it,xg) D

18, approximately, a bivariate normal distribution with mean vector Oy and
covariance matriv %(log logT) 1.

Consequently, log |L(3 +it, x1)| and log |L(5 +it, x2)| are approzimately
independent.

Moreover, in light of this independence theorem, we will prove that the
logarithms of the absolute values of the Dirichlet L-functions form a Gauss-
ian process by studying their joint distribution as stated formally in the
following theorem.

Theorem 1.3. Let (Xj)j-vzl be a sequence of distinct primitive Dirichlet
characters. Then, for T sufficiently large and t € [T, 2T, the random vector

1 1
(log ’L(2 + it,xl) ,. .., log ’L(2 + it,XN> D

is approximately an N -variate normal distribution with mean vector Oy and
covariance matriz (loglogT) In.

Consequently, the random variables log |L(% +1it, x;)| are approximately
independent, and (log |L(% +it, X)|)yes forms a Gaussian process for any
totally ordered set J of (distinct) primitive Dirichlet characters.?

11t seems that (at least, according to the argument sketched in [15] and the language of mod-
ern probability theory) Selberg’s assertion is most likely the “uncorrelatedness” among random
variables, which is a consequence of the “independence.”

2A stochastic process (X;j)jes is called an Gaussian process if every finite subsequence of
(Xj)jes has a multivariate normal distribution (see, e.g., [8]).
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Remark 1.4. It may be of interest in further studying the “ large devia-
tions” for the value distribution of L-functions in the consideration (cf. [11]).
However, for the sake of conceptual clarity, we shall focus on Selberg’s cen-
tral limit theorem and independence property of Dirichlet L-functions in
this article.

This article is arranged as follows. In the next section, we will collect
some notation and preliminaries from number theory and probability the-
ory. Section 3 will be devoted to giving an outline of the argument for prov-
ing Theorem 1.1 while the detailed proofs are given thorough Sections 4-7.
In Section 8, we will prove Theorems 1.2 and 1.3.

2. Notation and Preliminaries

Throughout this article, we employ the Landau—Vinogradov notation.
We write f ~ g (resp., f = o(g)) if the ratio f(x)/g(z) tends to 1 (resp., 0)
as x — oo. Both f = O(g) and f < g mean that there is a constant M
such that |f(z)| < Mg(x) for z sufficiently large. Also, we let Q(n) denote
the number of prime divisors of n counted with multiplicity. The Mobius
function is defined by

(=1)2() if n is square-free;
pn) = .
0 otherwise.

The von Mangoldt function A(n) is given by A(n) = log p if n is a power of
a prime p, and A(n) = 0 otherwise.

Let ¢ > 1 be a natural number. A Dirichlet character y modulo ¢ is a
homomorphism from (Z/qZ)* to C*, extended to N by setting x(n) = 0
for (n,q) > 1; x is called primitive if it is not induced from a Dirichlet
character x* modulo ¢* for any ¢* | ¢. The Dirichlet L-function attached
to x is defined by

L(s.x) = i X(ZL)
n=1

=] - x(p)p )"

p

n

for R(s) > 1 (we indicate the interested reader to [3, 10] for a detailed
discussion of Dirichlet L-functions).
We recall Stirling’s formula states that for any fixed o,

(2.1) ID(o + it)| ~ e~ 2™l¢]7~2/27,

as [t| — oo. Moreover, as an application of the Stirling approximation (see,
e.g., [5] or [7, Ch. 1, Problem 7]), it can be shown that for fixed 6 > 0
(which is sufficiently small),

R ]
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where a, ( are arbitrary constants and |arg(3)| < 7 — 4.
We also require the following estimates (see, e.g., [12, Sec. 3]). For any
m,n € N, one has

2.3 /2T <m)ltd {T it m =n;
. - t= . 1 .
T n O(mln{T,W}) if m #£n.
For m # n, one further has
1 if m > 2n, or m <n/2;
L sm/lm—mn| ifn/2<m<2n;
vmn for all m # n.

We recall some facts regarding normal random variables. Let A/ be a
normal random variable with mean 0 and variance o2. The n-th moment

of N satisfies

@D ioglmm)]

(2.5) E[N™] = {O if n is odd;

(n—1)Nle™ if n is even,

where E[N™] denotes the mean of N, and for a positive integer m, m!!
stands for the double factorial which is defined by

fm/2]—1
mll = H (m — 2k).

k=0

Let X; and Xy be random variables. The covariance Cov(X71, X3) be-

tween X7 and X is defined as
COV(Xl, Xz) = E[(Xl - E(Xl))(XQ — E(Xg))]
If Var(X;) and Var(Xz) are positive, then p(Xi, X2), the correlation of X;
and Xs, is defined by
Cov(X1, X
p(X1,Xo) := (X1, Xo) :

V/Var(X7) Var(Xs)
We recall that X; and Xy are said to be uncorrelated if p(X1, X2) = 0. It
is known that X7, Xy are uncorrelated if and only if
(2.6) Var(X; + X3) = Var(X;) + Var(Xs)
Let X = (X1, X9,...,X,) be a random vector in R". For each j, denote

E(X;) = m; and Var(X;) = O'JQ-. We call X an n-variate normal distribution
if its probability density function fx(z) is given by

1 1 Ta-1
_ L tewTaeem)
@) = o @

where m = (my,...,my,), (x —m)? denotes the transpose of the vector
(z —m), and R = (0y5) is an n x n symmetric positive definite matrix of
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real numbers with o;; = o2 and oij = p(Xi, Xj)ojo;. We shall call 2-variate
normal distributions bivariate normal distributions. We have the following
properties of n-variate normal distributions (see, e.g., [4, Theorems 5.3.18,
5.3.25, and 5.5.33] for details).

Proposition 2.1. Let (X;)7_; be a sequence of normal distributions. Then
(Xj)?zl is an n-variate normal distribution if and only if any linear com-
bination of X; is a normal distribution.

