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Abstract

Suppose D is a subset of RT. The distance graph G(R, D) is
the graph with vertex set R in which two vertices x,y are adjacent
if |z — y| € D. This paper investigates the circular chromatic num-
ber and the fractional chromatic number of distance graphs G(R, D)
with |D| = 3. As a consequence, we determine the chromatic num-
bers of all such distance graphs. This settles a conjecture proposed
independently by Chen, Chang and Huang, [Integral distance graphs,
J. Graph Theory, 1997] and Voigt [Colouring of distance graphs, Ars
Combinatoria, 1999] in the affirmative.
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1 Introduction

Let R be the real line. For a subset D of R, the distance graph G(R, D)
is the graph with vertex set R in which two vertices x,y are adjacent if
|t —y| € D. The set D is called the distance set. Distance graphs on the
real line, first studied by Eggleton, Erdés and Skilton [11], were motivated by
the plane colouring problem: What is the least number of colours needed to
colour all points of the euclidean plane so that vertices of unit distance are
coloured with distinct colours. This problem is equivalent to determining
the chromatic number of the distance graph G(R? {1}) on the plane R?
with distance set D = {1}. It is known that 4 < x(G(R?,{1})) < 7, but
the exact value of x(G(R? {1})) remains unknown. For distance graphs
on the real line, the chromatic number of G(R, D) is easy to determine if
|D| <22, 16]. If |[D| =1 or D consists of two coprime odd integers then
X(G(Z,D)) = 2; if D contains one odd integer and one even integer then
X(G(R,D)) = 3. If D contains two non-integer numbers, then either it is
equivalent to another distance set D’ which contains two integers (if the two
numbers are integrally dependent), or x(G(R, D)) = 2 (if the two numbers
are integrally independent). If D contains three integrally independent real
numbers, the chromatic number of G(R, D) was determined in [20].

The case when D contains three integers is more complicated. There are
several papers [2, 10, 11, 16, 19] discussing this problem, and many special
cases have been settled. For instance, the case when D contains three primes
was solved in [11], the case when D = {a,b,c} and a+1 = b < ¢ was solved in
[2], the case when D = {a,b,c} and a < b < ¢ < 2a was solved in [2, 10, 16],
the case when D = {a,b,c} and a < b < 2b < ¢ was solved in [19], the case
when D = {a,b,c} and a < b < ¢ and a|b was solved in [10]. There are other
special cases, whose descriptions involve more complicated formulae, which
were solved in [2, 10, 16]. However, the general problem for D containing
three integers remained open.

In this paper, we investigate the circular chromatic number and the frac-
tional chromatic number of distance graphs G(R, D) whose distance sets D
contain three integers. As a consequence, we shall determine the chromatic
number of all such distance graphs.

The circular chromatic number of a graph is a refinement of the chromatic



number of the graph. It has quite a few equivalent definitions. In this paper,
we shall use the following definition. Suppose r > 1 is a real number. An
r-colouring of a graph G is a mapping f : V(G) — [0,r) such that for
every edge zy of G, 1 < |f(z) — f(y)| < r — 1. We say G is r-colourable
if there exists an r-colouring of G. In case r = k is an integer, it is easy
to verify that r-colourability coincides with ordinary vertex k-colourability.
The circular chromatic number x.(G) of G is the infimum of those r for
which G is r-colourable. It is known [22] that for any graph G, the infimum
in the definition is always attained and hence can be replaced by minimum.
Moreover for a finite graph GG, the circular chromatic number of G is always
rational.

If ¥ > r and G is r-colourable then G is r'-colourable. Since for an integer
r = k, r-colourability coincides with ordinary k-colourability, for any graph
G we have

X(G) =1 < x.(G) < x(G).

Therefore x(G) = [x.(G)]. So the circular chromatic number y.(G) is a
refinement of the chromatic number x(G), and x(G) is an approximation of

Xe(G).

The circular chromatic numbers of distance graphs have been studied in
[3, 4, 14, 21]. If D contains two integers, then the circular chromatic number
of the distance graph G(R, D) was determined in [3]. For distance sets D
of the form Dy, s = {1,2,---,m} — {k, 2k, -, sk}, the circular chromatic
number of G(R, D) was determined in [21].

