Distinguishing labeling of group actions
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Abstract

Suppose T' is a group acting on a set X. An r-labeling f : X — {1,2,...,r}
of X is distinguishing (with respect to the action of T') if for any ¢ € ', o # idx,
there exists an element € X such that f(z) # f(o(z)). The distinguishing
number, Dr(X), of the action of T on X is the minimum r for which there is an
r-labeling which is distinguishing. This paper investigates the relation between the
cardinality of a set X and the distinguishing numbers of group actions on X. For
a positive integer n, let D(n) = {Dr(X) : |X| =n and T acts transitively on X }.
We prove that |D(n)| = O(y/n). Then we consider the problem of an arbitrary
fixed group I' acting on a large set. We prove that if each proper normal subgroup
H of T has D(H) < 2, then there is an integer n such that for any set X with
| X| > n, for any action of I' on X with no fixed points, Dp(X) < 2.
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groups; Group actions, Graphs.
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1 Introduction

Distinguishing labeling was first defined by Albertson and Collins [1] for graphs. A
labeling of a graph G, f : V(G) — {1,2,---,7}, is said to be r-distinguishing if no
non-trivial automorphism of G preserves all the vertex labels. In other words, f is
r-distinguishing if for any o € Aut(G), o # id, there is a vertex z such that f(x) #
f(o(x)). The distinguishing number of a graph G is defined as

D(G) = min{r : there exists an r-distinguishing labeling of G'}.

Distinguishing labeling can be naturally extended to general group actions [21]. Let I’
be a group acting on a set X. For a positive integer r, an r-labeling f : X — {1,2,...,r}
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of X said to be r-distinguishing with respect to the action of I' if for any o € I, if o
is not the identity, then there is an element z € X such that f(z) # f(o(z)). The
distinguishing number Dp(X) of the action of I' on X is defined as

Dr(X) = min{r : there exists an r-distinguishing labeling}.

The distinguishing number of graphs and group actions have been studied in [1, 2,
3,6,7,8,9,10, 11, 12, 13, 19, 21]. It was proved in [1, 21] that if I" is a nontrivial
Abelian group then Dr(X) = 2 for any action of I" on a set X, if I" is a dihedral group,
then Dp(X) < 3 for any action of I" on a set X. The result was generalized in [7],
where it was proved that if ' is a nilpotent of class ¢ or supersolvable of length ¢ then
Dr(X) < c+1 for any action of " on a set X. It was proved in [21] that for any group
I, if |T'| < (B + 1)! then Dr(X) < k for any action of I" on a set X. It was conjectured
in [23] that for any action of Sy, on a set X, Dg, (X) = [n'/*] or [(n — 1)'/*¥] for some
positive integer &, and the conjecture was proved to be true [23] for almost all n.

All the results above explore the relation between the distinguishing number Dr(X)
and the structure of the group I'. In this paper, we are interested in a different problem:
How can the cardinality of X affects the distinguishing number? Assume that X =
n] = {1,2,---,n}. It is obvious that Dr([n]) < n, as the labeling which assigns to
each element of [n] a distinct label is certainly distinguishing. So for a nontrivial group
I' action on [n], 2 < Dr([n]) < n. Now given any positive integer 2 < k < n, is it
possible to find an action of a group I" on [n] with Dp([n]) = k7 The answer is yes. For
any 2 < k < n, the subgroup of S,, which fixes each of kK + 1,k + 2,---,n and whose

action on {1,2,---,k} is isomorphic to Sy has distinguishing number k. However, this
answer is not very convincing, because such an action is basically an action on the set
{1,2,---,k}. Is there an action I" on [n] which is transitive on [n] and has Dr([n]) = k7

More precisely, for a positive integer n, let
D(n) = {Dr([n]) : T is a transitive subgroup of S,}.

The question is to determine D(n). This question was asked by Chan [6, 7]. In this
paper, we shall prove that |D(n)| = O(y/n), which means that most of the integers in
the interval [2, 1] do not belong to D(n). On the other hand, for infinitely many n, we
have |D(n)| > log, n.

The next question we are interested in also concerns the relation between the dis-
tinguishing number and the cardinality of the set X. Given a group I'. Is there an
integer n = n(I') such that for any set X with |X| > n and for any action of I" on
X, we have Dp(X) < 2? For a group I', Chan [6] defined the mazimum distinguishing
number of ', denoted by D(I'), as follows:

D(T') = max{Dr(X) : T acts on X}.

If D(T) < 2, then of course the answer to the above question is yes. Indeed, in this
case we have n(I') = 1.



