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Table 1
Explicit bounds for N(T') in (1.1).
Cl CQ Cs TO

Von Mangoldt [19] (1905) 0.4320 1.9167 13.0788 28.5580
Grossmann [6] (1913) 0.2907 1.7862 7.0120 50
Backlund [1] (1918) 0.1370 0.4430 5.2250 200
Rosser [14] (1941) 0.1370 0.4430 2.4630 2
Trudgian [17] (2014) 0.1120 0.2780 3.3850 e
Corollary 1.2 0.1038 0.2573 9.3675 e

1. Introduction

Let {(s) be the Riemann zeta function defined by

=1
C(S) = Ea

n=1

for MRe(s) > 1, which has an analytic continuation to a meromorphic function on C with
only a simple pole at s = 1. The study of zeros of {(s) is an important topic in number
theory. In this article, we shall estimate the number of non-trivial zeros p = 8 + iy, with
0<~y<T,of {(s). For T >0, we set

N({T) =#{peC|((p)=0,0<pB<1, 0<y<T}

Before stating our results, we shall note that the study of N(T) has a long history.
Indeed, for T' > Ty, writing

’N(T)— zlog (l>' < CylogT + CyloglogT + Cs, (1.1)
2m 2me
we have Table 1 summarising the progress that has been made.

The importance of explicit bounds for N(T') comes from the fact that they are crucial
for estimating sums over zeros of ((s), and all the best known bounds for 7(z) and ¥ (x)
rely on them (see, e.g., [5]).

In this article, we prove the following general result for N(T") with explicit dependence
on the given bounds for {(s) on the both %-line and 1-line.

Theorem 1.1. Let ¢, r,n be positive real numbers satisfying

1 1 —1/2)2
§6:22c—01—§<§<1+n<01 ::c+w<c+r
r

RN

1
—§<c—r<1—c<—77<

and 014, < 2.1, where 0, is defined in (4.10). Let c1,co,ki,ks > 0, ko € [0, %} and
to,t1 > e such that for t > ty,

[C(1 4 it)| < c1(logt)e2, (1.2)
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and fort > ty,
IC(5 +it)] < kit (logt)*>. (1.3)

Let Ty > e be fixed. Then for any T > Ty, we have

hm_go

T T 1
1 g(—) —l——‘ < CylogT + CyloglogT + Cs, (1.4)
2me 8
where Cl - Cl(C, Tan;kQ)a 02 - 02(67 T,U;CQ,kg), C’3 - C3(C, ’I”,’I’};C]_,Cg,to,kl,k27k3,t1;
To) are defined in (5.1), (5.2), (5.3), and (5.4), and some admissible values of Cy, Cs,
and Cs are recorded in Table 2 in Section 5.

As a consequence, we obtain an explicit estimate for N(7T') as follows.

Corollary 1.2. For any T > e, we have

‘N(T) L log <T> ‘ < 0.10381log T + 0.2573 loglog T + 9.3675. (1.5)
27 2me
Note that C; = 0.1038 is the smallest value that can be obtained by our argument
and computation, and one can make Cy and C3 smaller at expense of larger Cj.
Let S(T) = LA arg((s), where L denotes the straight line from 2 to 2447 and then
to % + ¢T. We also have the following theorem concerning the argument of ((s) along
the critical line.

Theorem 1.3. In the notation and assumptions of Theorem 1.1, for any T > T, we have
|S(T)| < CylogT + Cyloglog T + C5, (1.6)

where Cl = C](C, Tan;kQ)) CQ = 02(07 r777;627k3>f Cé = C.:/’,(C7 ’f’,’l’];Cl,CQ7t0,k1,k2,I€37t1;
To) are defined in (5.1), (5.2), (5.3), and (5.7), and some admissible values of Cy, Cs,
and C4 are recorded in Table 2 in Section 5.

A stronger bound for S(7T'), up to certain given height, can be confirmed using the
database of non-trivial zeros of {(s) computed by Platt and made available at [9]. Indeed,
nowadays, one has

|S(T)| < 2.5167 (1.7)

for 0 < T < 30610046 000." Hence, by Theorem 1.3 (with Ty = 30610046000 and
Table 2) and (1.7), we derive the following explicit bound for S(T).

! Recently, Platt and Trudgian [12] verified the Riemann hypothesis for the height up to 3 - 102, which
would allow one to further bound S(T) for 0 < T' < 3 - 10*2.
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Corollary 1.4. For any T > e, we have

|S(T)| < min{0.1038log T + 0.2573 log log T + 8.3675,
0.1095log T + 0.2042log log T + 3.0305}.

We note that this improves the previous best-known explicit bound (for 7" sufficiently
large) due to Platt and Trudgian [11] (see also [15,17]), who showed that for T > e,

|S(T)| < 0.110log T 4 0.290 log log T + 2.290.