Suppose, further, that (Xy, X¢) is a bivariate normal distribution. Then
X and Xy are independent if and only if they are uncorrelated.

For the sake of convenience, we will say “Xg is AN (m,0?)” if Xj is
approximately normally distributed with mean m and variance 0. More
precisely, for any fixed positive real number V', as T' — oo, we have

1 Xo(t) — 1 00 42
2{t€[T,2T]:O()mZU}~ e zdx
T g v 21 Jo
uniformly for v € [V, V].
3. Strategy of the Proof of Theorem 1.1

Following [12], throughout this article, parameters W, X, and Y, are set
to be

W = (logloglogT)*, X =108 loglogT)™*  y~ _ 7(loglogT)~*

where T > 0 is sufficiently large so that W > 3, and o¢ is defined by
oy = % + %. The proof of Theorem 1.1 consists of four parts. First of all,

we shall show that for o “close” to 1, the distributions of log |L(3 + it, )|
and log |L(o+it, x)| are “approximately the same” as stated formally below.
(Here, as later, x is a fixed Dirichlet character modulo ¢ > 1.)

Proposition 3.1. For T sufficiently large, t € [T,2T], and any o > %, one

has
t+1 1 1
/ L(2+iy,x>‘—log\L(U+iy,X)]‘dy<< <0—2>10gT,
t—1

where the implied constant depends on q.

log

As shall be seen, the proof of Proposition 3.1 is the only place requiring
the information of the zeros of Dirichlet L-functions, and the purpose of
this proposition is to allow one to study the problem away from the critical
line.

For the second step, we will show that the auxiliary series

(3.1) P(s) = Pls,x) = Pls: X) = Y A

S
2imex T logn

has the cumulative distribution equal to AN(0, 1 loglog 7).
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Proposition 3.2. IfV is a fixed positive real number, then as T — oo,

o0 22
%E {t € [T,27] : R(P(oo + it)) > v\/;loglogT} ~ \/12? ’ e zdx

uniformly for allv € [V, V].

Thus, to show that log|L(3 + it,x)| is approximately normally dis-
tributed, it suffices to study the connection between R(P(o¢ + it)) and
log |L(% +it, x)|. Following [12], we further introduce an auxiliary series as
follows. If n does not admit any prime divisor greater X, and n has at most
100loglog T primes below Y and at most 1001logloglogT primes between
Y and X, then we set a(n) = 1. Otherwise, we set a(n) = 0. We then define

(3.2) M(s) = M(s,x) := Z 'IM)aSZ)X(n).

As a(n) = 0 unless n < Y'100loglogT x100logloglog™ ¢ for any ¢ > 0, the
series M (s) is, in fact, a Dirichlet polynomial. Our goal is to show M(s)
can be approximated by P(s) as follows.

Proposition 3.3. In the same notation as above, fort € [T,2T],
M(og +it) = (1 +0o(1)) exp(=P(0p + it)),

except possibly on a set of measure o(T), where the o(1)-term may be taken
as O((loglog T)~2%).

To summarise, we know that M(s) is approximately equal to e~7(*) and
that the distribution of P(s) is AN(0, § loglog T). Thus, in order to prove
Theorem 1.1, it remains to show that L(s, x) and M (s)~! are approximately
the same as stated rigorously below.

Proposition 3.4. In the same notation as above, one has
1 2T
f/ 11— L(oo + it, )M (0o + it)| dt = o(1).
T
In particular, for t € [T,2T], one has
L(og +it, x)M (oo +it) =1+ 0o(1)
except possibly on a set of measure o(T).

Assuming the validity of the four propositions above, we now give a proof
of Theorem 1.1.

Proof of Theorem 1.1. From Proposition 3.4, it follows that for all t €
[T, 2T, except possibly on a set of measure o(T'), one has

L(og +it,x) = (14 o(1))M(0g + it) "1,
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which together with Proposition 3.3 yields that except possibly on a set of
measure o(T),

|L(o0 +it, x)| = (1 + o(1)) exp(R(P (00 + it)))

except possibly on a set of measure o(7"). Thus, Proposition 3.2 implies
that the distribution of log |L(oq + it, x)| is AN(0,  loglog T').
Recalling Proposition 3.1 and our choices of W and o, we deduce

2T 1
/ log L(2 + it, X) —log|L(oo + it, x)|| dt < T(ao — > logT =WT,
T
and herein, outside a subset in [T, 27 of measure O(:%;) = o(T), we have
1
log L(2 + it,x) = log |L(ag + it, x)| + O(W?).

Finally, we conclude by noting that the estimate W? = o(y/loglogT) im-
plies that log|L(% + it, x)| and log |L(oo + it, x)| have the same distribu-
tion. (|

4. Proof of Proposition 3.1
Let ¢ > 1. Let x be a primitive Dirichlet character modulo ¢ and set
—(s+a)/2 ifv(—=1) = 1:
™ s+a 0 ifx(-1)=1,
G == —_ F = g
(5.0 = (%) (34). a=aw {1 i

We let £(s, x) = G(s, x)L(s, x) stand for the complete Dirichlet L-function
attached to x (see, e.g., [10, Sec. 5.4]). By (2.1), it follows that for ¢ suffi-
ciently large and y € [t — 1,¢ + 1],

G ' 1
log ‘W < (0 — ) logt.
G(3 + iy, x) 2
Therefore, it suffices to show that
e i) 1
lo 27, dy < (U—)lo T.
/t—l ®lelo iy || 2) %

Recall that the Hadamard factorisation of £(s, x) is

£(s.x) = A ] (1 _ S) e/,

peS p

where e = £(0,x), R(B) = — > pes %(%), and S denotes the set of non-
trivial zeros of L(s,x). Thus, for y that is not the ordinate of a zero of
L(s, x), we have