If D(I') > 2, then the answer is trivially 'no’, as one may take an action of I on a
set X with Dp(X) > 2, and then add arbitrarily many elements x that are fixed by all
the group elements, i.e., o(x) = z for all ¢ € I'. The addition of such elements does
not change the distinguishing number. To make the problem interesting, one needs to
avoid such ’trivial’ actions. Suppose O is an orbit of the action of I on X. Let H be the
point-wise stabilizer of O. Then H is a normal subgroup of I'. We say O is a restrictive
orbit if for any action of H on a set A which can be extended to I', we have Dy (A) < 2.
We shall prove that for any group I', there is an integer n = n(I') such that for any
action of I' on X, if the union of the restrictive orbits has cardinality at least n, then
Dr(X) = 2. We say two orbits O, O of the action of I" on X are equivalent, written
as O1 = Oo, if there exist z € Oy and y € Oz, we have stab, = stab,, where stab, and
stab, are the stabilizers of x and y, respectively. The relation “~” is an equivalence
relation. For an orbit O, let [O] be the equivalence class of orbits containing O. We
shall prove that if for each orbit O, 2/[°ll > |0|, then Dp(X) = 2.

2 Bounding the size of D(n)

This section discusses the distinguishing number of transitive actions on [n]. Assume I’
acts transitively on [n]. Then I is either a primitive subgroup of S,, or an imprimitive
subgroup of S,,. In the latter case, it is known (see [17]) that we can write [n] as the
Cartesian product of [k] and [m], and I' = K ! H is the wreath product of K and H,
where K is a primitive subgroup of Sy and H is a transitive subgroup of S,,. Recall
that the wreath product K ! H has elements {(f,h) : f is a map sending j € [m] to
fj € K and h € H}, and the action on [k] x [m] is defined as for (i,j) € [k] x [m],
(f,h)(3,75) = (fj(i),h(4)). The sets Bj = {(i,7) : ¢ € [k]} are called blocks. Thus the
element (f,h) € K H maps the block Bj to the block By;).

Lemma 2.1 Suppose n = km and k,m > 2. For a subgroup K of Sy and a tran-
sitive subgroup H of Sy,, we consider the action of K H on [n] which is viewed as
the Cartesian product of [k] and [m]. If k > m, then for any subgroup H of Sy,
Dsau([n]) = k+1 and Dy, u([n]) = k — 1. For any subgroup K of Sy and any
subgroup H of Sy, if D ([k]) =t and (}) > Du([m]), then Dy ([n]) < r.

Proof. The distinguishing number of the action of the wreath product of groups is
studied in [6]. Lemma 2.1 follows from results in [6]. However, we include here a short
direct proof. Assume k > m. If K = Sy, then let ¢ be the (k + 1)-labeling of [k] x [m]
which labels the & elements of block B; with the & distinct labelsin {1,2,---,k+1}\{j}.
We claim that ¢ a distinguishing labeling. Indeed, if (f,h) preserves the labeling ¢,
then since ¢(B;) = ¢(By(j)) and distinct blocks use different label sets, we conclude
that h(j) = j. Thus (f,h)(¢,7) = (f;(i),7). But distinct elements in B; are labeled
by distinct labels. So f;(i) = i, and hence (f,h) = idj)x[m]- On the other hand,
since K = S, a distinguishing labeling of [k] x [m] must label each block with &
distinct labels, and there must be two blocks that use different label sets. Therefore



Dsau([n]) =k + 1. If K = A, then let ¢ be the (k — 1)-labeling of [k] x [m] which
labels the k elements of block B; with the & — 1 labels in {1,2,---,k — 1} such that
label j is used twice, and every other label is used once. Similarly as above, it is easy
to see that this is a distinguishing labeling. On the hand, a distinguishing labeling of
a single block already needs k — 1 labels. So Dy, ,u([n]) =k — 1.

Suppose K is a subgroup of Sy with Dg([k]) = ¢t and r is an integer with (’;) >
Dy ([m]). We define an r-labeling of [k] x [m] as follows: Let ([:}) be the family of ¢-
subsets of the r labels. Let ¢ : [m] — ([’;]) be a distinguishing labeling of the action of H
on [m]. Now for each block Bj, use the t labels in the ¢-subset ¢(j) to label the elements
of B in such a way that it is a distinguishing labeling of [k] with respect to the action
of K. Now if (f,h) € Kt H preserves the labeling ¢, then since ¢(B;) = ¢(By;)), we
conclude that h(j) = j. Within the block Bj;, since the labeling is distinguishing with
respect to the action of K, we have f; is the identity mapping. So ¢ is a distinguishing
labeling and hence D, ([n]) < r.

