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Abstract

This paper discusses the fractional chromatic number of the direct prod-
uct of graphs. It is proved that if H is a circulant graph G’j, or a Kneser
graph, or a direct sum of such graphs, then for any graph G, x¢(G x H) =

min{x¢(G), x¢(H)}.
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1 Introduction

All graphs considered in this paper are finite. For graphs G = (V,F) and H =
(V', E"), the direct product (or the categorical product) G x H has vertex set V' x V'
and in which (x,z') is adjacent to (y,y’) if and only if zy € E and o'y’ € E'.

Suppose G = (V, E) is a graph. Let Z denote the family of independent sets of
G. A mapping f : Z — [0, 1] is called an r-fractional coloring of G if > xcr f(X) <r
and for each v € V(G), ¥ cx xer f(X) > 1. The fractional chromatic number x(G)
of GG is the least r for which G has an r-fractional coloring.

This paper investigates the fractional chromatic number of the direct product
of graphs. A homomorphism from G to H is a mapping h : V(G) — V(H) which
preserves edges, i.e., if zy € E(G) then h(z)h(y) € E(H). We say G is homomorphic
to H if there exists a homomorphism from G to H. It is easy to see (and well-known)
that if G is homomorphic to H then x;(G) < x;(H). Since G x H is homomorphic
to G and H (the projections are homomorphisms), it follows that x;(G x H) <
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min{xs(G), xs(H)}. An interesting question (asked by Perles independently [8]) is
whether or not the equality holds for all graphs G and H.

Question 1.1 Is it true that for any graphs G and H, we have

X (G x H) = min{x;(G), x;(H)}? (1)

A fractional clique of G is a mapping o : V(G) — [0,1] such that for each
independent set X of G, Y, cx o(v) < 1. For any subset X of V(G), let o(X) =
> vex 0(v). The weight w(o) of a fractional clique o of G is defined as w(o) =
o(V(G)). The fractional clique number w;(G) of G is the maximum weight of a
fractional clique of G. It is well-known [9] that for any graph G, x;(G) is calculated
by solving a linear programming problem and w;(G) is calculated by solving the
dual of that linear programming problem. Hence w;(G) = x;(G). Therefore, (1) is
equivalent to

w1 (G x H) = minfus (@), ()}, (V)

Suppose g and h are fractional cliques of G and H, respectively. Let ¢ : V(G x
H) — [0,1] be defined by ¢(z,y) = g(x)h(y)/q, where ¢ = max{w;(G), wr(H)}.
It seems natural to wonder if ¢ is a fractional clique of G x H. This leads to the
following question.

Question 1.2 Suppose g, h are fractional cliques of G and H, respectively. Let U be
an independent set of G x H. Is it true that

S(emerg(@)hy) < max{wr(G), wy(H)}?

The “integral version” of the fractional chromatic number and the fractional
clique number are two different parameters: the chromatic number and the clique
number. The integral version of Equations (1) and (1’) then become two equations.
It is interesting to note that these two equations are of very different nature. It is
trivial that for all graphs G, H,

w(G@ x H) =min{w(G), w(H)}. (2)
However, it is unknown whether or not

X(G x H) = min{x(G), x(H)} (3)

for all graphs G, H. It was conjectured by Hedetniemi [5] that (3) holds for all
graphs. This conjecture has attracted considerable attention, and yet only some very
special cases of the conjecture have been verified [1, 4, 11, 15]. It seems that (1) is
sandwiched between (2) and (3). However, it is unknown if there are any intrinsic
connection between these equalities. The main result of this paper is the following
theorem.



Theorem 1.3 If H is a circulant graph G%, or a Kneser graph, or a direct sum of
such graphs, then for any graph G, x (G x H) = min{x;(G), x7(H)}.