The proofs of Theorems 1.2 and 1.3 are based on the work of [2,7,17,18].? Compared
to the considerations of Dirichlet L-functions in [2,18] and Dedekind zeta functions in
[7,18], we further use subconvexity bounds for {(3 + it), together with the Phragmén-
Lindelof principle and the functional equation, to obtain a shaper estimate for ((s) in
the strip 0 < Re(s) < 1. Also, based on the idea of [2], we refine the bound for {(s) on
Re(s) < 0 used in [17] by bounding ((s) over Re(s) < —3. Lastly, we note that most
numerical computations were performed in Maple.

2. Main term and bounds for gamma factors

We recall the completed Riemann zeta function £(s) is defined by

§(s) = s(s = 1)y()¢(s), (2.1)

where

S

y(s) =7 2T (5) .

It is well-known that £(s) can be extended to an entire function of order 1, which satisfies
the functional equation

£(s) =¢&(1 —s). (2.2)

To follow the argument used in [7], it would be simpler to work with the following
“symmetric version” of N(T'). We introduce

No(T)=#{peC|C(p)=0,0<B <1, |y <T}

for T > 0.° Note that No(T) = 2N(T).

2 Regrettably, as pointed out in [2], there is an error appearing in [17,18] (and [11], where the erroneous
result of [17] was used) since the ranges of parameters involved in the final formulae were not verified
properly; [2,7] fix this issue for [18]. In a certain degree, the objective of the presented paper is to fix the
error occurring in [17].

3 This notation agrees with [7], where we defined Ny (T, the zero-counting function for the Dedekind
zeta function of a number field K.
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Let o1 > 1, and let R be the rectangle with vertices o1 —¢T, o1 +41, 1 —01 41T, and
1— 01 —4T (that is away from zeros of £(s)). Since £(s) is entire, applying the argument
principle, we know that

No(T) = %AR arg&(s).

We let C be the part of the contour of R in Re(s) > % and Cy be the part of the contour

of R in Re(s) > 3 and Jm(s) > 0. From the functional equation (2.2) and the fact that

&(s) = £(9), it follows that
Ararg&(s) = 2Acargé(s) = 4A¢, argé(s),
and thus
2
No(T) = 2 Ac, arsé(s) (2.3)
Now, by (2.1), we arrive at

_s s
Ac, arg&(s) = Ac, arg s + Ag, argm /2 + A¢, argT (5) + Ac, arg ((s — 1)¢(s)) -
(2.4)

In addition, by a straightforward calculation, we have

Ac, arg s = arctan(27),

T 1
—s/2 _ -
Ac, argm =3 log <7r> , (2.5)

1
Ac, argI'(s) = Ag, (ImlogI'(s)) = TJmlogD’ (5 + iT> .

In order to control the contribution of the gamma factor in (2.4), we set

2 1 T T T 1
T) = ZomlogT (= +i=) — Zlog [ =~ | + = 2.
g(T) —Jmlog (4+z2) wa(Qe)+4 (2.6)

and recall that by [2, Proposition 3.2], one has

1

T) < ——
9(T)| < 5

for T > 5/7. Now, gathering (2.3), (2.4), (2.5), and (2.6), we establish

No(T) = %arctan(QT) +9(T) + glog (%) - i + %ACO arg((s —1)¢(s)). (2.8)
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To control Ac, arg((s — 1){(s)), we let C; be the vertical line from o7 to o1 + 47" and
Cy be the horizontal line from o; + 1" to % +4T. As

Ac, arg(s — 1)((s) = A¢, arg(s — 1) + Ag, arg ((s) = arctan < ) + Ac, arg((s)

o1 — 1
and for o7 > 1,
|Ac, arg((s)| = |arg((o1 +iT)| < |log ((o1 +4T)| < log (1),
we obtain
[Ac, ara(s — 1)C(s)] < 5 +logC(on). (2.9)

Hence, from (2.7), (2.8), and (2.9), it follows that

’N@ — —log (23; )—i— i‘ 2+25—T+ log§(01) %\Acz arg((s—1)¢(s))]- (2.10)

To end this section, we shall borrow some estimates for the gamma function from [2]
as follows. For 0 < d < 9/2 and T > 5/7, we define

o+iT\ |1 o+iT\|? ¢
3m10gf< 5 ) +3m10gF( )

(T, d) = .

