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Abstract

For 1 <d <k, let K4 be the graph with vertices 0,1,---,k — 1,
in which ¢ ~ j if d < |i — j| < k — d. The circular chromatic number
Xc(G) of a graph G is the minimum of those k/d for which G admits
a homomorphism to K} /4. The circular clique number w.(G) of G is
the maximum of those k/d for which K}/, admits a homomorphism
to G. A graph G is circular perfect if for every induced subgraph H
of G we have x.(H) = w.(H). This paper surveys results on circular
perfect graphs.

1 Introduction

Suppose G = (V, F) and G’ = (V', E’) are graphs. A homomorphism from
G to G’ is amapping f : V — V' such that f(z)f(y) € E' whenever zy € E.
Homomorphism of graphs is a generalization of graph colourings. An n-
colouring of a graph G is equivalent to a homomorphism of G to K,,. We
write G < G’ if there exists a homomorphism from G to G'. Two graphs G
and G’ are homomorphically equivalent, written as G ~ G’, if G < G’ and
G’ < G. The relation = is an equivalence relation. Let F be the set of finite
graphs. Then =< defines a partial order on F/ .

Let Zg be the set of complete graphs, i.e., Z5 = {Kj, Ky,--+,}. Then
Zg forms an infinite increasing chain in the partial order (F/ =, <X). Every
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graph G € F admits a homomorphism to some members of the set Zg, and
contains some member of Zg as its subgraphs. The chromatic number x(G) is
the minimum n such that G < K,,. The clique number w(G) is the maximum
n such that K,, < G. We may view the set Zg as a representation of natural
numbers, with K, be a representation of the integer n. Then x(G) is the
least element of the set Zg which is “above” G in the order <, and w(G) is
the maximum element of Zg which is “below” G in the order <. In this sense,
we may view the set Zg as a scale that measures a dimension of graphs.

Just as the set of natural numbers is extended to the set of rational
numbers, we can “extend” the set Zg into a larger set. For a fraction k/d
with k& > 2d, let K},/q be the graph with vertex set {0,1,---,k — 1} and edge
set {ij : d < |i — j| < k —d}. We shall denote by Qg the set {Ky/q : k >
2d} U {K,}. Note that Ky = K. So Qg is an extension of Zg. Moreover,
the set Qg is also linearly ordered. It was shown in [1, 10] that if &'/d" > 2
and k/d > 2, then k'/d" < k/d if and only if Ky /¢ < Kj/q. In particular, if
k/d=Fk/d, then Kjq ~ Ki/o. We call the graphs Kj/q circular cliques or
circular complete graphs.

The set Qg together with the order < may be viewed as a representation
of those rational numbers r > 2 or r = 1 [18]. The circular chromatic number
Xc(G) of a graph is defined as

Xo(G) = inf{k/d: G 2 Kya},
and the circular clique number w.(G) of G is defined as
we(G) = sup{k/d: Ky)q = G}.

For any finite graph G, the infimum in this definition of y.(G) and the
supremum in the definition of w.(G) are always attained [10, 16]. Hence,
Xc(G) is the smallest member of Qg which is above G, and w.(G) is the
largest member of Qg which is below G in the order <.

We view both Zg and Qg as scales that measures a dimension of graphs.
As Zg is a subset of Qg, the set Qg is a finer scale. The circular chromatic
number x.(G) of G is a refinement of its chromatic number x(G), and the
circular clique number w.(G) of G is a refinement of its clique number w(G).
Indeed, it follows easily from the definitions (and the fact the infimum and
the supremum are attained in the definitions) that for any finite graph G,

w(G) < we(G) < Xe(G) < X(G), W(G) = |we(G)], and x(G) = [xe(G)]-

A graph G is perfect if for every induced subgraph H of G we have y(H) =
w(H). Perfect graphs have been studied extensively in the literature since it
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was introduced by Berge in 1961, culminating in the proof by Chudnovsky,
Robertson, Seymour, and Thomas [2] of the strong perfect graph theorem.
The following definition is a natural generalization of this concept to circular
colouring.

Definition 1.1 A graph G is called circular perfect if for every induced sub-
graph H of G we have x.(H) = w.(H).