Theorem 1.3 generalizes some earlier results concerning the independence num-
ber of the direct product of graphs [3, 7]. A result of Frankl [3], which determines
the independence number of the direct product of Kneser graphs, is equivalent to say
that if G and H are both Kneser graphs then x;(G x H) = min{x(G), xs(H)}. A
simple proof of Frankl’s result is given by Kirsch [8], by studying Question 1.1. It is
known [15] that if x(H) > n then x (K, x H) = n. Therefore, it follows from Theorem
1.3 that x (K, x H) = x(K, x H) if x;(H) > n. This provides a simple construction
of graphs with their fractional chromatic number equal to their chromatic number.

2 Relation to Hedetniemi’s conjecture

It is unknown if there is any intrinsic connection between (1) and Hedetniemi’s con-
jecture. The following lemma shows that if (1) holds for G and H, then (3) holds for
some related graphs.

Suppose G = (V, E) and G' = (V', E') are graphs. The lexicographic product
G[G'] has vertex set V' x V', and in which (x,2") ~ (y,y') if and only if either z ~ y
orz =y and 2’ ~ 9.

Lemma 2.1 If x;(G'x H) = min{x/(G), x;(H)}, then there exists an integer n such
that x(G[Kn] x H[Ky]) = min{x(G[Ky]), x(H[K4])}-

Proof. It suffices to show that there is an integer n such that
X(GIEL] x H[Ky]) = min{x(G[Ku], x(H[Kn])}.

9] for any graph G’ there is an integer k such that for any
positive integer I, x(G'[Ki]) = lkxf(G'). Therefore there exists an integer n such
that x(GIKw) = nx(G), X(H[Ka]) = mxs (H) and x((G x H)[Ka]) = nxs(G x H),

The vertices of (G x H)[K,] are triples (g, h, 1), where g € V(G),h € V(H),i €
V(K,). Two vertices (g,h,i) and (¢',h',i") are adjacent if and only if either g ~
g h ~ h or(g,h) = (¢',h') and i # i'. The vertices of G[K,] x H[K,] are 4-tuples
(g,i,h,j), where g € V(G),h € V(H),i,j € V(K,). Two vertices (g,1,h,j) and
(¢',i', 1, j'") are adjacent if and only if one of the following is true:

It is well-known

—

e g~ g and h ~ I/;

® (g,h) = (¢',1) and i #7" and j # j';



e g=¢,i#i and h ~ h';

e g~¢g,h="hand j#7j.

It is straightforward to verify that the mapping f(g,h,i) = (g, i, h,i) is a ho-
momorphism from (G x H)[K,] to G[K,] x H[K,]. Therefore x((G x H)[K,]) <
X(GIK,] x H[K,]). As

X((G x H)[K,]) = nxs(Gx H)

= nmin{x;(G), x;(H)

we conclude that
X(G[K,] x H[K,]) > min{x(G[K,]), x(H[K,])}.
[ |

In view of Theorem 1.3, Lemma 2.1 proves some new cases of Hedetniemi’s
conjecture. For example, if G = K(an,ak)[K,,|, H = K(bn,bk)[ K], where m =
(a®b + ab*)k, then x(G x H) = x(G) = x(H). (K(k,d) denotes a Kneser graph, see
definition in Section 5). Such instances are not included in other proven special cases
of Hedetniemi’s conjecture.

3 Fractional persistent graphs

Suppose U is an independent set of G x H, and that ¢, h are fractional cliques of
G, H respectively. We define the mapping ¢, as follows:

den(U) = > g(x)h(y).

(z,y)eU
As an attempt to prove that Equation 1 holds for all grpahs G' and H, we

introduce the concept of a fractional persistent graph as follows:

Definition 1 Suppose h is a fractional clique of H. We say h is a persistent frac-
tional clique of H if for any graph G, for any fractional clique g of G, and for any
independent set U of G x H, we have

090 (U) < max{wy(G),ws(H)}-

Definition 2 We say a graph H is fractional persistent iof H has a persistent frac-
tional clique h of weight wp(H). We say a graph H is strongly fractional persistent
iof every fractional clique of H 1is persistent.
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By definition, a strongly fractional persistent graph is fractional persistent.