—|—y p
o—i—zy P

= log

l B
10g'€(2 + lva
peS

§(o + 1y, x)




692 Po-Han Hsu, Peng-Jie WONG

which implies that

t+1
(4.1) / lo
-1

Suppose p = [+ is a zero of L(s, x). As argued in [12, Sec. 2], it may be
1
)

checked that
t+1
AA L4 (t =)

This combined with (4.1) and the fact that the number of zeros of L(s, x)
in the box k < |t —~| < k+1 is at most O(log(t + k)) completes the proof.

t+1 %—H’y—p

lo
ga+iy—p

)
§(o + iy, x)

'ﬂ§+Ww

‘dySEZ/

pGS t—1

g tiy—p

lo
go—i—z’y—p

dy <

5. Proof of Proposition 3.2

To prove Proposition 3.2, we will apply the “method of moments” (see,
e.g., [2, p.- 19] or [1, Sec. 30]). Although the method and results are well-
known by experts, for the sake of conceptual clarity, we shall still list a
precise assertion throughout our discussion.

Let (&,5,9) be a (complete) probability space. We say that (X,,) con-
verge to X in distribution if lim, o P(s € & : X, (s) < z) =P(s € & :
X(s) < x) for every x such that P(s € & : X(s) =z) =0.

Now we are in a position to introduce the theorem of Fréchet and
Shohat [6].

Proposition 5.1. Suppose that the distribution of a random variable X is
determined by its moments, that the (X,) have moments of all orders, and
that E(X") = E(X) + o(E(X7})), as n — oo, for all r. Then X,, converges
to X in distribution.

In order to prove Proposition 3.2, we further consider the auxiliary series

x(p)

Po(oo +it) = Po(oo +it, x; X) = o

p<X p

As shall be seen later, the moments of P(oq + it) is basically contributed
by primes. Hence, we will first study the moments of Py(oq + it).

Lemma 5.2. Assume that k,{ € 7 are non-negative and with X*T¢ < T,
Then

2T

Po(oo + it)kpo(ao + Z't)gdt <«T
T

whenever k £ L. If k = £, we have

2T
/ |7D0(00 + Zt) ’2kdt = k"T(lOg log T)k + Ok<T(IOg 10g T)k)—l"re)'
T
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Proof. Write Py(s)* =3, ar(n)x(n)n=*, where

E! . j
(5.1) ax(n) = arl..ap! 1fn:H§:1p?J, p<...<pr<X, Zg:l aj=Fk;
0 otherwise.

Therefore, [2 Po(ag + it)*Po (oo + it)fdt is

ar(n)ag(n arp(n)ag(m 1
Ty SGE o £ S )

n |log

where the sum runs over positive integers n co-prime to q. For m # n, from
the third estimate in (2.4), it follows that the off-diagonal terms contribute
at most

Z ax(n)ag(m) < X" < T.

m#n
Noticing that if & # ¢, then ag(n)ag(n) is zero by the construction, we
conclude the first part of this lemma. For the case k = ¢, we have

2T N 12k n)
(5.2) /T [Po(oo + it)[Fdt =T > ——

ak( 2

300 +O0(T).
As argued in [12, Sec. 3|, the non-square-free n in the first sum on the right
of (5.2) is at most of order O((loglogT)*~1). For the square-free n in the
sum, we have

k
1 1
k! > o0 = kl( > )
P1,-PE <X (p1- - pr)?70 p<X P
p; distinct and (pj,q) =1 (p,q)=1
+ Ok((loglog T)*1).
Recalling the definition of X, we conclude the proof. O

Now we are in a position to prove Proposition 3.2.

Proof of Proposition 3.2. The contribution of p¥, with k > 3, in P(s), de-
fined in (3.1), is

(log p)x(p") 1
53 y | s 1o,
acprax, PP (klogp) | 7, 52 30
k>3 k>3

where R(s) = o > 1/2. For the contribution of squares of primes in P(s),
we consider

/2T
T

2
3 X |1 3 T x(0)x(®3)
2(og+it) . 2(oo+it) 2(oo—it ’
(o0+it) . 9 iy T pl( 0 )p2( 0—it)

a<pr<x P 4
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which by (2.3) and (2.4), is

1
<T Z 40’0 Z TPQUO\/@«T

P<f p1,p2<vX P 2
P17£D2

. 2
Hence, by denoting A(t) = A(t; X) 1= >lo< < x 21);‘(&%, we conclude from
the estimate above and Chebyshev’s inequality that

2T
(54)  e{te[T,21]:]A(1) > R} < }%2/ |A()|2dt<<%,

for any R € R. In other words, the square of primes in P(s) contribute a
measure at most O(T/R?).

With these analyses in mind, we shall complete the proof by showing
that the distribution of R(Py(oo + it)) is AN(0, 2 loglog T'). According to
Lemma 5.2, for X* < T and any odd k,

/2T (R(Polog + it)))"dt = /2T ik(Po(ao +it) + Po(oo + it)) “dt
T T

2T _
=9k Z ( ) Po(oo + Zt) Po(oo + it)k—tdt
<T

as it is impossible to have £ = k — ¢ for any odd k. If k is even, then we
apply Lemma 5.2 (with ¢ = k — ¢ = k/2) to obtain

L[ Py + ity ar = 27 (;;;2) (5)1ttom1on )t

+ Ok ((loglog T) 1+e)

k
k 1 2
= (2)!!<210glogT) + Ok((loglogT)g_HE).

Applying Proposition 5.1 with (2.5), we complete the proof. O

6. Proof of Proposition 3.3
We shall write P(s) = Pi(s) + Pa(s), where

Pus) = Y M) o oy Alxdn)

S S
2mey logn Vomex ™ logn
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We further set

M= Y S,

k!
0<k<100loglogT
(-1)* k
Ma(s) = > o Pals)"
0<k<100logloglogT ’

(Note that from the choices of X and Y, for any € > 0, each M;(s) is a
Dirichlet polynomial of length at most O(7).) Now our goal is to connect
Pj with Mj.