—1 1
o= 2

2 g=

As in [2, p. 1463], we set

27/3 27/3 4T/3
(2d+17)2 44127  (—-2d+17)2+4T2 172 4 4717

T 172 T 2d + 17)? T —2d +17)?
_;’_51g(1+L)__10g<1+u)__10g<1+ﬂ>

E(T,d) =

4T? 4 4T? 4 4T?
(8 +6m)/45 (8 + 6m)/45 2(8 4+ 67)/45
((2d + 17)2 +4T2)3/2 ((—2d + 17)2 + 4T2)3/2 " (172 + 4T2)3/2
i 4k 2d+ 1+ 4k —2d+1+4k>
+ 2 arctan — arctan ———— — arctan ————
Zo 2T 2T
2d+ 15 arctan 2d + 17 n —2d+ 15 arctan —2d + 17 _ 15 rctan 4
2T 4 2T 2 2T

It has been shown in [2, p. 1462] that £(T,d) < E(T,d) for 0 < d < 9/2 and T > 5/7.
Moreover, one has the following lemma established in [2, Lemma 3.4].
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Lemma 2.1. For 0 < 4§ <d<9/2 and T > 5/7, one has
0< E(T,61) < E(T,d).
Also, for d € [§,2] and T > 5/17, one has

B(T.d) _ 610d—112 1
™ T 1536(37 —1) ' 210

We remark that the number 5/7 above is not random but is borrowed directly from
[2]. In [2], it is chosen to obtain a proper numerical bound (in order to count the zeros
of Dirichlet L-functions). One may replace 5/7 with an appropriate larger Ty to get a
better result.

3. Backlund’s trick

In order to estimate Ac, arg((s—1)((s)), we shall borrow some results from [7]. Define

(((s +iT — 1)¢(s +iT)N + ((s — 4T — 1)¢(s — iT))V) (3.1)

N)lH

In(s) =

for N € N. Let D(¢,r) be the open disk centred at ¢ with radius r. For any N € N, we
define

1 r
SN(C,T):N Z logm,
z€S8n(D(e,r))

where Sy (D(c,r)) denotes the set of zeros of fn(s) in D(c,r). In [7, Proposition 3.5],
the authors prove the following upper bound for Sy(c, ).

Proposition 3.1. Let ¢, r, and o1 be real numbers such that
1
cfr<§<1<c<01<c+r.

Let F,, : [-m,m] = R be an even function such that F,,(0) > = log|fn,, (c 4+ re?)|.
Then there is an infinite sequence of natural numbers (N, )5_, such that

limsup Sy, (¢,r) < log

m—00 (\/ C*]. +T2<2C> /FCT

To end this section, we recall the following version of Backlund’s trick established in
[7, Proposition 3.7] (cf. [2,17,18]). As explained in [18, Sec. 3], using Backlund’s trick,
one can track contribution from zeros of fy(o) in [1 — o1, 1] whence there are zeros in

[%,0’1].
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Proposition 3.2 (Backlund’s trick). Let ¢ and r be real numbers. Set

—1/2)2 1
Ulzc—‘y-w and 5:20—01—5.

Ifl<ce<r and0<6<%, then

1/2 wSn(c,T) E(T,0) = T m
= | = Ylogr/lc—1/2) T 2 N Taw T

arg ((o +14T — 1)¢(o +4T))|

4. Convexity and subconvexity bounds and F¢ . (0)
4.1. Convexity and subconvexity bounds

In light of Propositions 3.1 and 3.2, to estimate (2.10), we shall construct an appro-
priate F, ,.(0). We first recall the following version of the Phragmén-Lindel6f principle
established by Trudgian [17, Lemma 3].

Proposition 4.1 (Phragmén-Lindelof principle). Let a,b,Q be real numbers such that b >
a and Q4+ a > 1. Let f(s) be a holomorphic function on the strip a < Re(s) < b such
that

1£(s)] < Cexp(e*l'h)

for some C' >0 and 0 < k < 3. Suppose, further, that there are A, B, a1, az, 1,82 > 0
such that oy > 1 and

|f(s)| < A|Q + S|0¢1 (log ‘Q + S‘)az for me(s) .
T BIQ + |71 (log |Q + s)P2 for Re(s) =b.

Then for a < MRe(s) < b, one has

Re(s)—a

boe(s)
()| < {AIQ + s[* (log|Q + s))**} "= {B|Q + /™ (log |Q +s])*} "=
We shall assume that there are ¢y, ca, k1, ks > 0, ko € [0, %] and tg,t1 > e such that
[C(1 4+ it)| < c1(logt)* (4.1)
for t > tg, and
IC(3 +it)| < kat*2 (log t)*s (4.2)

for ¢t > t1. Recall that 0 < n < % Now, we split our consideration into the following six
cases.
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(1) Assume o > 1+ 7. The trivial bound for the zeta function immediately gives
<(s)] < C(0): (4.3)

(2) Assume 1 < o <1+ 7. From (4.1), it follows that there is Q9 > 0 such that
(1 + it — 1)+ it)] < e1]Qo + (1 + it)|(log Qo + (1 + it)])° (4.4)

for all t. (We note that Qo depends on ¢y, ¢, T, and it can be computed explicitly.) Also,
by (4.3), it is clear that

[(L+n+it = 1)C(L+n+it)] < C(1+n)|Qo+ (1+1n+it)].