Lemma 3.1 If H is fractional persistent then for any graph G,

Xy (G x H) = min{x;(G), x;(H)}.

Proof. Let g be a fractional clique of G of weight w;(G), and h be a persistent
fractional clique of H of weight w;(H). Suppose ¢ = max{w;(G),wr(H)}. Let
f: V(G x H) — [0,1] be defined as
)
q
Since h is persistent, for any independent set U of G x H, f(U) < 1. Hence f is

a fractional clique of G' x H. It is straightforward to verify that the weight of f is
min{w;(G),ws(H)}. Therefore

wi(G x H) > min{w;(G),ws(H)}.
i

Question 1.2 is equivalent to ask whether or not every graph is strongly frac-
tional persistent. A positive answer to the following (weaker) question would imply
a positive answer to Question 1.1.

Question 3.2 Is it true that every graph H is fractional persistent ?

The remaining part of this paper gives some sufficient conditions for a graph
to be fractional persistent and strongly fractional persistent.

Lemma 3.3 Suppose H is fractional persistent. If H admits a homomorphism to H'
and wi(H') = wf(H) then H' is also fractional persistent.

Proof. Let h be a persistent fractional clique of H, let ¢ be a homomorphism
from H to H'. For each 2’ € V(H'), let I'(z') = Y ep-1(0) M(z) (if ¢~ (2") = 0
then A'(z') = 0). Then h' is a fractional clique of H' of weight w(H') = w;(H).
Let G be any graph, g be any fractional clique of GG, and U’ be any independent
set of G x H'. Let U = {(z,y) € V(G x H) : (z,¢(y)) € U'}. It is easy to
verify that U is an independent set of G x H. As h is a persistent fractional clique
of H, we have and ¢,,(U) < max{w;(G),ws(H)}. It follows from the definitions
that ¢y p (U') = ¢gn(U). Therefore ¢y (U') < max{w;(G),wr(H')}. Hence b’ is a
persistent fractional clique of H' and H' is fractional persistent. [ |

Our next result shows that one can construct new strongly fractional persistent
graphs from old ones.

Suppose H; = (V1, E1) and Hy = (Vs, Es) are two vertex disjoint graphs. The
direct sum H; + H, has vertex set V3 UV, and edge set By UE,U{zy : z € V},y € V3}.
It is obvious that w(H; + Hy) = wr(Hy) + wys(Ha).
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Theorem 3.4 If H = (V4, E1) and Hy = (Va, Ey) are strongly fractional persistent
then the direct sum Hy 4+ Hy is also strongly fractional persistent.

Proof. Let G = (V, E) be an arbitrary graph. Suppose g is a fractional clique of G,
and h is a fractional clique of Hy + Hs. Let ¢ = max{w(G),w;(H, + Ha)}.

Let U be an independent set of G x (H1 + Hg). We need to show that

Gon(U) = > g(a <q.
(z,y)€U

For each vertex x of G, let U, = {y € ViUV, : (x,y) € U}. Fori=1,2, let
A;={z eV :U,NV; #0}. It follows from the definition that if z € Ay, 2" € Ay
then © ¢ /. Let B = AN Ay, B = A; — B. Then B is an independent set of
G, and (B; U B3) N Ng[B] = 0, Ng(B1) N By = (). Here Ng(X) (or N(X) if there
is no confusion) is the neighbour set of X, i.e., N(z) = {y : 3z € X,z ~ y}, and
Ng[X] = Ng(X)U X (or N[X] if there is no confusion) is the closed neighour set of
X. With an abuse of notation, we also let B; stands for the subgraph of GG induced
by B;.

Let b = ¢g(B) and for i = 1,2, let a; = max{g(X) : X is an independent set of
B;}. Suppose a; = g(X;), where X; is an independent set of B;. Then X; U X, U B
is an independent set of G. Therefore a; + as + b < 1.