Lemma 6.1. Fort € [T,2T], we have

(6.1) |P1(og +it)| <loglogT, |Pz2(oo+it)| <logloglogT,

except possibly on a set of measure at most O(T/(logloglogT)). Further-
more,

(6.2) M (o9 + it) = exp(=P1(o0 +it)) (1 + O((log T)_99)),
(6.3) Ma(oq + it) = exp(=Pa(o0 +it)) (1 4 O((loglog T)~*)).

Proof. Separating the sum into diagonal and off-diagonal terms, and then
using (2.3) and (2.4), we obtain

2T A A
/ Pi(og +it)Pdt < T > E:zll) (ml)
! 2<n1=n2<Y (n1ng)70 log ny log ny
A(n1)A(ng)
+ i
2<n1§;2<y (n1n2)00 lOg n1 log n9 m

which is <« T'loglogT'. Similarly, we have
2T
/ |Pa(00 4 it)|*dt < T'logloglog T.
T

Assume K > 1. If |z] < K, then it may be checked (cf. [12, Lemma 2])

that
k

Z % = e*(1 + O(e™KY),
0<k<100K "
The estimate (6.2) holds by taking z = —P1(0¢ + it) and K = loglogT,
and (6.3) follows similarly. O
Define
n)ay(n)x(n n)ag(n)x(n
My(s) = Zu( ) 175 Jx(n) M) :Zu( ) 275 )x(n)

where a1(n) = 1 if n is composed of at most 100loglogT primes that
all are below Y, and zero otherwise; as(n) = 1 if n is composed of at
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most 100logloglogT primes that all are between Y and X, and zero
otherwise. From the definition (3.2) of M(s), it is not hard to see that
M (s) = Mi(s)Ma(s). We shall prove the next lemma, which roughly states
that for each j, the difference between M ;(s) and M;(s) is small on average.

Lemma 6.2. In the notation as above, we have

2T
/ M (00 + it) — My (00 + it)2dt < T(log T)~*°
T

2T
/ | My (o +it) — My(oo + it)|*dt < T(loglog T)~%
T

Proof. Writing Mi(s) = >, b(n)x(n)n~*, as in the proof [12, Lemma 3],
b(n) possesses the following properties:
(1) |b(n)| <1 for all n,
(2) b(n) = 0 unless n < Y'100loglogT hag only primes factors below Y,
and
(3) b(n) = p(n)ai(n) unless either Q(n) > 100loglog T, or there is a
prime p <Y such that p* | n with p¥ > Y.
We note that the verification of such an assertion was omitted in [12]. For
the sake of completeness, we give a sketch of the proof for it.

Proof of the properties of b(n). From the definition of M;(s) and P;(s), we
have

ns
n 0<k<100loglogT

<Z Z X js ) '
by 5P
Py

It shall be clear that the second property (of b(n)) and “unless part” of the
third property follows immediately from the range of k and p’. (Indeed,
b(n) = 0 if Q(n) > 100loglog T, or there is a prime p <Y such that p* | n
with p¥ > Y.)

Now we consider Ly (s,x) = [[,<y(1 — x(P)p~%)7. As log(l — 2)71 =
21 2 /4 for |z| < 1, we have

x(p
log Ly (s, x) E g = -l-E E )
i p<Y j=1 Jpjs p<Y pjs
p>Y

which implies
Ly (s,x) ™" = exp (—log Ly (s, X))
= exp(—P exp( Z Z X(p’ )

_]S
psy 5P
pI>Y
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—x

By the Taylor expansion of e™*, we deduce

0 (1 - x(p)> _ ( M+ Y (k1!>kp1 (8)k>

—S
<Y p k>100log log T
>< <

s )

pi>Y
_\k
—m+ Y Clpiey
k>1001loglog T
+<§ <1>kpl(8)k)( = (—1)k ( > X(ﬂ)>k>
k=0 k?' =1 k' <Y j Jp]s ’
pP>Y

Writing the last part above by
s) + Z b (n)x(n)n=* + Z V' (n)x(n)n=*°

we see that b/(n) = 0 if Q(n) < 100loglog T and that b”(n) = 0 if there is
p | n with p¥ <Y. Finally, since

X()\ < #n)x(n)
0(-32)-g
_ Z b(nzig(”) 4 Z bl(”ﬁ;((”) T Z b”(n)x(n)’

nS
n
where the second sum is over n for which if p | n, then p <Y, comparing
the coefficients in the Dirichlet series on the both sides proves properties (1)
and (3). O

Set ¢(n) = (b(n) — u(n)ai(n))x(n). We note that our a;(n), az(n), and
b(n) are exactly the same as in the proof [12, Lemma 3|. The only the
difference is that now we have a further twisting by x(n). Nevertheless, as
Ix(n)| < 1 for all n, the desired upper bounds follow from the estimates
derived in the proof [12, Lemma 3] immediately. Indeed, by employing (2.3)
and (2.4), we have

2T
/ M (00 + it) — My (00 + it) 2dt
T

<T Y ‘C(nl L Z (1 ) )‘\/nmz.

ni=naz n1n2 ni #nz
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Thus, as done in the proof of [12, Lemma 3], this is at most O(7'(log T')~%°).
The second part of the lemma follows similarly. O

To end this section, we shall prove Proposition 3.3.
Proof of Proposition 3.3. It follows from (6.2) that
Mi(og +it) = exp(—=Pyi (o0 + it))(1 + O((log T) ™)),
except for a possible set of measure o(7"). Also, one may see from (6.1) that
(log 7)™t < My (oo +it)| < logT,

except for a possible set of measure o(T'). Therefore, we conclude from
Lemma 6.2 that, except on a set of measure o(7),

M (oo + it) = My (g + it) + O((log T)~2°)
= exp(=Pi (00 + it))(1 + O((log T) 7).
By a similar reasoning, except for a set of measure o(7), we have
My(og + it) = exp(—Pa (0 + it))(1 + O((loglog T)~20)).
Recalling that M(s) = M;(s)Ma(s) and P(s) = Pi(s) + Pa(s), we then

deduce from the above estimates that except possibly on a set of mea-
sure o(T),

M (00 + it) = exp(~P(o0 +it))(1 + O((loglog T) =),
which concludes the proof. .