In this paper, we shall estimate the circular chromatic numbers of distance
graphs G(R, D) where D contains three integers. In some cases, the exact
values of x.(G(R, D)) are determined. In the general case, the estimation of
Xc(G(R, D)) is sharp enough to determine the chromatic numbers of these
distance graphs. For finding an upper bound of the circular chromatic num-
ber of G(R, D), we use the regular colouring method. This method relates the
circular chromatic number of G(R, D) to problems in the area of Diophantine
approximations. Fortunately, there are some deep results in this area that
match exactly what we need for a tight upper bound of x.(G(R, D)). (This
is also unfortunate, because this author, without knowing the existence of

such results, independently proved some of these results with tremendous
effort [23]).



The fractional chromatic number of a graph is another variation of the
chromatic number. Let G be a graph and let Z be the family of independent
sets of G. A fractional colouring of G is a mapping f : Z — [0, 00), which
assigns a non-negative weight to each independent set such that for each

vertex x,
> fX)=>L

TEX,XET

The fractional chromatic number x;(G) of G is the infimum of the total
weight of a fractional colouring of G. Let «(G) be the independence number
of G, i.e., a(G) is the size of a maximum independent set of G. It is well-
known [22] that for any graph G,

V(G)|/a(G) < x4(G) < Xe(G).

In this paper, we shall obtain the lower bound for x.(G(R, D)) by considering
lower bounds for the fractional chromatic number. In case the upper bound
agrees with the lower bound, we not only determine the circular chromatic
number but also the fractional chromatic number of the distance graphs
G(R, D). In other cases, the upper bound for the circular chromatic number
is also an upper bound for the fractional chromatic number.

The fractional chromatic number of distance graphs is related to the so-
called T-colouring problem (or the channel assignment problem). It has been
studied in the literature [4, 8, 13, 15], however, under a different name. Let
T be a subset of Z such that 0 € T. A T-colouring of a graph G is a
colouring ¢ of the vertices of G with colours {0,1,2,---} such that for any
adjacent vertices x,y, we have ¢(z) — ¢(y) € T. An important parameter of
the T-colouring problem is the minimum span (i.e., the difference between
the minimum colour and the maximum colour) spy(K,) of a T-colouring
of a complete graph K. The asymptotic ratio R(T) = lim,,_,.ospr(K,)/n
was discussed in [4, 13, 15]. The parameter R(T) was used to deduce an
upper bound of the T-span spr(G) of an arbitrary graph G in terms of its
chromatic number x(G), [8, 13, 15]. It was shown in [4] that R(T) is equal
to the fractional chromatic number of the distance graph with distance set
D =T —{0}. The asymptotic ratio R(T') for |T'| < 3 has been determined in
[15]. However, for |T'| > 4, very little is known. As R(T) = x;(G(R, D)) for
D =T — {0}, our results determine the asymptotic ratio R(T") for certain T’
with |T'| = 4 and give the best estimation for the other T" sets with |T'| = 4.

4



2 The main results

The main result of this paper is the following theorem.

Theorem 2.1 Suppose 0 < a < b < ¢ are integers with ged(a,b,c) = 1,
D ={a,b,c} and G =G(R, D).

1. If all the integers a,b,c are odd, then
Xf(G) = X(G) = 2.

2. If a=1,b=2 and ¢ = 3k where k is a positive integer, then

X(G) = x(G) =3+ 1.

3. If c=a+0b and b — a = 3k where k s a positive integer, then
X1 (G) = x(G) = 3.

4. Ifc=a+b and b —a = 3k + 1 where k is a nonnegative integer, then

3+

< < < .
ron S (G SXelG) <3+

5. Ifc=a+b and b — a = 3k + 2 where k is a nonnegative integer, then

1 1
— < < < —_—



6. If a,b,c are not all odd, ¢ # a + b and (a,b,c) # (1,2,3k) for any
integer k, then
2 < xs(G) < x.(G) < 3.

7. If a,b, ¢ are not all odd, ¢ # 2b, b # 2a, ¢ # 2a and ¢ # a + b then
2 < xf(G) < xe(G) < 8/3

with finite many exceptional triples (a, b, c). (See Section 3 for a list T
of these exceptional triples.)