For i = 1,2, let ¢; : B; — [0,1] be defined as ¢(z) = g(x)/a;. Then ¢; is a
fractional clique of B;. Since UN(B; x (H; + Hs)) = UN(B; x H;) is an independent
set of B; X H;, and since H; is fractional persistent, we conclude that

> ¢i(x)h(y) < max{x;(B;), xs(H;)}-
(z,y)EUN(B; xH;)
Therefore
> g9(@)h(y) < ammax{x;(B;), x;(Hi)} < aiq.

(z,y)eEUN(B; x H;)
(Note that wy(B;) < ws(G) < q.)
As
> f@)h(y) < f(B)wy(Hi + Hy) < by,
(z,y)EUN(BX(H1+H?2))
we conclude that

Gon(U) = > g(x)h(y) < bg+arg+asq < gq.
(z,y)eU
This completes the proof of Theorem 3.4. i

Corollary 3.5 If H; is strongly fractional persistent for i = 1,2,---,n, then Hy +
Hy + .- -+ H, is strongly fractional persistent.

Since K is obviously fractional persistent, we have

Corollary 3.6 The complete graphs are strongly fractional persistent.



4 Localized fractional clique

To prove that a graph H is strongly fractional persistent amounts to proving that
every fractional clique of H is persistent. It follows from Corollary 3.6 that if the
total weight of a fractional clique h are assigned to a clique of H, then A is persistent.
To be precise, we have the following lemma.

Lemma 4.1 Suppose h is a fractional clique of H of weight r. If for all x with
h(z) > 0 we have f(N(z)) =1 — f(x), then f a is persistent fractional clique.

Definition 3 A fractional clique h of H of weight r is called a localized fractional
clique if for all X C V(H) with h(X) > 0, we have h(N (X)) > min{r, r—2+h(X)}.

Intuitively, if h is a localized fractional clique then h(X) > 0 implies that
“most” of the weight of h is assigned to the neighbours of X. In particular, if h(X) >
2, then all the weight of h is assigned to the neighbours of X. So a localized fractional
clique is quite similar to a clique (in some sense). In this section, we prove that
localized fractional cliques are persistent.

Theorem 4.2 If h is a localized fractional clique of a graph H, then h is persistent.

Assume Theorem 4.2 is not true. Let G be a counterexample, i.e., G has a
fractional clique g such that

Ggn(U) > max{wy(G),wr(H)}.

Without loss of generality, we may assume that GG is a smallest counterexample. We
shall derive a contradiction. We divide the argument into a few lemmas.

Lemma 4.3 Suppose U is an independent set of G x H. If x,x' are two vertices of
G for which h(Uy) + h(Uy) > 2 then x o a'.

Proof. Assume h(U,) + h(U,) > 2. Since h is a localized fractional clique, N(U,) N
Ug # 0. Let a € Uy, b € Uy such that a ~ b. If x ~ 2, then (z,a) ~ (2',b), contrary
to the assumption that U is an independent set of G x H. | |

Corollary 4.4 Suppose U is an independent set of G x H. If h(U,) > 2 for some
vertex x € V(G), then ¢y, (U) < max{ws(G), ws(H)}.

Proof. Let Y = {x € V(G) : h(U,) > 2} # . By Lemma 4.3, Y is an independent
set of G, and for any x € N(Y), f(U,) = 0.
Let
U =Un((V(G)— N[Y]) x V(H).
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Then U’ is an independent set of (G — N[Y]) x H. Let ¢' : V(G) — N[Y] — [0, 1] be
the mapping defined as
: 9(x)
g(r) = = =3
(1-g(Y))
for any x € V(G) — N[Y]. Since for any independent set Z of G — N[Y], YU Z is an
independent set of G, hence ¢g(Y') + g(Z) < 1, which implies that

9(2) =9(2)/1-g(Y)) < 1.