The main result of this section is the following:

Theorem 2.2 Let D(n) = {Dr([n]) : T is a transitive subgroup of Sy }. Then

Proof. Let F; = {I' : I' is a transitive, primitive subgroup of S, }, Fo = {I': " is a
transitive, imprimitive subgroup of S, }. It suffices to show that [{Dr([n]) : ' € F;}| =
O(y/n) for i = 1,2.

Assume first that T' € Fy. If ' # Sp, Ay, then it is known [16] that |T| < 50nV™.
It is proved in [21] that if |H| < k! then Dy (Z) < k for any action of H on any set Z.
Therefore Drp(X) < 5y/n. Therefore [{Dr([n]) : ' € F1}| = O(v/n).

Assume T' is an imprimitive subgroup of S,. Let Fy = {I' e 7, : I'= K1 H,K =
Si, or K = Ag, and k > /n. By Lemma 2.1, if K = S, then Dr([n]) = k + 1; if
K = Ay, then Dp(X) =k — 1. Let Q = {k : k is a factor of n and k > y/n}. Then

{Dr(X): T € 73} =2/Q < Vn.

If ' = KVH € FJ, then |K| < 50nV™ and hence Dg([k]) < 5v/n. Suppose
Dk ([k]) = t. Then for r =t 4 2\/n, we have (}) > n > Dg([m]).
By Lemma 2.1, Dr([n]) <r < 7y/n, and hence

{Dr(X): T € 75} = O(vn).

This completes the proof of Theorem 2.2
We do not know if the upper bound given in Theorem 2.2 is of the correct order.
In the following we show that for infinitely many n, |[D(n)| > logy n.

Lemma 2.3 If k is a factor of n, k <n and k? > n, then k — 1,k +1 € D(n).



Proof. Suppose n = km and k > m. Let I'y = S;1 S,, and I'y = A, 1 A,,,. Since Sy,
and A, are transitive subgroups of S,,, we have Dr,([n]) = k+1 and Dr,([n]) =k —1
by Lemma 2.1. Therefore kK — 1,k + 1 € D(n).

If n = 2™ and m is odd, then n has mT_l factors k with k& < n and k2 > n and hence
|D(n)] >m —1=1logan —1. As 2 € D(n), if m > 5, we have |D(n)| > m = log, n.

3 A group acting on a large set

Tucker and Condor [20] have shown that there are only a finite number of 3-connected
planar graphs G with D(G) > 2. Thus if G is a sufficiently large 3-connected planar
graph then D(G) < 2. This leads to the following question:

Suppose I is a group which acts on a sufficiently large set X. Under what condition
we have Dp(X) <27

One necessary condition is that I" should not have too many fixed points. Indeed, if
z € X is a fixed point of T, then let X’ = X \ {z}, it is obvious that Drp(X) = Dp(X").
Thus we may assume that I' has no fixed points. However, for some groups I', having
no fixed points and X large enough still do not imply that Dp(X) < 2. For example,
consider the action of S, on [n] = {1,2,---,n}. We extend the action to a large set
X = [n]UE | {aip,a;1} (where k is a large integer) as follows: If o is even, then
o(ai ;) = a;j; if o is odd, then o(a; ;) = a;,1—;. It is obvious that Dg, (X) =n—1. The
problem in this example is that the “large part” of the set X are fixed by the subgroup
Ay of Sy

Suppose O is an orbit of the action of I' on X. Let H = Stab, be the stabilizer of an
element z of O. Then there is a one-to-one correspondence 1) between O and the right
cosets of H, defined as ¢(y) = ocH, where y € O and o € I is a group element with
o(xz) = y. In this sense, we identify each orbit with the right cosets of a subgroup of T".
We write 7(O) = H to mean that O is identified with the right cosets of a subgroup
of I' which is conjugate to H. Observe that if 7(O;) = 7(Oz2), then there exist x € Oy
and y € Oy with stab, = stab,. In this case, we say O and O3 are equivalent orbits,
written as O = Oy. Let S be the set of non-conjugate subgroups of I'. Then an action
of T on a set X can be characterized by an integer vector v = {vy : H € S}, where vy
is the number of orbits O with 7(0O) = H.

For H € S, consider the action of I' on the set of right cosets of H, defined as
o(tH) = (o7)H. Let ¢(H) be the distinguishing number of this action. Let Kpyg =
NeeroHo~!. Then K is the normal subgroup of I' consisting of those elements o that
fixes each right coset of H, i.e., o(TH) = 7H for all T € T.

Theorem 3.1 Suppose H is a subgroup of T' and d is a positive integer. If (p(H))'/? <
d, then Dr(X) <d if and only if Dk, (X) < d.