7. Proof of Proposition 3.4

To prove Proposition 3.4, we need the following two lemmata. We
shall sketch the proof of Lemma 7.1 as it is standard; we will emphasise
Lemma 7.2. As shall be seen, we adapt Radziwitl-Soundararajan’s approach
to proving Lemma 7.2 by utilising the (complete) multiplicity of Dirichlet
characters.

Recall the complete Dirichlet L-function £(s, x) = G(s, x)L(s, x) satisfies
the functional equation

s = w P e = T(X)/\/a if x(—1) =1;
(7.1)  &(s,x) =w &(1—5,%), wy: {T(X)/i\/é .

where 7(x) denotes the Gaufl sum of x.

Lemma 7.1. For ¢ > 0, define

2d
150 = 55 [ €2+ 50060+ 5.0

JU—&X%:1 4§@+O—$wK®+U—@J%£®,

211 z
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where (¢) denotes the line from ¢ — ico to ¢+ ico. Then we have

(72) L0 = oo (160 + 10 = 5.1),

where G(s,x) and £(s,x) are defined in Section 4.

Proof. First, we claim that I(s, x) is independent of the choice of c¢. Let R
be a rectangle on R(s) > 0. We have

/§z+s X)&(z + 8, X)e QdZZ:Q

Letting the length of the sides that parallel to imaginary axes to infinity,

we conclude that I(s,y) is independent of the choice of ¢. Using (7.1), we
deduce

(7:3) €(z+5,X)€(2 + 5,X) = wy&(=2 + (1 = 5), Yws& (=2 + (1 = 5),x).
Denoting (—c) the line from the line from —c + ico to —c — ico, we obtain

1) [ ernxetasne T = [ derrag-rtn e’

(=c)
which is independent of the choice of c¢. Let S be a square centred at the
origin and equipped with positive orientation. A standard contour integral
together with the Cauchy integral formula implies

(15) &80 = 5 [ 6+ s08( 45,0

By letting the length of the sides that parallel to imaginary axis to in-
finity, it can be shown that (7.5) equals

d 2d
71 . (/ E(z+ 5, X)E(z + 5, 0)e” — + E(z+ s, X)E(z + 5, )€ Z)
mi\ Jio

2dz

() z

Noticing that the first term is I (s, x), and that by (7.4) and (7.3) the second
term is I(1 — s, X), we complete the proof. O

Lemma 7.2. Assume h, k are non-negative integers such that h,k < T
and (hk, g¢)=1. Then for any 3+ <o <1,

2T s\
/ () \L(o + it, )| dt
T k

2\ 0
= x(h)x(k) 2TL(2U,><0)<(h,’Z:) ) dt

T
+x (W) | " (gfr) T e — 90 x0) ( (h};ZF > T

+O(T' = min{h, k}).
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Proof. Note that
G(z+s,x)G(z+5,X)  G(z+s,x)G(z+5,X)
|G (s, )| - G(s,x) G(s,x)
_ (q)zr\(z+;+a) Iw(ernga).
m TR T

Denote s = o + it with T" < t < 2T and % <o < 1. If z is a complex
number with real part ¢ =1 — o + long’ then recalling that T'(s) = T'(5)
and applying (2.2) (with 3 =+%, a =3(1+a+ loéT +iS(2)), B = 252),
we can write the right of the equation as

¢\ TE+)I(F +a) (gt 12
= it —it “\o- 1+0 T
) (g +B8) (5 +58) 2
since in our consideration a — 3 = 5 and |3/ > T'. Hence, we have

I(S,X) 1 ez2 gt
GG 02 ~ 2mi —L L a
‘G(S,XNQ 271 (1—o+ 1 z (Z+SaX) (Z_’_S’X)(Q?T

logT)

) dz+0(T~),

The above estimate together with £(s, x) = G(s, x)L(s, x) then yields
T \k/J |G(s, x|
z oo = 2T it z
_ i/ . X(m)x(n) / <hm> (qt> dt |dz
271 (1_,,4_@) z (mn)zte \ Jr kn 27
+ O(T1_0+6).

(Note that we can interchange the order of summations and integrals since
we are in the region where both L(z + s, x) and L(z + 5, X) are absolutely
convergent.) Now we shall split the sum on the right into diagonal and off-
diagonal terms, say kn = hm and kn # hm, respectively. As the diagonal
terms may be parametrised by m = Nk/(h,k) and n = Nh/(h,k), the
inner sum above can be simpliﬁed as

Z X

m,n=1

(We recall that h, k are natural numbers such that (hk,q) = 1.) Hence, the
diagonal terms contribute

= ] (o </T (3¢) dt>d

wherec=1—0 +

(h’ k;)2 >z+a

= L(2z + 20, xo)x(W)X (k) (=

mn z+0

1
logT*
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For the off-diagonal terms, similar to the reasoning of [12, Eq. (17)], by
recalling that c =1 — o0 + @ is the real part of z, one can deduce that
the contribution of off-diagonal terms is bounded by

> 1 1
Tl_a Z ﬁ min{T, lhm'} <K jﬂ’]'_o-—i_6 min{h, k‘}
m,n=1, (mn) log ™" | 0 kn
hm#£kn