Hence ¢’ is a fractional clique of G — N[Y].
By the minimality of GG, we have

g .n(U . Z 9() < max{wy(G = N[Y]), w;(H)}
< max{ws(G), wy(H)}.
As g(z) = (1 —g(Y))g'(x), we have

> 9@h(a) < (1—g(Y))max{w;(G), ws(H)}.

Hence

Sen(U) = 3 g(a)h(a)

(z,0)eU
< Zg(x)h(H)-l—( ) ,g(x)h(a)
< gWMMH) + (1 = g(V))max{ws(G), w(H)}
< max{ws(G), we(H)}.

|
Let U be an independent set of G x H such that ¢y ,(U) > max{w(G), ws(H)}.
Let t = max{h(U,) : x € V(G)}. By Corollary 4.4, t < 2. If t < 1, then

Y g@h(a) = > glx

(z:0)eU 2eV(G)

< Y gle
zeV(Q)
< max{w(G), wr(H)},
contrary to our assumption. Thus 1 < ¢ < 2. For any 0 < s <, let

Y; ={z € V(G) : h(U,) = s}.



Since G is finite, there are only finitely many s for which Y, # ). Let
Sg > S1 > 82> > Sy,

be the real numbers such that 2 > s; > 1 and either Y;, # () or Y3, # 0.
Fori=20,1,2,---,m, let

Zs, ={x € V(G) : h(U,) =2 — s;},

and let
B={ze€V(QG): hU,) =1}.

As t < 2, by definition, for any x ¢ B U (U™, (Y;, U Zs,)), h(U,;) = 0. Hence
o(U) = g(B) + X% (9(Ys;)si + 9(Z:,) (2 = 51))-

We shall construct a new independent set U’ of G x H such that ¢, ,(U’) >
Pgn(U), and h(U,) > 2 for some x € V(G). But this is a contradiction, because then
it would follow from Corollary 4.4 that ¢, ,(U") < max{w;(G), ws(H)}.

The independent set U’ is obtained from U by shifting some elements from U,
to Uy, for some z and y. First we need a technical lemma.

Lemma 4.5 Suppose oy, vy, -+, o and By, By, -, Bm are positive real numbers such
that g—l > i—fl fori=0,1,---,m—1. If xg,x1,- -, T, 1S a sequence of reals satisfying
Yizoajxy >0 for all 0 <o < m, then 3%y Bjz; >0 for all 0 < i < m.

Proof. Suppose Eé‘:o a;x; >0 forall 0 <7 <m. Let 0 <s <m. Then

&Z&J{L’j > 0

s i

s—1
(Dt _ By > oy,

Os—1 g j=0

vV
o

v
o

55—2 65—1 =2
(a572 C¥571) Jz% WA}

i B«
— - — ajz; > 0
G- e 2

(@—ﬁ)aoxo Z 0.
Q) (07]

The summation of both sides of the above inequalities gives the inequality

Z 5]'1']' > 0.

=0



Now we start to construct U'. For i = 0,1,---,m, let z; = g(Z;,) — g(Y5,),
a; =2 —s; and 3; = s; — 1. Note that

o < ap < 0Oy

and
Bo> P> > B
Hence
B _ B
Q; At

fort=0,1,---,m —1.

If E;ZO a;x; > 0 for all 0 < ¢ < m, then by Lemma 4.5, Z;ZO Bix; > 0 for all
0<:<m.

Hence

Sen(U) = > g(x)h(a)

= g(B)+ 3 (9(V) + 9(Z,)) - i B;

§=0

N

g(B) + f;)(g(mj) T 9(2,)

g(V(@))
max{w(G), wr(H)}.

VARVAN

Thus we may assume that there exists 0 < i < m such that Eé-:o ajr; < 0.
Let U’ be the independent set of G x H defined as

o U, =V(H)ifx €Y, for some j <73

o U, =0ifx e Z,, for some j <i;
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e Ul = U, otherwise.

