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Abstract

Let G be a graph and d, d’ be positive integers, d’ > d. An m—(d, d’)—circular
distance two labeling is a function f : V(G) — {0,1,2,---,m — 1} such that
|f(w) — f(v)|m > d if u and v are adjacent; and |f(u) — f(v)|m > d if uw and v
are distance two apart, where |z, := min{|z|,m — |z|}. The minimum m such
that there exists an m—(d, d’)—circular labeling for G is called the og o-number
of G and denoted by o4 4 (G). The o4 g-numbers for trees can be obtained by a
first-fit algorithm. In this article, we completely determine the o4 ;-numbers for
cycles. In addition, we show connections between generalized circular distance
labeling and circular chromatic number.
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1 Introduction

For a graph G, the distance between any two vertices u and v is denoted by
dg(u,v). Given G and positive integers d, d' with d > d', an L(d,d’)—labeling
(distance two labeling) of G is a function f: V(G) — {0,1,2,-- -} such that |f(u) —
f()| > dif uww € E(G); and |f(u) — f(v)] > d" if dg(u,v) = 2. The span of f is
defined as min, vev(g) | f(u) — f(v)|. The minimum span of an L(d, d')—labeling for G
is denoted by Mg (G). The L(d,d)—labelings, for different values of d and d’, have
been studied by several authors in the past decade. (See [1, 2, 3, 4, 8, 10, 12].)

The circular distance two labeling is a variation of L(d, d")—labeling by using a
different measurement. Given G and positive integers d and d’ with d > d', an
m — (d,d').— labeling is a function, f : V(G) — {0,1,2,---,m — 1}, such that
|lf(w) = f(v)|m > dif ww € E(G), and |f(u) — f(v)|m > d' if dg(u,v) = 2, where
|z|y == min{|z|,m — |z|}. For any graph G and any d > d’, the 044 —number of G,
040 (G), is the minimum m such that there exists an m — (d, d’).—labeling for G.

In Section 2, we give exact values of o4, —number for trees and o,4;—number
for cycles. Georges and Mauro [3] proved that Ay . (G) = algqs(G) holds for any
graph G and any positive integers a, d, d’ with d > d’. The results for cycles and
trees shown in this article indicate that a similar result of Georges and Mauro does
not hold for circular distance two labelings. That is, there exist graphs such that
Oadaa (G) # acgq (G) for some positive integer a.

In Section 3, we investigate close relations between generalized circular distance

labeling and circular chromatic number.

2 T nu r or tr nd c c

In this section, we give the exact values of the o4 y-numbers for trees for all d > d,

and o4 1-numbers for cycles.



eore . e be a ree ma mum e ree en ran d>d

Ud,d’( ) =2d ( — l)dl

roo . bserve that for any star G = 1, , 044(G) =2d ( — 1)d'. Therefore,
oga( )>2d ( —1)d,since containsa ; . Soitsu cestofinda (2d ( -—
1)d’)-(d, d").—labeling for . This can be done by a first-fit algorithm. First, fix a root
of of degree | labelit by 0 and its neighbors by d,d d',d 2d,---,.d ( —1)d;
then label the neighbors of these labeled vertices one by one using the labels from
the set {0,1,2,---,2d ( —1)d’—1}; and continue this process until all vertices are
labeled. t each step, if a vertex v is labeled by x, then there are exactly  labels,
{z dyxz d d,o d 2d,---,x d ( —1)d} (mod2d ( —1)d),thatcan
be used by the neighbors of v. Thus, this process produces a valid (2d ( — 1)d')-
(d,d").—labeling for

eore . ran d>d ogq( )>2d d ur erm re oqq( )=2d d
an n 0 (mod %) ere = (2d d'.d)
roo. bserve that o44( ) > 2d d, since o40( 1,) = 2d d. Suppose

oaa( )=2d d andlet fbea(2d d)—(d,d).—labeling for . For any vertex v
of ,suppose f(v) =z forsome0 x 2d d —1,then there are exact two values,
x—d,z d (mod2d d —1),that can be assigned to the two neighbors of z. et
the vertices of , in cloc wise order, be vy,v ,---,v . ithout loss of generality,
assume f(v;) =0 and f(v ) =d. Then f(v 1) = (f(v) d) mod (2d d'). Since

f(v ) must bed d, f is well-defined only when 0 (mod <44), where = gcd

(24 d,d).
oro ry . uppsed>d enoga( )= oga( )= (2d d) 0
(mod =2y  ere = (2d d,d)