Then we have

2T (h\" I(s,x)
7.6 / () — 2 _dt
w0 Jo \&) 166,0P

_ iL(2z+20', xO)x(h)X(k)<(hﬁ:)2)z+a </2T( 7 )Zdt> -

2 (c) Z T o

+O(T " min{h, k}),
1
logT*
Again, an application of (2.2) yields

0080 () 1 o())

Similarly, defining
I(s) = /2T(qt)8dt
s) = - \an )

wherec=1—0+

T

we obtain
2T (" I(1 = 5, %)
7.7 / () — 27 dt
@0 e B TeGor
1 e’ (h, k)2\'t*°
= — —L(2+22-2 Y (k (1 -2
i L, e 2o o s) (R ) T2

+ O(T =" min{h, k}),

where ¢ = o + @. Via the change of variables z + ¢ — z in (7.6) and
1+ 2z— 0+ zin (7.7), respectively, recalling (7.2), we have

oT h it
/ () IL(o + it, ) dt
r \k

_ x(h)x(k) <<h,k>2>z B <e<z—a>2 e(z—1+a)2>
N 2T (c”) L(QZ’ XO) hk I(Z U) s — 0O + 21 to dz

+O(T 7 min{h, k})

where ¢/ =1+

1
logT*
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Finally, we compute the residues of the poles at z =0 and z =1 — o of
the right of integral above to complete the proof. O

With the above lemmata in hand, we are in a position to prove Propo-
sition 3.4.

Proof of Proposition 3.4. For T sufficiently large and t € [T, 2T], by [13,
Corollary], we have an approximate functional equation

: x(n)
(7.8) L(og +it, x) = ool

n<T

+O(T2).

Using (7.8) and recalling from (3.2) that a(n) = 0 unless n < T, we have

2T
L(og + it, x)M(oq + it) dt
- Z f,f:? Z M(m)i(;z)))((m) /QT(mn)_itdt—i—O(Téﬂ)

1<n<T 1<m<Te T

=T +0(Tzt),

where the last estimate follows from (3.2). Thus, we have

2T
(7.9) / 11— L(oo + it, \)M (0o + it)2dt
T

2T
= / |L(0g + it, x) M (g + it)[2dt — T + O(Tz+)
T

3 ), |
h,k

2T

h itL it v)|2dt
0 T % ‘ (UO+Z7X>‘

—T+0O(T2%).

Applying Lemma 7.2 to (7.9) and recalling |a(n)| < 1 for any n and a(n) = 0
unless n < T, we see that the first integral in (7.9) equals

(7.10) =T+ O(T=*¢) + o(T)
oy HORE) [T ) (O,

ok (hk)7o hk
p)p(k)a(h)a(k) [27( gt \' 7> (h, )2\~
+h2; (hk)o0 /T (27T> L(2—200,X0)< Iy ) dt,

where the sums are over h, k such that (hk,q) = 1. Recalling that
1

Lis.xo) =<6 T (1= )

S
plg p
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and processing the argument as in [12, pp. 13-14], one may deduce that
the first main term in (7.10) is ~ T'. Moreover, as argued in [12, p. 14], the
contribution of the second term is o(T"), which completes the proof. O

8. Independence of Dirichlet L-Functions

8.1. Pairs of Dirichlet L-functions. As mentioned in the introduction,
after deriving his central limit theorem for L-functions belonging to the
Selberg class, Selberg further remarked an independence property for these
L-functions would follow from his orthogonality conjecture.? In this section,
we shall apply the method developed in previous sections (& la Radziwitt
et Soundararajan) to give the following explicit version of Selberg’s inde-
pendence property for pairs of Dirichlet L-functions.

Theorem 8.1. Let x1 and xo be distinct primitive Dirichlet characters. Let
V be a fized positive real number. As T — oo, we have, for any a1, as € R,

1 2 2
Lay.as (2 + zt)‘ > v\/al—g% loglogT} ~ G(v),

;E{t € [T,2T] : log

22
uniformly in v € [=V, V], where G(v) := \/% JCe = dx and

2

£a17112 (S) = 6(87 X1, X2;01, a2) = ‘L(S7 X1)|a1 ’L(S7 XQ)
1 . . a%Jra%
In other words, log |La, a,(5 + it)| is AN(0, 252 loglogT).
Denote, for ai,as € R,

a + a
(8.1) Par.as.0(8) = Po(s, X1, X2; a1, az; X) = Z 1X1(p) 2X2(P)'

S
p<X p

Similar to the case of a single Dirichlet L-function, we require the following
moment calculation for Py, 4,.0(5)-

Lemma 8.2. Let x1 and x2 be distinct primitive Dirichlet characters. As-
sume that k, ¢ € 7 are non-negative and with X*+¢ < T. Then for any real
numbers a1, as, we have

2T
(8.2) - Para2,0(00 + i) Pay ag,0(00 + it)! < T,

3However, Selberg did not indicate the independence involved precisely. Nonetheless, in the
view of Selberg’s orthogonality conjecture, Selberg’s argument, at least, implies the validity of
Theorem 8.1 and Lemma 8.2 for a1 = ag = 1, which yields the uncorrelatedness among Dirichlet
L-Functions.
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fork#1¢, and

2T
[ Puvssolon + 0t = KT + ) loglog )
T

+ Op(T(log log T)*~1F¢).

Proof. For the sake of simplicity, we assume Y1 and Y2 are distinct primitive
Dirichlet characters modulo q. Setting 1 (p) = Ya, a0 (P) = a1x1(p)+a2x2(p)
and Wi (n) := [[j_ ¥(p;)*, whenever n = pi™ ... po with a;+---+a, = k,
we can write
ak(n) Vi (n)

nootit )

,Pahaz,ﬂ(o'o + it)k = Z

n

where ag(n) is defined in (5.1). Hence, we have

2T
(8.3) Pal,a%()(()'o + it)kpa17a2,0(0'0 + Z't)zdt
T

1
o0—3

7y ar(n)ae(n)Vi(n)We(n) n O(Z ak(n)az(mﬂ‘l’k(n)‘l’z(m)\)

n2eo n#m (nm)
It follows from the definition of Wy (n) that writing n = [];_, p?j , one has

[Wk(n)| = [T )l < [T (axl +laz))® = (1] + |az])".