By Lemma 4.3, U’ is indeed an independent set of G x H. On the other hand,

Sen(U) = > g(x)h(a)

(z,0)€U’
= Y. g(@)h(a) - > g(z)h(a)
(z,0)€U meu;ZOZS].,(m,a)eU
+ > g(x)h(a)
mGU;'.:OYsj,(w,a)QU
= > g@hla) =3 g(Z,)(2 = s5) + > g(Vs,)(h(H) — 55)
(x,0)€U Jj=0 Jj=0
> > g@h(a) =Y oy
(z,0)€U Jj=0
> ¢g,h(U)-

Since max{f(U.) : x € V(G)} > 2, by Corollary 4.4, we have
Pgn(U) < max{wy(G), wy(H)}-

This proves Theorem 4.2.

5 The graphs G% and Kneser graphs

As a consequence of Theorem 4.2, we have the following sufficient conditions for a
graph to be fractional persistent and strongly fractional persistent.

Corollary 5.1 If a graph H has a localized fractional clique h of weight w(h) =
we(H) then H is fractional persistent; if all the fractional cliques of H are localized
fractional cliques then H s strongly fractional persistent.

This section proves that an important class of graphs, the graphs G%, satisfy
the conditions of Corollary 5.1, and hence are strongly fractional persistent.

Suppose k > 2d are positive integers. The graph G% has vertices 0,1,--+,k—1,
and i ~ j if and only if d < |i — j| < k — d. The vertices of G% are usually viewed as
to form a circle C*. We denote by [4, j]i the set {i,i+1,---, 5}, where the summation
is modulo k. For example, [2,5], = {2,3,4,5} and [5,2], = {5,6,---,k — 1,0,1,2}.
The summation and subtraction on the vertices of G% are always carried out modulo
k.

The graphs G are special circulant graphs which play an important role in the
study of circular chromatic number of graphs [14].

11



Theorem 5.2 Suppose f is a fractional clique of G% of weight r and X is a subset
of V(G®). If f(X) =t for some 0 <t <2, then f(N(X))>r—2+¢t. If f(X)>2
then f(N(X)) =r.

Proof. We say a subset X of V(G¥) is critical if for any proper superset X’ O X,
N(X') is a proper superset of N(X). It is obvious that it suffices to prove Lemma 5.2
for critical subsets X of V(G%). So in the following, we assume that X is a critical
subset of V(G%).

First we prove this lemma for the case that X = [a,b]; is an interval of C*.
If the length of the interval is at least 2d, then it follows from the definition that
N(X) = V(G%), and we are done. Assume the length of the interval is ¢ < 2d — 1.
Then N(X) =[a+d,b—d];. So

FIN(X) =r—f(b—d+1a+d—1]).

Let A=[b—d~+1,b); and B = [a,a + d — 1];. Then both A and B are independent
sets, so f(A)+ f(B) < 2. Hence

fb—d+1a+d—1]) = f(A) + f(B) = f([a,bl) <2 —t.

So f(N(X)) >r—2+t.
Assume now that X is not an interval, say

X =[a1,b1]x Ulaz, bolp U--- U as, by,

where [a;, b;] are the maximal intervals contained in X. Let X; = [a;, b;]z. Observe
that N(X;) = [a; + d,b; — d; is also an interval of C*. If there are two intervals
X, X; such that N(X;) N N(X;) # 0, then N(X;) U N(Xj;) is an interval, and it is
easy to see that N(X;) UN(X;) = N([a;, b;]x) or N(X;) UN(X;) = N([a;, b;]x). This
is in contrary to the assumption that X is a critical subset of V(G%). Thus we may
assume that N(X;) N N(X;) =0 for all i # j. Hence f(N(X)) = >, f(N(X;)). As
X; is an interval, so we have f(N(X;)) > r —2+ f(X;). Therefore

f(N(X))Zzs:r—Q—l—f(Xz-):(r—2)s+t2r—2+t.