The circular chromatic number of a graph was first introduced by Vince
[10] under the name “star chromatic number”. An equivalent definition of
the parameter, using circular colouring, was given in [12]. Circular chromatic
number of graphs has attracted considerable attention. Many interesting re-
sults are obtained and techniques are developed. Surveys on this topics are
given in [13, 19]. The circular clique number of a graph and the concept
of circular perfect graphs were introduced in [16]. In this article, we survey
results obtained concerning circular perfect graphs. Similar to the strong
perfect graph theorem, one might expect a characterization of circular per-
fect graphs parallel to the characterization of perfect graphs. However, it
is unlikely that there is a simple characterization of circular perfect graphs,
as we shall explain. If restricted to special classes of graphs, the character-
ization might be possible. We present some necessary and some sufficient
conditions for a graph to be circular perfect, discuss circular perfectness of
graphs for special classes of graphs, and present examples of circular perfect
graphs with given properties.

2 Basic facts

Since w(G) < w.(G) < x.(G) < x(G) for any graph G, if G is perfect, then
G is circular perfect. So the class of circular perfect graphs contains the
class of perfect graphs as a subclass. To study circular perfect graphs, we
concentrate on circular perfect graphs that are not perfect.

By definition, if G contains K /4 as a subgraph, then w.(G) > k/d. The
converse is also true, although it is not obvious from the definition.

Lemma 2.1 If G is a graph with w.(G) = k/d and gcd(k,d) =1, then Ky q
s an induced subgraph of G.

It follows from Lemma 2.1 that determining the circular clique number
of a graph can be accomplished by testing all its induced subgraphs. This is
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certainly not an efficient way, but most likely there is no efficient way as the
problem of determining the circular clique number of a graph is NP-hard.
Indeed, once the circular clique number of a graph is determined then its
clique number is determined. As the latter problem is NP-hard, so is the
former one.

Observe that the induced subgraphs of circular complete graphs are usu-
ally not circular complete graphs. Thus it is not obvious that circular com-
plete graphs are circular perfect. Nevertheless, we have the following result:

Lemma 2.2 If G is an induced subgraph of a circular complete graph Ky q,
then x.(G) = w.(G).

Corollary 2.1 Suppose k > 2d. The circular complete graph Ky, 4 is circular
perfect.

In particular, for & > 2, the circular complete graphs K1)/ and
K (9k41)/2, which are odd holes and odd anitholes, are circular perfect. As
odd holes and odd antiholes are not perfect, the class of perfect graphs is a
proper subclass of the class of circular perfect graphs. Although a circular
perfect graph need not be perfect, the neighbourhood of any vertex in such
a graph must be a perfect graph. For a vertex x of a graph G, let Ng[z] (or
N{z]) denote the close neighbourhood of z.

Theorem 2.1 If G is circular perfect then for every vertex x of G, Nglx]
induces a perfect graph.

3 Some sufficient conditions for a graph to be
circular perfect

The necessary condition in Theorem 2.1 for a graph to be circular perfect
is not sufficient. By adding some further requirements, we can obtain a
sufficient condition.

Theorem 3.1 Suppose G is a graph such that for every vertex x of G, N|x]
is a perfect graph and G — N|x] is a bipartite graph with no induced Py (i.e.,
a path with 5 vertices). Then G is circular perfect.

It is easy to see that if GG satisfies the condition of Theorem 3.1, then any
induced subgraph of G satisfies that condition. Therefore to prove Theorem
3.1, it suffices to prove the following:



Theorem 3.2 Suppose G is a graph and for every vertex x of G, Nz| is a
perfect graph and V — N|x] is a bipartite graph which contains no induced
Ps. Then x.(G) = w.(G).

The proof of Theorem 3.2 is quite long. The following example shows that
these conditions are quite tight in some sense. Let G be the graph as depicted
in Figure 3 below. It is easy to verify that x.(G) = 8/3 and w.(G) = 5/2. So
G is not circular perfect. But G “almost satisfies” the condition of Theorems
3.2. For each vertex = of G, N|z] is a star, and G — N|z] is either a P, or a
Ps.