Thus, by Proposition 4.1, for 1 <o <1+,

14n—o o—1
n

(s = 1)¢(s)] < (a]Qo + s[(log |Qo + s[)) 7 (C(L+n)|Qo + s|)

which implies

1 1+n—0o o—1
n

C(s)] < T o

(e11Qo + s|(log [Qo + s[)*) 7 (C(1 +n)[Qo + s[)
(3) Let 2 <o < 1. Using (4.2), we deduce
(3 +it — )¢ +it)] < k1lQ1 + (5 +it)[* T (log |Q1 + (5 +it)))F,  (4.5)

for all ¢, where Q1 > 0 is a constant depending only on ki, ko, k3, t1 (which can be
computed directly). Now, by (4.4), (4.5), and Proposition 4.1, for % <o <1, we have

1
s =1

where Q2 = max{Qo, @1}
(4) Assume 0 < o < % On the one hand, by (4.2), there is Q3 > 0 such that

[C(s)| <

2—20 o—
(k1]Q2 + /"2 (log |Q2 + s)™) ™™ (c1|Q2 + s|(log |Q2 + s/)*)*" ",

‘C(% + 7’t)| < k:1|Q3 + (% + it)\kz(log |Q3 —+ (% 4+ Z't)DkS (46)

for all t. On the other hand, as (2.2) gives

o1 F(l _ §)
C(S) =7 2 I%(§>2 C(l - 5)7 (47)
2
it follows from (4.1) and the estimate
(3 3) (u+ﬂ)%”
< : 4.8
’r@> 2 9
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for —

gt < e (M) ose

for t > tg. Hence, checking small values of ¢, we can find @4 > 1 such that

[C(0+it)] < 4 + it] 7 (log |Q4 + it]) (4.9)

\/—\Q

for all t. Now, together with (4.6), by Proposition 4.1, we then obtain

1—20
6660 = (i + o H0g Qs+ 5D ) (lQs + (g Qs + 1))

where Q5 = max{Qs, Q4}.
(5) For —n < ¢ < 0, using (4.3), the functional equation (4.7), and the Gamma bound
(4.8), as Q4 > 1, we obtain

i\ 2T it \ 2t
cnvinl < (B2 e < (2228 gy

for all t. This estimate, combined with (4.9) and Proposition 4.1, then yields

otn
n

K01 < (Grrpme+mi@us ™) T (10 slbosias+ )

Nor:

(6) Finally, for o < —n, we use (4.7) to deduce

LG - 3)
e

From the proof of [2, Theorem 5.7], it follows that for a,b € {0,1} and k € N,

[Cls)| <772

((1—s)| <

o

-

1=(sth)y k _ sin(F(s+k+1-0))

2 k _
T+ 5tE) 2 j1;[1(8+] 1) sin(5(s+1—a))

_)_F(
=%

L'(s +
I'(

w\@
NS
NS

l\?\fn l\?
~—

Now, for z € R, we let [z] be the integer closest to x (if there are two integers equally
close to z, we then choose the one closer to 0). Note that for a = 0 and b = k (mod 2),
the sine factors above are +1. Thus, upon taking k = —[o] and applying [13, Lemmata
1 and 2] to bound the ratio T'(% + #)/F(% + =££) we arrive at

1 3+[o]—0o —l[o]
<(§|1+s—[o]> 2\ [T ls+5-11),

Jj=1




E. Hasanalizade et al. / Journal of Number Theory 235 (2022) 219-241 229
which gives

1

el sci-0)(5)  (1+s-la H|s+a—1|

™

4.2. Constructing and estimating F. ()

4.2.1. Bounding % log | fn(s)]
With the above convexity and subconvexity bounds in hand, we are in a position to
bound + log | fn(s)|, where fn(s) is defined in (3.1). For ¢ > 1+ > 1, we have

INCIES

<((e =1+t +17)?)

(Is 44T — 1N|¢(s + TN + [s —iT — 1N |¢(s — iT)|V)
()N

Taking logarithms and dividing both sides by N gives

1 1
= log | ()] < 5 loa((o = 1% + (|t] + T)?) + log (o).
For 1 <o <1+ n, we have

n ()] < (V@0 + )2+ (] + T2 (log /(Qo + o) + (|t+T)2)Cz)W

N(o—1)

* (C+nv Qo+ o2+ (I + 1))

Taking logarithms of both sides and dividing by N, we obtain

1+n—0 c1

1
1 <17 %,
v losl/n(s) < ; 08 5o7 +Z

~Llog((1+) + 3 log (Qo+ ) + (] + 7))

co(l+n—
n 2(1+n—o0)
n

loglog ((Qo + o)* + ([t| + T)%).