Although for most of triples (a, b, c), the exact values of x.(G) are not
determined, the above estimations of x.(G) and x;(G) are sharp enough
to determine the chromatic numbers of all distance graphs G(R, D) whose
distance sets D contain three integers. This is stated in Corollary 2.1. This
corollary confirms a conjecture of Chen, Chang and Huang [2] and Voigt [16].

Corollary 2.1 Suppose a < b < ¢ are integers with ged(a,b,c) =1, and that
D ={a,b,c} and G = G(R,D). Then

X(G) = 2 if all the integers a,b, ¢ are odd;

X(G) =4 if a=1,b=2 and c = 0(mod3);

X(G)=4ifa=c—band a #Z b(mod3);

X(G) = 3 for all the other cases.



3 The proof of Theorem 2.1

Proving the upper bounds stated in Theorem 2.1 amounts to finding a proper
circular colouring. The method of colouring we use here is very simple.
Suppose we want to find an r-colouring f for a distance graph G(R, D). We
find a real number ¢ and colour the real line R as follows:

f(z) =tz mod r.

Here “tz mod r” is the unique number s € [0, r) for which ¢z — s is a multiple
of r. We call such a colouring of the real line an r-reqular colouring of R
(with multiplier ¢). Theorem 3.1 below follows from the definition.

Theorem 3.1 The r-reqular colouring of R with multiplier t is an r-
colouring of the distance graph G(R, D) if and only if for every d € D we
have 1 < |[td mod r| < r — 1. |

For a real number z, we denote by ||z|| the distance from z to the nearest
integer. For a set X of real numbers, let

[|X|[ = inf{|[z]| : z € X},
and for a real number ¢ let
||tX || = inf{||tz|| : z € X }.

Let
K(X) = sup;ep|[tX|].

Then we have the following result:

Theorem 3.2 Suppose G(R, D) is a distance graph on the real line. Then

1

KGR, D)) < 55




Proof. For every r > ﬁ, there exists a real number ¢ such that ||¢tD|| > %,
i.e., for any d € D we have * < ||td||, which implies that
r—1

<tdmod 1< .
r

S | =

(Recall that tz mod 1 is the unique number s € [0, 1) for which ¢tz — s is an
integer.) Let ¢’ = tr. Then for any d € D we have 1 < #/d mod r < r — 1.
By Theorem 3.1, G(R, D) is r-colourable. As x.(G(R, D)) is the infimum of
those r for which G(R, D) is r-colourable, we conclude that x.(G(R, D)) <

L i

w(D)’

The following two results were proved in [5, 6] (with some notation mod-
ified).

Theorem 3.3 [5] Suppose a < b < ¢ are positive integers and gcd(a, b, c) =
1. Let D = {a,b,c}.

1. Ifc# a+b and (a,b,c) # (1,2, 3k) for any integer k, then k(D) > 1/3.
2. If (a,b,c) = (1,2,3k) for some integer k, then k(D) = %ﬂ

3. If c=a+b and b— a = 3k for some integer k, then (D) = 1/3.

4. Ifc=a+b and b—a = 3k+1 for some integer k, then k(D) = 3(a‘f|_+k")f+1,

5 Ifc=a+band b—a = 3k+2 for some integer k, then k(D) = ;2E-1

Let T be the following set of triples:

T= { (1,3,8), (1,4,10), (1,4,13), (1,4,18), (1,5,8),(1,5,12),
1,5,14), (1,7,10), (1,7,16), (1,7,18), (1,8,11), (1,8,14),
1,10,13), (1,10,18), (1,12,26), (1,15,18), (2,3,9), (2,3,10),

2,3,11), (2,3,15), (2,3,16), (2,3,20), (2,5,6), (2,5,17),

A~~~ /N~
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(2,7,10), (2,8,9), (2,9,10), (2,9,14), (2,9,15), (2,11,17),
(3,4,14), (3,4,15), (3,5,14), (3,7,16), (3,7,20), (3,8,10),
(3,11,16), (4,5,7), (4,5,18), (4,6,7), (4,6,13), (5,6,13),
(5,6,22), (6,8,11), (6,13,14) }.