Corollary 5.3 If k; > 2d; for i = 1,2,---,t and G is the direct sum of G’(Z (i =
1,2,---,t), then G is strongly fractional persistent. Hence for any graph H,

x7(G x H) = min{x(G), x;(H)}.
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Suppose k > 2d. The Kneser graph K (k,d) has vertices all the d-subsets
of {0,1,---,k — 1}, and two vertices are adjacent if and only if the two subsets
are disjoint. Kneser graphs play a special role in the study of fractional chromatic
numbers of graphs, and have been studied extensively in the literature (see [9]).

A graph G has a fractional coloring of weight k/d if and only if G admits a
homomorphism to K(lk,ld) for some positive integer .

So for fractional coloring, the Kneser graphs play the role of complete graphs
in the study of ordinary coloring, and the role of G% in the study of circular coloring.

Theorem 5.4 If k; > 2d; for i = 1,2,---,t and H 1is the direct sum of K(k;,d;)
(i=1,2,---,t), then H is fractional persistent.

Proof. Let H' be the direct sum of G’(Z (1=1,2,---,t). It is easy to verify that

On the other hand, G¥ admits a homomorphism to K(k,d) for any k > 2d
(the mapping sending i to {4, + 1,--+,i + d — 1} is a homomorphism from G% to
K(k,d)). Therefore H' admits a homomorphism to H. As H' is fractional persistent,
by Lemma 3.3, H is fractional persistent. | |

For a graph G, we denote by «(G) the independence number of G which is
defined as the order of a maximum independent set of G. It is well-known [9] that
for a vertex-transitive graph G we have x;(G) = |V(G)|/a(G). Thus we have the
following corollary:

Corollary 5.5 Suppose G is a vertex-transitive graph and H is either a circulant
graph G% (for some k > 2d), or a Kneser graph K(k,d) (for some k > 2d). Then

a(G x H) = max{a(G)|V(H)|, a(H)|V(G)|}.

The following special case of Corollary 5.5 is a generalization of the Erdds-Ko-
Rado theorem, and was proved in [3]:

Corollary 5.6 Suppose k;, d; are positive integers and ki /dy > ko/dy > -+ - > ky/dy >
2. Then

(K (g, ) % K (o, da) X -+ % K (ky, dy)) = (’C‘Z ) D (’Z) (’z) (fti)
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6 Some remarks

(1): We have shown a natural class of graphs G are strongly fractional persistent,
by showing that all the fractional cliques of G are localized fractional cliques. Cer-
tainly most graphs have fractional cliques which are not localized. For example, for
most graphs G%, their complement have non-localized fractional cliques. It would be
interesting to find new method to prove that such graphs are (strongly) fractional
persistent.

(2): It is known [10] that for some Kneser graphs K (k,d), there exist graphs
G and H such that G x H admits a homomorphism to K(k,d) and yet none of
G, H admits a homomorphism to K (k,d). However, this does not provide a negative
answer to Question 1.1, as G or H may still has fractional chromatic number at most
k/d. Actually, this is the case for the examples given in [10].
(3): The fractional chromatic number of other product graphs have also been studied
in the literature. There is a simple formula for the fractional chromatic number of the
lexicographic product G[H] of G and H: xf(G[H]) = x;(G)xs(H) [2]. This formula
is also true for the strong product G ® H (where (z,2") ~ (y,y) if and only if z ~ 2’
ory ~y')of Gand H: x;(G® H) = x;(G)xs(H) [9]. For the Cartesian product
GOH (where (z,2') ~ (y,y') if and only if either z ~ 2" and y = 3’ or x = 2’ and
y ~ y'), the fractional chromatic number of GOH is difficult to determine. Even
for the powers of a single graph, many question concerning the fractional chromatic
number remain open. For example, let G* = G"~'0G (G! = G), then it is unknown
if the limit

limnﬁoon(Gn)

is a rational number. This problem is related to the ultimate independence ratio of a
graph, which was studied in [6, 13].
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