For % <o <1, from

Il = <k1((Q2+U) + (it +T)°) (10g\/ Q2 +0)2 (tIJrT)Z)k3>(2 o

X (cl((Q2 +0)2+ (| + T)2)3 (log\/ Qa t o2 (1 +T)2>c2)(20_1)1\f7

it follows that
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1
~ log |fn(s)] < (2—20)logks + (20 — 1)logc; — (k3(2 — 20) + c2(20 — 1)) log 2

¢ B2t D *20 21 (Qa 007 4 (1] + 1))

+ (k3(2 = 20) + ¢2(20 — 1)) loglog((Q2 + 0)* + (|t| + T)?).

Assume 0 < o < % From

N
2

()l < (0= 1) + (It] + T)?)

¢ s (1-20)N
L (@ + o)+ (i + 7)) (10g V@ + 2+ (05 T7) )
™

X
7 N

ks 20N
1((@s + 0+ (1 + %)% (108 @ 7 0P+ (1 T7) )

X
N

we derive
L Ifn(s)] < (1= 20) 1o “ +20log L 4 Lo (0 =12+ (jt| + T)?)
— — 20 o — 4 = o—
N ZIJN >~ g 262+%ﬁ g2k:3 2 g
1— 20 + 4kqo
fz log ((Qs +0)* + ([t| + T)?)

+ (c2(1 — 20) + 2k30) loglog ((Qs + 0)* + (|t| + T)?).

For —n < o <0, we have

[fn(s)] < (\/(0 —1)% + (t + T)2)N

) ( 1%“7((1 ) (\/(Q4 +0)2+ (|t| + T)2) é+’7> N

(2m)
¢ e\ N
< (= (V@ir o+ 0+ TP) (1og V@ + o+ (05 17) )
Thus
%logfN(s)|<—%1og(2ﬂ)ﬁ—%log(l—i—n)—ka—;nlog\/z—ﬂ—aj]_nczlog2
+ 3 Tog((o — 12+ (] + 7))
o(l4+2n) o+n
(- 752 4 TN tog((@a + )+ (] + 7))

o+
+ ey 1oglog((Qa + o) + ([t +T)?).
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Lastly, for 0 < —n, as

N 1\ V)
OIS (@174 + DA% (52) (@ o= 6D+ (i +77)

(1—20+2[c)N
1

vz

=[]
< | [T +i=D*+ (1t +1)%) | <1-a)",

Jj=1
we obtain

1081 ()] < log ({1~ 0) + S log((r — 1 + (It + T)?)

20 — 1 1-2 2
o 10g2W4_£___:%t_izD

+ log((1+0 — [o])* + (|t| + T)%)

_[g

]
+%§:bgw+j—1ﬁ+ﬂﬂ+TF)

4.2.2. Constructing and bounding F, ,(0)

With the above bounds of 3; log | fx(s)| in mind, similar to the construction of F ,(6)
for Dirichlet L-functions in [2, Definition 5.10] and Dedekind zeta functions in [7], we
shall construct F, ,(0) for ((s) as follows. (We note that the main difference between our
construction and the ones in [2,7] lies in the range 0 < Re(s) < 147 as we have sharper
bounds for {(s) in this range.)

Similar to [2,7], we first introduce some auxiliary functions and notation. For 6 €
[—7, 7], we let 0 = ¢+ rcosf, with ¢ — r > —%, and ¢t = rsin 0. We define

(j4+c+rcosf)? + (Jrsind| + T)?
T2 ’
M;(0) = loglog((j + ¢+ rcos6)® + (|rsin 6] + T)?) — loglog(T?).

L;(6) = log

Now, we give upper bounds for L;(6) and M;(§). From the inequality logz < « — 1, it
follows that

(j+c+rcosd)?+ (Jrsind| + T)?
T2 -
(j 4+ c+rcosf)? + (rsinf)? n 2rsin 0
T2 T

1

L;j(9) <

for 6 € [0, 7]. Fix Ty > 1. For 6 € [0, 7], we let

1 1
L5(0) = —(j +c+rcosf)* + —(rsind)? + 2rsin6.
i To To

It is clear that for T' > T and 6 € [0, 7],
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Similarly, for T > Ty and 6 € [0, 7], we have

- log((j + ¢+ rcos0)? + (|[rsinf| + T)?) B

1 (j+c+rcosd)?®+ (Jrsind| + T)? 9

= Tog(T9) (log T2 + log(T%) 1
1

" Togzy

o

— 2T logT

We are now in a position to construct Fe . (6).