J=1 j=1
Thus, the big-O term in (8.3) is at most
Y ap(n)ag(m)(|ar] + |ao)"* < XM < T

n#m
As ag(n)as(n) = 0 if k # ¢, we conclude (8.2) immediately.
It remains to consider the case k = {. For n = ][}, p?'j, we write

T

(84) W) Ti(n) = [ (o + adxolpy) + araox(pj) + araax(py))
j=1

where o denotes the trivial character and x := x1x2. By (8.4) and the fact
that > a; =k, we have

2

<(ar|tlah? Y @)

200

Z ar(n)ag(n)¥i(n)¥i(n)

n?o’o

n non—square—free n non—square—free

Therefore, the non-square-free n in the first sum of (8.3) contribute
a quantity of order O((loglogT)*~1). For square-free n, we express
\IJk(n)\Ilk(n) as

(8.5) > (@} + a3)?(ara2)* P xo(n)x(m)x(m),
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where the sum is over § + Q(m) + Q(m') = k such that 0 < § < k and

n =n'mm’ (so n',m,m’ are composed of primes in {p1,...,px}). By (8.5),
we may express the first sum in (8.3) as
2 l (!
_ ag(n n)x(m)x(m
(8.6) > (af +a3)’(ara2) Py k()Xo QLX( IX( ),
n“°o
0<B<k n

where the inner sum is over n = n’mm’ with n/, m, and m’ pairwise co-
prime and 3 + Q(m) + Q(m') = k. By the mulitiplicativity of xo and x, we
may further write the inner sum in (8.6) as

k!

WL Bi- )
> X0(P1 -+ Pa)X(Ppt1 - - PBy )X (PB1r+1 - - D)
o e x (p1...pk)2° ’
p; distinct
which is
4y p ( xO<p>>B( x<p>>” ( > X(p))k o
ocrzhp P B =B =\ 20 ) S v ) g
Recall that as xq is the trivial Dirichlet character modulo ¢, we have
(8.7) Z Xo(p) =loglogx + Oq4(1)
p<w P

(see [9, p. 126]). Also, if x is a non-trivial Dirichlet character, then we have

(5.5) > X o

p<z

(see [9, Theorem 4.11]). Thus, we conclude that the first sum in (8.3) is
mainly contributed by 8 = k, which is

E!((a? 4 a2)loglog T)* + Oy ((loglog T)k~1+¢).
Hence, we complete the proof. O
Denoting X; = log|L(og + it, x;)| for j = 1,2, we are now in a position
to prove Theorem 8.1.

Proof of Theorem 8.1. Observing that a1 X + a2 Xo = log|Lq, a,(s)], We
have

(8.9) /t il

by Proposition 3.1. Therefore, we may study the function log |Lq, 4, (c0+it)|

away from the critical line R(s) = 1.

log

1 |
Lavan (5+10)| =108 | Lavan(0-+i1)

1
dy < <O’0—2) logT
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Define Pq, a,(s) := a1P(s,x1) + a2P(s, x2), where P(s, x;) are defined
as in (3.1). It can be derived from (5.3) that the contribution of p*, k > 3,
in Py, ay(8) is at most O(1); the contribution of p?, with p > R, is at most
O(T/R?) by (5.4). Therefore, we can instead consider Py, 4,0(c0 + it),
defined in (8.1).

Now by Lemma 8.2, for X* <T and k odd, [Z7 (R(Pa,.ap.0(c0+it)))"dt is

1 F(k 2T .
27 Z ¢ Palﬂz,o (‘70 + it) Pa17a270(0-0 + it)k_zdt <T.
(=0 T
Also, by Lemma 8.2, for X* <T and k even, 7 %T(%(Pal,a%o (Jo—Fit)))kdt is

L 2, .2 &
<2>!!(a1;a210glogT) + Op((loglog T) 2~ 1+°),

This shows that the real part of Pg, 4,.0(c0 + it) is AN(0, a%;a% loglogT),
and so is R(Pq, a, (00 + it)).

Finally, we shall connect Lq, 4, (00 + it) with Pq, q,(00¢ + it). By Propo-
sition 3.3 and 3.4, |L(og + it,x;)] = (1 + o(1))exp(R(P(oo + it, x;))),
except for a possible set of measure o(T), for each j. Since L4,4,(S) =
|L(s, x1)|*'|L(s, x2)|*? and Py, 45 (s) = a1P(s, x1) +a2P(s, x2), we see that

Lay a5 (00 +it) = (14 0(1)) exp(R(Pay a5 (00 + it)))

2 2
Thus, log|La, .4, (00 + it)| is AN(O, al;% loglogT) (as R(Pay,ae(00 + it))
is), which combined with (8.9) concludes the proof O

To end this section, we shall prove Theorem 1.2.
Proof of Theorem 1.2. Let X := (X;)5_; = (log |L(3 + it, x;)|)5=1. The-
orem 8.1 and Proposition 2.1 imply that X is an approximate bivariate
normal distribution. Finally, applying Theorem 8.1 with a; = ay = 1, we
deduce from (2.6) that X, Xy are uncorrelated. Hence, X, X5 are inde-
pendent by Proposition 2.1. O

8.2. Gaussian process for Dirichlet L-functions. For (aj)é\le C RY,
we consider

Pal,...,aN,o(s) = Z ale(p) +-- aNXN(p)

S
p<X p

To prove Theorem 1.3, we shall require the following lemma.
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Lemma 8.3. Let (X]) ", be a sequence of distinct primitive Dirichlet char-

acters. Assume that k,{ € Z are non-negative and with Xkt < T, Then
for any real numbers (aj)évzl, we have, for k # {

2T
Pal7~~~,aN,0(00 + it)kpa1,~.~7azv,0(00 + Z.t)z <T,

and for k=14,

k

2T N
/T |Par,....an,0(00 + it)|2kdt = k!T((Z a?) log log T)

j=1
+ O (T (loglog T)*~119).