Theorem 3.4 [6] Suppose a < b < ¢ are positive integers such that
ged(a,b,c) = 1, and that D = {a,b,c}. If ¢ # 2b, b # 2a, ¢ # a+ b
and (a,b,c) € T then

k(D) > 3/8.

Proof of Theorem 2.1:
(1): If a,b,c are all odd then the graph G(R, D) is bipartite and contains
Ky. Therefore x;(G) = x.(G) = 2.

For the other triples, the upper bounds for the circular chromatic number
of G(R, D) follow from Theorems 3.3, 3.4 and 3.2. It remains to prove the
lower bounds.

(2): Assume a = 1,b = 2 and ¢ = 3k where £ is a positive integer.
Consider the subgraph H of G(R, D) induced by the set {0,1,---,3k}. We
shall prove that a(H) < k. (Indeed, a(H) = k, but we do not need that.)
Let I be an independent set of H. Since 0 is adjacent to 3k, one of them
is not in I. Assume that 0 ¢ I. Then I C {1,2,---,3k}. But the vertices
{1,2,---,3k} are covered by k copies of K3: {1,2,3,}, {4,5,6}, ---, {3k —
2,3k — 1,3k}. The set I contains at most one vertex of each copy of Kj.
Therefore |I| < k. If 3k ¢ I then I C {0,1,---,3k — 1}. The vertices
{0,1,---,3k — 1} are also covered by k copies of K3. So

XH(G(R, D)) > x;(H) > [V(H)|/a(H) > 3 + %.

(3): If c=a+ b and b — a = 3k, then the set {0, a,a + b} induces a copy
of K3. Hence x;(G) > 3.

(4): Assume ¢ = a+b and b—a = 3k+1 where k is a nonnegative integer.
For each integer i, the set {i,i—a, i+b,i+b—a} induces a copy of K,—e, where
the missing edge is the pair i(i +b—a). The set {i,i+a,i+a+b,i+ 2a+ b}
also induces a copy of K, — e, where the missing edge is the pair i(i +2a+b).
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We denote by A; the copy of K, —e induced by {i,i—a,i+b,i+b—a}, and
by B; the copy of K, —e induced by {i,i+a,i+a+b,i+2a+b}. The vertex
¢ is called the head of A; and B;, and the vertices ¢ +b — a and i 4+ 2a + b are
called the tail of A; and B;, respectively. Each A; is called an A-subgraph of
G(R, D) and each B; is called a B-subgraph of G(R, D).

Suppose s,t > 1 are integers. We call a subgraph H' of G(R, D) an
(s,t)-chain if the following is true:

e H' consists of s A-subgraphs, Ay, A ip-a) Asor20-a),
Ago1(s—1)(b—a), Which are joined together head to tail, and ¢ B-subgraphs
By, Biog+(2a+b)s > Big+(t—1)(2a+b), Which are also joined head to tail.

e iy +t(2a +b) = sp+ s(b—a) (i.e., the tail of the last A-subgraph is
equal to the tail of the last B-subgraph) and s, is adjacent to t, (i.e.,
the head of the first A-subgraph is adjacent to the head of the first
B-subgraph).

It is straightforward to verify that the union of

Aoy Ap—as Azv—a), s Alatk=1)(b—a)

and
Ba, Bat(2a+b), Bat2(2a+6), " * > Bat(k—1)(2a-+b)
is an (a + k, k)-chain.
Claim 1 If H' is an (s, t)-chain of G(R, D) then xp(H') > 34 .

Since G(R, D) contains an (a + k, k)-chain, it remains to prove Claim 1.
Claim 1 is also used in the next case, i.e., (5). We prove Claim 1 by induction
on s —+t.