Definition 4.2. For 0 € [, 7], we let ¢ = ¢+ rcos, with ¢ —r > —%, and ¢t = rsin6.
For ¢ > 1+ n, we define

)

Fo(6) = %L_l(e) +log T + log ¢(0).

For 1 <o <141, we define

14n— —1 1
For(®) = 1" oge; + 2" log ((1 +1) + 5Lau(0) +log T
1+n— 1+4n—
N W Mo, (6) + 02<+—n770>10g log T

For % < o <1, we define
F..(0)=(2-20)logks + (20 — 1)logc;
F((2—20) (ke +1) + 20 — 1) <LQTW) + logT)
+ (k3(2 — 20) + ¢c2(20 — 1)) (Mg, (0) + loglog T').

For0 <o < %, we define

1
Fo.(0) = (1 — 20)log \/6217 +20log ki + 5L-1(0) +log T
1 — 20 + 4kso [ Lo, (0
+ U; 20( Qi( )+logT)

+ (c2(1 — 20) + 2kso) (Mg, (0) + loglog T).
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For —n < o <0, we define

o +n
F..(0)=——1
C,T (0) 77 Og 01(27'(')77 /—271_

1+2 L
+ (—U( 2: i U;;") ( @ (%) —|—logT> + U;HCQ(MQAI(@)HOgIOgT)‘

+ log

For o0 < —n, we define

1 1-2 1-2
For(6) =log (1= 0) + SL_1(6) + <1+ 5 U)logT— . ? log 2

1—-20+20 1
+ MLl—[a] @)+ = L;_1(0).
4 2
It is clear that F.,(0) is an even function of § such that F.,.(6) > + log|fn(c+re®)].
Now, we shall provide an upper bound for [ F.(6)df. In light of work of [2] and [7],
for ¢ € R and r > 0, we define

0 ife+r<y;
0y = arccos = ifc—r <y <cHr; (4.10)
T ify<e—r.

Now, we let ¢, r, and 1 be positive real numbers satisfying
1
—§<c—r<1—c<—n<1+n<c (4.11)
and 0 < n < 5. To bound [ F.,(6)df, we consider the splitting
U 01+n 01 9% 00 g—n T
[=[+[+[+]«]+]
0 0 91+,,] 91 6 00 0—7;

Firstly, we have

144 6147 0147 6147

1
/FC,T(H)d9§10gT / 1d0 + / log((o)d@—&—ﬁ / L*(6)do.
0 0 0 0

Secondly, f:; F..(0)d# is bounded above by

01 01 01
1
logT/1d9+c—210g10gT/(1+7770)d0+ e /(1+7770)d0
n

014y 0141 147
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61 61 01
IOg C(l + Tl) / 1 / * C2 / *
014 0149 0149

A direction calculation shows that

0 0

[
NG

Fo(6)d0 < logT/(2 — 90) (ks + 1) + 20 — 1d6
91 61
[

[SEN

+loglogT [ k3(2 —20)+ c2(20 — 1)db
01
0
+ /(2 —20)log k1 + (20 — 1) log c1df
01

Nl

01

1 [2-20)(ka+1)+20 -1,
+T/ . 5, (0)d6

01
6

/ (ks(2 — 20) + ¢2(20 — 1)) Ly, (0)do.

01

[N

1
+ 2T logT

Also, we can bound f:f F. . (8)df above by
2

0 0 0

0 logT 0 0
logT [ 1d6 + 5 1— 20 + 4koodf +loglog T [ co(1 — 20) + 2ksodf
0 6

0

[N
[
[

6o 0o o

1
+ (log \/621_77) /1—20d9+210gk‘1/0d9+ ﬁ/Lil(Q)dO

0 0 0

[SEN
[N
[N

90 90

/ (ca(1 = 20) + 2k30) L. (6)d6.
6

1 N 1
6

Nl
[N

Moreover, f:o’” F, -(0)d6 is bounded above by

0, 0,

1+2
logT/lfU( i 77)+02+nd9+loglogT/ U+n02d0
n n

2n
90 00
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0, 0,
o 147 c1 1 /
——1 1 df + — L*,(0)do
+ / 108 gy Tlos o=df o 21(0)
00 00
. .
1 o(l+2n) o+n 1 /0’+’I7
— — = (0)do L} (6)do.
tr /( Ty ) P00t Sree T o c2la.0)
6o 0o

Finally, we have

r [ 1-2 7 [1-2
/ F.,(0)dd <logT / 1+ 5 746 + / log ¢(1 — 0)df — log 27 / 6
—n —n 0_, 0_,
n °-3
1 . 1 [1-2
t5m | L0+ / —— L (0)ds
0, 0,

> “(1—20—2; 1
3 / T L)+ 5 > L (0) ] de.
j k=1

(We note that from the assumption f% < ¢ —r it follows that 97j+% = 07]-7% =7 for
j > 1, and thus the last term in the above inequality is equal to zero.)