Proof. Since Ky is a subgroup of I', we have D, (X) < Dp(X). Thus to prove this
lemma, it suffices to show that if Dg,, (X) < d, then Dr(X) <d.



Let O1,04,---,0,, be the orbits of the action of I' on X with 7(O;) = H. Let
{o1H,09H,---,0,H} be the right cosets of H. Each O; is identified with the right
cosets of H. We may assume that O; = {1, %2, -, Zim }, where z;; is identified with
ojH.

Since d"# > ¢(H), there is a distinguishing labeling g of the cosets of H with labels
{(t1,42,--+,dy,) : 1 < ij < d}. Label the vertices of Oy U Oy U --- U O,,, with labels
{1,2,---,d} so that for each 1 < j <m, (f(z1;), f(x2), -, f(zvy,;)) = g(o; H).

Let h be a d-distinguishing labeling of X with respect to the action of K. We
extend the labeling of f to X so that for z € X \ (O UO2 U---UOy,), f(z) = h(z).
We claim that f is a d-distinguishing labeling of X with respect to I'. Assume o € ' is
a permutation which preserves the labeling f. Then o preserves the labeling g. As g is
a distinguishing labeling of the cosets of H with respect to the action of I'; we conclude
that o(0;H) = o;H, ie.,, 0 € Ky. This implies that for x € O1 U Oy U --- U Oy,
o(z) = z, and hence h(o(z)) = h(z). For any x € X \ (O, UO2U---UO,,), we also
have h(o(z)) = h(z), because h(z) = f(x) and o preserves the labeling f. So o € Ky
preserves the labeling h. As h is a d-distinguishing labeling of X with respect to the
action of Ky, we conclude that o = id. Thus we have proved that f is a d-distinguishing
labeling of X with respect to the action of I' and hence Dr(X) < d.

Suppose O is an orbit of the action of I' on X with 7(O) = H. If there is an action
of Kp on a set A which can be extended to an action of I' on A and Dk, (A) > 3, then
O is called a loose orbit. Otherwise O is called a restrictive orbit.

Corollary 3.2 For an action of I' on X, if the union of restrictive orbits is sufficiently
large, then Dp(X) < 2.

Proof. Since the union of the restrictive orbits is sufficiently large, there is a restrictive
orbit O with 7(O) = H and 2% > ¢(H). Apply Theorem 3.1 to H with d = 2, we
conclude that Dp(X) < 2.

Corollary 3.3 Suppose I' is a group such that for any proper normal subgroup H of
' we have D(H) < 2. Then there is an integer n = n(T') such that for any set X with
| X | > n, for any action of ' on X with no fized points, Dr(X) < 2.

Proof. The assumption implies that all the orbits are restrictive. Thus the conclusion
follows from Corollary 3.2.
The following is a special case of Corollary 3.3.

Corollary 3.4 If ' is a simple group and X is a sufficiently large set, then for any
action of ' on X without fized points, Dr(X) < 2.

The condition in Corollary 3.2 is necessary in the following sense: If X is large but
the union of restrictive orbits is small, then it is possible that Dp(X) > 2. Let H be a
subgroup of I and suppose that there is an action of Kz on A which can be extended
to an action of I" on A and Dk, (A) > 3. Let O1,Oq,-- -, Oy, be disjoint sets, each O; is
a copy the set of right cosets of H. Extend the action of I' to X = AUO;UO2U---UO,,
so that 7(0;) = H. Then no matter how big is m, we have Dp(X) > Dk, (A) > 3.



Theorem 3.5 If (¢(7(0)))"/*=© < d for each orbit O, then Dp(X) < d.

Proof. Suppose O is an orbit of the action of I on X. Let O1,09, - -- vaW(O) be the
orbits with 7(0;) = H = n(O). Let {o1H,02H,---,0,H} be the right cosets of H. As
in the proof of Theorem 3.1, we may assume that O; = {z;1, 2, - -, Tim }, where z;; is
identified with o; H.

Since d"# > ¢(H), there is a distinguishing labeling g of the cosets of H with labels
{(i1,02, -+ ,1yy) : 1 < ij < d}. Label the vertices of Oy U Oy U --- U O,, with labels
{1,2,---,d} so that for each 1 < j <m, (f(z1), f(z25), , [(Tvyj)) = g(ojH). Then
any permutation o € I' which preserves the labeling above must fix each element of the
orbits 01,03, - -, OUW(O). We do the same for each orbit of the action of I' on X. Then
any permutation o € I' which preserves the labeling above must fix all the elements of
X. So the labeling is distinguishing.

Corollary 3.6 If (¢(m(0)))"/'=©) < 2 for each orbit O, then Dp(X) = 2.
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