It is nown [ ]| and not hard to observe the following ine ualities:
Aa(G) 1 o40(G) XNa(G) d, forany graph G ()

To derive the values of o41( ), we first uote the result of Georges and Mauro

3] on Ag1( ).
eore . e be a e en
d 2, 0 (mod 4)
Aai( )=<d 3, 2 (mod 4)
2d, 1 (mod 2)

ombining () with Theorems 2.2 and 2.4. we have

2d 2, 0 (mod 4);
2d 1 oq1( ) 2d 3, 2 (mod 4);
3d, 1 (mod 2).
eore . e be a ean e d>2 enogi( )=3d an r >4
2 1, 0m 2d 1
()= 2d 2, seen an /0 m 2d 1
a1l )= 94 2, s d an /0 m 2d 1
2d 4 s =2 1d> an /0 m 2d 1

roo . It is easy to see that o43( ) =3d. For >4, because ged (2d  1,d) =1,
by Theorem 2.2, o41( ) > 2d 1, and o41( ) = 2d 1 if and only if 0
(mod 2d  1). This proves the first case in the formula.
To complete the proof, it su ces to claim the following cases:

ase 1 is even and / 0 (mod2d 1). It su ces to find a (2d 2) —

(d,1).—labeling. et =2 and let the vertices of | in cloc wise order, be vy, v ,
v, v . efine the labeling f by f(v1) = 0; and
flo 1) = (f(v) d) mod (2d 2), if 1 —1;
VUTY (Fo) d 2)mod (2d 2), if 1 9 1.

and f(v 1) = (f(v) d 1)mod (2d 2). Then f(v )=4d 1 (since f(v )=
2 —1)d 2 —1=(2d 2) —(d 1) d 1 (mod2d 2)). Moreover, f is a



(2d  2) — (d,1).—labeling for | since the circular difference (mod 2d  2) between
any ad acent vertices is either d or d 1, and any pair of vertices of distance two

receive different labels.

ase 2 is odd, =2 1, >2d ,and /0 (mod 2d 1). gain it
su ces to find a (2d  2) — (d,1).—labeling. et the vertices of 1, in cloc wise
order, be v;,v ,---,v 1. y considering the parity of d, we separate this case into

two subcases:

ase 2.1 dis even. et d=2m,and x = —m > 0. If z =0, define the coloring
fby f(vz1) =0; and f(v 1) = (f(v) d) mod (2d 2) for all 1 2 . Then
flo 1) =d 2 (since flv 1)
(mod 2d  2)). ence fisa (2d 2)— (d,1).—labeling for

2d= (2d 2)—-2 = (2d 2)—d d 2

If x = 1, define the coloring f by f(v1) = 0; and

_J (fv) d 1)mod (2d 2), if =1,3;
flv 1)_{(f(v) d 2 mod (2d 2), if =2and4 2 .

Then f(v 1)=d 2,and fisa (2d 2)— (d,1).—labeling for

If z 1 define the coloring f by f(v1) = 0; and

{ (fv) d 1)mod (2d 2), ifv=12 1,
fv 1)=¢ (flv) d 2)mod (2d 2), if2 x;
(f(v) d)mod (2d 2), ifrx 2 2.

Then f(v 1)=d 2 (mod2d 1)and fisa(2d 2)— (d,1).—labeling for

_ase 2.2disodd. etd=2m 1. Then m. etx= —m>1 Ifzx=1,
define the coloring f by f(v1) = 0; f(v) =d 1; and f(v 1) = (f(v) d) mod
(2d  2) for 2 2 . Then f(v 1)=d 2,and fisa(2d 2)—(d,1).—labeling
for

If © = 2, define the coloring f by f(v1) = 0; and

fo 1) — (f(v) d 1)mod(2d 2), if =1,3, ;
! (f(v) d)mod (2d ?2), if =24or 2 .
ecause = m 2> 3, so f is well-defined. Furthermore, it is easy to verify that

f(v 1)=d 2 /and fisa (2d 2)—(d,1).—labeling for



If x 2, define the coloring f by f(v;) = 0; and

(flv) d 1)mod(2d 2), if =1,z,2 ;
flo 1) = { (flv) d 2)mod (2d 2), if2 x —1;
(f(v) d)mod (2d 2), ifz 1 2 —1.