To end this section, we require the following two estimates from [2, Lemmata 5.14
and 5.15] to control the zeta integrals appearing in the above estimates.

Lemma 4.3. Let ¢,r and n be positive real numbers, satisfying (4.11), and Jy and Jo be
positive integers. If 014, < 2.1, then for 0 = ¢+ rcosf, one has

0149
1 1
/ log C(0)d < og ((1 +772) +log ¢(¢) (91+n — g) + ﬁlog((e) +k1(J1),
0
where

Ji—1 .
7r 7T
/il(Jl):E log¢(c+7r)+2 E log§<c+rcos2j1>

j=1

In addition, assuming further r > 2c — 1, one has

K

/ log (1 —0)df <

9*"1

™= 0176
2Jy

log (1 +n) +log ((c)
2

(91,C — 977]) + log C(C) + HQ(JQ),
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where

T—01_¢
=——"|1 1-—
ka(J2) 27, (og{( c+r)
Jo—1 7T. .
+2 ; log ¢ (1 — ¢ —rcos (J—Z + (1 — %) 915>>>.
5. Final formulae

In this section, we shall first prove Theorem 1.1.

Proof of Theorem 1.1. Using (2.10) and Propositions 3.1 and 3.2, for ¢,r,n > 0 such
that

1 1 1 1
_ _ _ _ <y = _ _ - -
2<c r<l—c< 77<0<4_5 2c — o1 2<2
and
—1/2)?
1<1+n<c<01:c+w<c+r,
satisfying 614, < 2.1, we have
T T 1
No(T)— =log | — ) + -
' (™) ™ Og(2ﬂ'e>+4‘
5 01 2 1 ¢(c) 1
<-4+ —+-1 1 — logT
S5t TR ) e = 12) 8 T T et /e = 1/2)) 8
1 r E(T, 5)

+ Wlog(r/(c _ 1/2)) O/Fc,r(a)dg + —

Thus, recalling that Ng(7T') = 2N(T') and applying Lemma 2.1 (to bound E(T,¢)) and
the estimates from Section 4.2.2 (to bound [ F-(8)df), for T > Ty, we have

T T 1

N(T) — —log ( =— ) + 2| < CilogT + Cyloglog T + Cs,
2 e 8

where for j = 1,2, 3,

G
Ci= 27 log(r/(c — 1/2))’
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0o

! 2
61 61
2 (5.2)
0 -
+/7J(1+2n)+g+nd0+/1 2Ud9,
2n 2n 2

0o

01
Gy =2 / a1 +17—o)d9+/k3(2 ~20) 1 ep(20 — 1)d0
n A
. (5.3)

0147

0o
+ /02(1 —20) + 2kzodf + /

0o

TN do,

0

Nl

5 6406 — 112 1 5 1 2 ¢(c)
Cs =mlog(r/(c—1/2)) <m + 510 + 5 + ﬁ + ;logC(m)) + mlog ¢(2¢)

91 01

log ¢, B log ((1 + 1) _
= /(Hn o) + == — /(0 1)do

014x

014n
o 0o 0o

+ /(2 —20)logky + (20 — 1) log c1df + <log \/021_) /1 — 20df + 2log k1 /odt?
™
0

[N

[N

01 1
2

0_, T

o 1+4+n c1 /
+ ——1lo + lo df — (log 27

0

1-2
9 40

0o
1 1 1 c T 0
., Jog( +172)+ 0g¢(c) (91+n_§> + 17 108 () + mi ()

n IOgC(I + 772) + 10g C(C) (91_0 _ 9_77) + %‘%_C ]Og C(c) =+ [{2(J2) —+ Hg(TO),
(5.4)

and r3(Tp) is equal to

0

Nf=

91+n 91
1 * * *
0 0149 61

0o 0o 0_y

+/L*_1(9)d9+%/(1—20+4k20)L55(9)d9+ /L*_l(e)da

0 0 0o

[
Nl=
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Table 2
Choices of parameters (c,r,n) and resulting admissible (C1, C2, C3, C3).
c r n C, Cs Csy Cé
1.000011314 1.064340602 4.2826451 - 10~ 0.103787 0.257297 9.367419 8.367419
1.025253504 1.182375395 0.009944751381 0.109410 0.204142 4.030486 3.030486
1.035766557 1.229059659 0.014325507360 0.111973 0.189768 3.746756 2.746756
0_, - 97%
o(l+2 o+ 1—-20
+/ Lot 2) ot d0+/L1 d0+/ Ly(6)do}
2n 2n 2
90 —77
01
P {o / (1 49— 0)Lb (0)d
————— max {0, —= -0
2Ty log Ty n K Qo
0149
01
pl
+ /(kg(z 20) + ex(20 — 1)L, (6)d6
01
0o 0_y
X i/ B
+ /(C2(1 90 + 2kz0) Ly, (6)d6 + / erLiy, (0)df).
0 0o