If b = 2a or 3a, then since ged(a,b,¢) = 1 we conclude that a = 1,b =
2 or 3. The case (a,b,¢) = (1,2,3) is included in Case 2. For the case
(a,b,c) = (1,3,4), it is easy to verify that the subgraph H of G(R, D) induced
by {-1,0,1,2,3,4,5} has independence number 2. Hence x;(G(R,D)) >
xs(H) > 7/2. This proves Claim 1 for the case when s = ¢ = 1. In the
following, we assume that b # 2a,3a, which implies that the vertices of
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different A-subgraphs in H' are distinct, except the head of A ;ip—a) is the
tail of A 1 1)b-a). Of course the vertices of different B-subgraphs in H'
are distinct, except the head of By yi2a+s) is the tail of By yi—1)24+b)-

If none of the A-subgraphs intersects a B-subgraph, except the last A-
subgraph and the last B-subgraph have the same tail, then easy counting
shows that |V(H')| = 3(s +t) + 1. On the other hand, it is easy to prove
that a(H') < s+ t. Indeed, if I is an independent set of H', then either sy
or tg does not belong to I, as they are adjacent. Assume that sy & I. Then
I C V(H') = {so}. However, V(H') — {so} can be covered by s + t copies of
K3, namely, each of the sets Ay 4ip—a) — {50 + i(b — a)} induces a K3 and
each of the sets By j@ats) — {to + (j +1)(2a + b)} induces a K3. Therefore
|I| < s+t. The case ty € I is symmetric, implying the set V(H') — {to} can
also be covered by s+t copies of K3. Thus a(H') < s+, and it follows that
|V (H)] 1

>3 .
o(H) = ° T 54

xs(H') >

Next we consider the case that Ay, intersects By, and no other A-
subgraphs intersects a B-subgraph. Because sy is adjacent to t,, and
b # 2a, 3a, the only possibilities are ty = so—a or ty = so+bor ty+a+b = s;.
If ty = s + b, then the union of

Aso—l—(b—a)a Aso—l—?(b—a); ) Aso—l—(s—l)(b—a)
and
By, Bior(2a+b)s " * s Bto+(t—1)(2a+b)
is an (s — 1,t)-chain. If ¢, + a + b = s, then the union of

Asoa Aso—l—(b—a)a ) Aso-l—(s—l)(b—a)

and

Bio+2a+6, Bro+2(2a+) * * s Bro+(t-1)(2a+b)
is an (s,t —1)-chain. If ¢y, = sy —a, then A, and By, share a triangle. As no
other A-subgraph intersects a B-subgraph, we have |V(H')| = 3(s +t) — 2.
On the other hand, a(H') < s+t — 1. Indeed, because sy ~ tgy, so for
any independent set I either so € I or to ¢ I. Assume so ¢ I. Then
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|I| < s+t—1, because V(H') — {so} is covered by s+t — 1 copies of K3 (for
i=0,1,--+,5—1) each of the sets A, ip—a) — {50 +i(b— a)} induces a K
and for j =1,2,---,¢t—1, each of the sets By, 4j2a+5) — {to+ (J +1)(2a+0)}
induces a K3). The case ¢y ¢ I is similar. Therefore

] 1
~ «alH) — s+t—1

xr(H')

Note that A, i(s—1)—q) shares the same tail with By ;_1)2a4p). SO
Aot (s—1)(b—a) cannot intersect any B-subgraphs (other than the tail). As-
sume that there is a 1 < ¢ < s — 2 such that the A-subgraph A, ;s
intersects a B-subgraph By, j2a+s). We shall find an (s',#')-chain H" con-
tained in H' for which s'4t' < s+t. If this is so, then by induction hypothesis
we have

xr(H') > xp(H") >3+ 3+

- ,> _—.
s+t s+t

It is not difficult to find such an (s',#)-chain H”, but the description is
tedious. We shall do two cases, and leave the other cases for the readers to
check.

Recall that the vertices of Ay -4 are
so+i(b—a),so+i(b—a)—a,so+i(b—a)+bso+ (i +1)(b—a),
and the vertices of By j2q+s) are

to+7(2a+b),to+a+ j(2a+b),to + a+ j(2a +b) + b, to + (j + 1)(2a + b).