Proof Settlng »(p) == Zévla])(]( ) and Wi(n) = [[j_; ¥(p;)*, whenever

n=p{...p% with aq + -+ o, = k, we can write
N ar(n)Vi(n)
Pas,an0(00 +it)* = oot

n

where ag(n) is defined in (5.1). Hence, we obtain

2T
(8.10) | Par,..an0(o0 + it)*Pa,....an0(00 + it)ldt

—TZ ag(n)ag(n)Vi(n )W+O<Z ak(n)az(m)\‘l’k(n)%(m)\)

n200 ot (nm)”o_i
It follows from the definition of Wy (n) that for n = [[j_, p;-xj , one has
(Wi (n)| = H [ (py)™ < H jar| + - Jan ) = (lar| + -+ |an])*.

Thus, the big-O term in (8.10) is at most

3" ar(m)ag(m)(lar| + - + ay])* < XM < T

n#m
As ag(n)ag(n) =0 if k # ¢, we conclude the first part of the lemma.
It remains to consider the case k = £. For n = 7]"-:1 p?j, we write

(8.11)  W(n)¥x(n)
N

=11 ((a% +tai)xo(p) D> asay (xiXw (p;) + Xi’Xi(pj))>
7j=1

i=1 4/ £
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By (8.11) and the fact that >°; a; = k, we have

al * ax(n)?
S(Zm) > bl

j=1 n non-square-free

3 ar(n)ag(n)Ve(n)Vi(n)

n200

n non-square-free

Therefore, the non-square-free n in the first sum of (8.10) contribute
a quantity of order O((loglogT)*~!). For square-free n, we express
Uy (n)Pi(n) as

(8.12) Z Aﬁ,(alaﬂg(ml)"'g(mi) o (CLN,1aN)Q(m(N_I)N/2)+Q(m/(N—1)N/2)
0<8<k

Z ar(n)xo(n')x1X2(m1)xaX1(m)) . .. XN)ZNfl(m/(Nfl)N/z)
n?ao )

n

: N—1)N/2
where Ay = Z;-V:l a? and the second sum is over n = n/ ngl IN/ m;m’;

j
with pairwise co-prime 7', m;, and m/ such that § + 25111_ DN/ 2(Q(mj) +

Q(m;)) = k, and o denotes the trivial character. By the mulitiplicativity of
Dirichlet characters and the change of variables Q(m;) = y2;-1, Q(m}) —
Y25, we may further write the second sum in (8.12) as

(8.13) k! > M

011y k= Byl yv—pyntk=B8—71— =y n-1)n)!

3 Xo(P1++ Pg) XNXN-1(PB+y1+tyy—1yv_1+1 " " PB+on)

Proe k<X (p1-.. )%

p; distinct

TS b

01 1 kB Byl Nt k=B8—m— =y n-1)n)!

B _ 71 _ Y(N-1)N
) ( Xo(p)> ( X1X2(P)> < XNXN—l(p)>
= p20'0 % p200 = p200
where oy =791 + ... YN-1)N-
By (8.7), (8.8), and (8.13) we see that the first sum in (8.10) is mainly
contributed by 8 = k, which is

N k
k‘((Z a?) loglogT> + Or((loglog T)*~1+¢).
j=1
Hence, we complete the proof. O

With this moment calculation in hand, we have the following theorem
regarding the joint distribution for Dirichlet L-functions.
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Theorem 8.4. Let (Xj)évzl be a sequence of distinct primitive Dirichlet
characters. Let V' be a fized positive real number. For any (aj)é-vzl C RY,

1 . . af—l—-u—l—a?\,
log|Lay,....ay (5 +it)] is AN (0, =52 loglog T'), as T — oo, where
Loy, an(s) =L(S, X1, XN;A1,...,an) = |L(s,x1)|"* ... [L(s, xn)|*V.

Proof. As the proof of Theorem 8.4 is essentially the same as Theorem 8.1
(upon applying Lemma 8.3 instead), we shall omit it. O

We will conclude this section by proving Theorem 1.3.

Proof of Theorem 1.3. Let J denote a totally ordered set of (distinct)
primitive Dirichlet characters. For any finite ordered subset {xi,...,xn}
of J, we consider X := (log|L(3 + it,xj)|)§-\[:1. From Theorem 8.4 and
Proposition 2.1, it follows that X is an approximate N-variate normal
distribution. Thus, we see that any finite linear combination of elements
in (log|L(% + it,x)|)xes is a multivariate normal distribution. Hence,
(log |L(3 +it, x)|)yes forms a Gaussian process.

In addition, the components in X are mutually independent since they
are pairwisely independent by Theorem 1.2. O

9. Concluding Remarks

As remarked in [12, Sec. 7], analogues of their Propositions 1-3 may be es-
tablished for automorphic L-functions. From this point of view, our Propo-
sitions 3.1-3.3 present an “abelian” instance. As may be noticed throughout
our argument, we heavily rely on the bound |x(n)| < 1, and thus we expect
the Ramanujan—Petersson conjecture would be required for general auto-
morphic L-functions. Also, it seems that by present-day techniques, one
can only extend Proposition 3.4 for automorphic L-functions of degree 2.

Furthermore, in light of Theorems 1.2 and 1.3 (together with Selberg’s
remark and his orthogonality conjecture), for any subclass C of the Selberg
class, the logarithms of primitive L-functions in C shall form a Gaussian
process. As the Ramanujan—Petersson conjecture for holomorphic modular
forms has been established by Deligne, we expect that, at least, some partial
results could be attained for “modular” L-functions.
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