[

Recall that Patel [10] showed that |((1+it)| < logt for t > 3 (i.e., in (1.2), (c1, co, to)
(1,1, 3) is admissible) and that by the work of Hiary [8], (k1, k2, k3,t1) = (0.77, é, 1,
is admissible for (1.3).* In addition, for (c1,c2,t9) = (1,1,3) and (ki, ke, ks, t1)

(0.77,%,1,3), we may take

w
~

(Qo, Q1, Q2,Q3,Q4,Q5) = (1,1.18,1.18,3.9,2.3,3.9).

Finally, for Ty = 30610 046 000, choosing J; = 64 and Jy = 39, we calculate admissible
(C1,C5, C3) and record them in Table 2. O

Now, we are in a position to prove Corollary 1.2.

Proof of Corollary 1.2. By Theorem 1.1 (with 7p = 30610046000 and Table 2), it is
sufficient to verify the corollary for e < T < 30610046 000. We note that by (2.8),

4 1In fact, Hiary [8] showed that (ki, k2, k3) = (0.63, & 1) was admissible. However, as pointed out by [10],
due to an error in [8], one can only take (k1, k2, ks) = (0.77, &, 1).

We also note that there are two bounds used in [17, Sec. 5] and [11] that may be no longer valid. On
one hand, Trudgian in [17, Sec. 5] used a result from [1()] that |¢(1 +4t)| < 2 logt for t > 3. On the other
hand, [11, Theorem 1] states that (ki, k2, k3) = (0.732, & 5> 1) is admissible. However, as pointed out by [10],
both bounds made use of an incorrect result obtained by Cheng-Graham in [4]. We refer the reader to [10]
for a detailed discussion.
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() = e, ared(s) = 5 (No() — Tlog (5o ) + 1 —aM) -2) . (53)

where ¢(T) is defined as in (2.6). Thus, by (1.7) and (2.7), we obtain

T T 1 1 1
‘N(T) log <—> + §’ < IS+ 5lg(D)] +1< 25167+ - +1  (5.6)

Cor o 2me

for e < T < 30610046 000. (We remark that one may apply [3, Lemma 2] to improve
(5.6) for T > 27.) As the quantity on the right of (5.6) clearly is less than 0.1038log '+
0.2573 loglog T'4+9.3675 for any T' > e. We then conclude the proof by using the triangle
inequality. O

To end this section, we shall prove Theorem 1.3.
Proof of Theorem 1.3. Note that
1 1 1 1
S(T) = = Ac, arg () = ~Ac, arg((s) + —Ac, arg(s — 1¢(s) — —Ac, arg(s — 1)
We know that

[Ac, arg ((s)] < log ((o1)

and

-1 1 -1 1
|Ac, arg(s—1)| = arctan T 7)) arctan | —— < arctan L +arctan | —
T 2T To 2T,

for T' > Ty. From Propositions 3.1 and 3.2, it follows that for ¢,r, 1 > 0 such that

1< <1 < <0<1<(5—2 1<
5 c—r c n 4_—0 o1 5

DN =

and

(c—1/2)?

I1<l4+n<e<or=c+—""—<c+r,
T

satisfying 614, < 2.1,

(o) 1
T S log(r/(c— 1/2)) 8 C(2¢) ~ Zlog(r/(c — 1/2))

1 / E(T,5) 1 o1 — 1
0 /FC,T(H)dG + o + — arctan < T >
0

1 1
|S(T)\§Z+;10gC(01) log T

+27rlog(7‘/(c—1/2 ™ i 0

n 1 ¢ 1
—arctan { ——— | .
s 2T0
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Thus, applying Lemma 2.1 (to bound E(T,4§)) and the estimates from Section 4.2.2 (to
bound [ F.,(0)df), for T > Ty, we have

|S(T)| < CylogT + Caloglog T + C5,

where

1 -1 1 1
Cy=C3—1+ p arctan (alTo ) + p arctan <ﬁ) ) (5.7)

Cl = C(1 (Ca s k?)a 02 = 02(07 T, 15 C2, k?))a 03 = C'?)(Ca T, 15 C1, C2, tO) k17 k2; k37 tly TO) are
given in (5.1), (5.2), (5.3), and (5.4). In particular, for Tp = 30610046 000, we have
admissible (Cy,C3,CY%) recorded in Table 2. Finally, applying (1.7), we conclude the
proof. O
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