If so+ (i +1)(b—a) =ty + j(2a + b), then the union of

AS()a A80+b—a7 Ty ASQ-I—i(b—a)

and
By, Bty (2a+)s " * s Brot(j—1)(2a+b)
is an (i + 1, j)-chain.
If so+i(b—a)+b=1ty+ j(2a +b), then the union of

Aot (i41) (b=a)s Asot(i42)(b=a)s * * > Asot(s=1)(b—a)
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and
Byt j2a+b)s Biot(j+1)2a+b) * * > Biot(t-1)(2a-+b)
induces an (s —i — 1,¢ — j)-chain.
The other cases are similar and omitted. This completes the proof of

Claim 1 as well as (4).

(5): Assume ¢ = a+b and b—a = 3k +2 where k is a nonnegative integer.
The union of
Aoy Ap—as Asp—a) s Alatk)(b—a)
and
B_4, B_ay(2a+b)> B—at22a+b), " * * s Boatk(2a+b)
is an (a+k+1, k+1)-chain. By Claim 1, we have x;(G(R, D) > 3+m =
34 54

(6) and (7): If a, b, c are not all odd, then G(R, D) contains odd cycles,
hence x¢(G(R, D)) > 2.

4 Some remarks

If D = {a,b} then it is known [3] that

1
D)) = x. ,D)) = .
\(GR.D)) = X(G(R. D) = 5. (4
If D = {a,b,c} then we only have estimations for each of the values

Xe(G(R, D)), x¢(G(R, D)) and (D). However, for all those triples (a,b, c)
for which the exact values of x.(G(R, D)), x(G(R, D)) and (D) are known,
equality (*) also holds. It is natural to ask if equality () holds for all distance
sets D. However, this is not the case.

Theorem 4.1 If D = {1,3,4,7} then k(D) = 1 and x;(G(R,D)) =
X(G(R,D)) = 4.

Proof. The value of k(D) was determined in [12]. Since G(R,D) con-
tains a K4 (induced by 0,3,4,7 we have x;(G(R,D)) > 4. On the other
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hand the subgraph G(Z, D) of G(R, D) induced by the integers can be
4-coloured periodically with period 8 and colour sequence 12343412, i.e.,
colour the vertices 0,1,2,3,4,5,6,7 with colours 1,2,3,4,3,4,1,2 respec-
tively and colour vertex ¢ with the same colour as vertex ¢ — 8. This shows
that x(G(R, D)) < 4 (each connected component of G(R, D) is a copy of
G(Z,D)). Hence x;(G(R, D)) = x.(G(R, D)) = 4. i

It is unknown if there are triples (a, b, ¢) for which x.(G(R, D)) # (D),
where D = {a,b, c}.

The function (D) is related to the view-obstruction problem in geometry
[7, 9], to the flow problem in graph theory [1], and has been studied exten-
sively. It was conjecture by Wills [17] that for any finite set D which does

not contain 0, k(D) > ‘D‘ﬁ. This conjecture seems to be difficult. It has

attracted considerable attention, has been verified for |D| < 4, but remains
open for |D| > 5. The readers are referred to [1, 5, 6, 7, 9, 17] for more
details of research concerning this conjecture. In contrast to the difficulty of
Wills’ conjecture, it is easy to see that x.(G(R, D)) < |D| + 1.

There are examples to show that the upper bound |D|+1 for the circular
chromatic number of G(R, D) and the lower bound ‘D‘ﬁ for k(D) conjectured

by Wills are tight. However, the results in this paper suggest that there are

very few sets D for which x.(G(R, D)) = |D|+1. Similarly, for very few sets

we have k(D) = ‘D‘lﬂ. We have the following conjecture.

Conjecture 4.1 Suppose D is a finite set and |D| =n > 3. If G(R, D) is
triangle-free, i.e., there are no elements a,b, c of D such that a+b = ¢ (where
a, b, c need not be distinct), then x(G(R, D)) < n.

The following conjecture is stronger:

Conjecture 4.2 Suppose D is a finite set and |D| =n > 3. If there are no
elements a,b,c of D such that a +b = ¢ (where a,b,c need not be distinct),
then k(D) > *.

If n = 3, then these two conjectures are true (as shown in [5, 6]).
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Finally we remark that the regular colouring method can also be used to
colour circulant graphs. In many cases, it gives a good upper bound for the
circular chromatic numbers and chromatic numbers of circulant graphs [18].
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