Then f(v 1)=d 2,and fisa(2d 2)—(d,1).—labeling for

ase 3 isodd, =2 1,d> ,and /0 (mod2d 1). et ¢ = . Suppose
a1 1) = 2d — 1. et f bean - (d,1).—labeling for 1. et the
vertices of 1, in cloc wise order, be v , a1, a , -+, a , 1,y 1. ithout

loss of generality, let f(v ) = 0. y definition of circular labeling, we have

[fla)) = f(0)]  —24 -1
[fla)=sC)I 20 =1
[fla)=sC)I 30 =1)
[fla)=fCHI (=1 d
The last ine uality is true since ¢ = . This contradicts the fact that ¢« and  are

ad acent.

To complete the proof, it is enough to find a (2d ) — (d, 1).—labeling for 1-

ow we let the vertices of | in cloc wise order, bewvy,v ,---,v jandletd =2z
for some x and 1 . Then =a 1.1If = | define the coloring f by f(v1) = 0;
and f(v 1) = (f(v) d)mod (2d ), 1 2 . Then f(v 1) =4d (since
fo 1)=2d= (2d )- —d d (mod 2d  )). ence fis a

(2d ) —(d,1).—labeling for
If 1 , define the coloring by f(v;) = 0; and

_f (fv) d Dmod(2d ), if =1,3, ,---,2( — )—1;
U 1)_{ (f(v) d)mod (2d ), otherwise.

Then f(v 1)=d ,and fisa(2d )—(d,1).—labeling for

The result above has also been proved, lately and independently, by u and eh
[13].



nr i d ircur 1t nc in nd It
tion to ircu r ro tic u r

The circular distance two labeling is a special case of circular distance labeling,
> 1, introduced and studied by ven den euvel at el [ |. Given a graph G
and integers dy > d > --- > d > 1, an m—labeling f of G, f : V(G) —

{0,1,2,---,m — 1}, satisfies the constraints (di,d ,---,d ) if |f(u) — f(v)|m > d,

forall € {1,2,---, } and dg(u,v) = . The minimum m of such a labeling for G
is denoted by o(G;dy,d ,---,d ); and for the case dy =d = ---d , it is denoted by
(G (dy) ).

The o-number of a graph G is closely related to the circular chromatic number of
G. et aand be positive integers such that @ > 2 . n (a, )-coloring of a graph
G = (V,E) is a mapping from V to {0,1,---,a—1} such that | () — ( )|, > for
any edge z in G. The rwar r ma number .(G) of G is the infimum of a
for which there exists an (a, )-coloring of G. The circular chromatic number is also

nown as the s ar 7 ma  number in the literature [11].

eore . ran rap Gan ps e neerd o(Gyd) = d .(G)

roo . y definition, .(G) @. Since o(G; d) is an integer, we have o(G;d) >

et (G) = ,ged(, ) =1, and m = d . To complete the proof, it
su ces to find an m—labeling f, f: V(G) — {0,1,2,---,m — 1} such that |f(u) —
f(v)|m > d for all uv € E(G). This is e uivalent to finding an (m, d)—coloring for
G. Since (G) = , there is a ( , )-coloring for G, implying the existence of an
(m, d)—coloring for G.
Given a graph G and a positive integer , the p er G, denoted by G | is
defined by V(G ) = V(G) and wv € E(G ) if and only if dg(u,v) . It is easy to
see that o(G; (d) ) = o(G ;d), so we have:



oro ry . ran rap Gan ps eneers an d o(G;(d) )= d (G )

It is nown [ | that . )= ——, thus we have:
oro ry . ran ps eneers >3 an d o ;(d) )= —2%
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