Figure 1: A non-circular perfect graph G

On the other hand, it is easy to construct circular perfect graphs G which
contain vertices z such that G — N|[z] is not bipartite, or G — N|x] is bipartite
but contains induced path length greater than 5. Indeed, if £ = 2d + 1 and
d > 4, then the circular complete graph K} /4 does not satisfy the condition
of Theorem 3.1.

The next sufficient condition for a graph to be circular perfect concerns
triangle free graphs. Suppose G = (V| F) is a graph and z is a vertex of G.
For two vertices u,v € V — N|[z],

e u <% v means N(u) N N(z) C N(v)N N(x);

e u <* v means N(u) N N(z) C N(v) N N(z);

e u =" v means N(u) N N(z) = N(v) N N(x).

Here A C B means that A is a proper subset of B.



Definition 3.1 Given an induced path P, = (po, p1,--+,pn) of G— Nlz|, we
say P, s badly-linked with respect to x if one of the following holds:

1. There are three indices ¢ < j < k of the same parity such that p; £* p;
and py £* p;.

2. There are three indices i < j < k of the same parity such that p; £* p;
and p; €% pi.

3. There are two even indices i < j and two odd indices i" < j' such that
pi £ pj and py £° pj.

An induced path P of G — N|x] is called well-linked with respect to x if it is
not badly-linked with respect to x.

Theorem 3.3 Suppose G is a triangle free graph such that for every vertex
x of G, G — N[x] is a bipartite graph with no induced C,, for n > 6, and any
induced path of G — Nlx] is well-linked. Then G is circular perfect.

It is easy to see that if GG satisfies the condition of Theorem 3.3, then any
induced subgraph of G satisfies that condition. Therefore to prove Theorem
3.3, it suffices to prove the following:

Theorem 3.4 Suppose G is a triangle free graph. If for every vertex x of
G, V — Nlz| is a bipartite graph which contains no induced C,, for n > 6,
and every induced path of G — Nz| is well-linked, then x.(G) = w.(G).

The proof of Theorem 3.4 is again quite complicated. Theorems 3.1 and
3.3 are used to prove an analogue of Hajos Theorem for circular chromatic
number. In [14], three graph operations are given to play the role of the
Hajés sum in original Haj6s Theorem. Namely it was proved in [14] that if
k/d > 3, then all the graphs G with x.(G) > k/d can be constructed from
K} q by adding edges and vertices, by identifying non-adjacent vertices and
by applying the three graph operations that replace the Hajos sum. Moreover
all such constructed graphs G have x.(G) > k/d. The same result is proved
for 2 < k/d < 3 in [15], where four new graph operations are introduced in
place of the Hajés sum.



4 Minimal circular imperfect graphs

A graph G is minimal imperfect if G is not perfect, but every induced sub-
graph of GG is perfect. Similarly, we call a graph G circular imperfect if G
is not circular perfect, and minimal circular imperfect it G is circular im-
perfect, but every proper induced subgraph of G is circular perfect. The
strong perfect graph theorem characterizes the family of perfect graphs by
determining all minimal imperfect graphs. It is natural that we would like to
study minimal circular imperfect graphs. The problem of characterizing all
minimal circular imperfect graphs is difficult. Thus we restricted to special
classes of graphs.

First we consider norms of circular cliques. Suppose G is a graph. The
norm of G, denoted by norm(G), is the spanning subgraph H of G that
consists of all the edges e that are contained in a maximum clique of G.
The following result, proved in [8], characterizes all circular cliques whose
norms are circular imperfect, and those whose norms are minimal circular
imperfect.

Theorem 4.1 Suppose gcd(k,d) = 1. Then

e norm(Ky/q) is circular imperfect if and only if k # —1 (mod d) and
|k/d] > 3.

e norm(Kjy/q) is minimal circular imperfect if and only if k = 3d+1 and
d> 3.

A graph G is a (p, q)-partitionable graph if |V (G)| = pg+ 1, and for each
vertex v of G, G \ {v} admits a partition into p cliques of cardinality ¢ as
well as a partition into g stable sets of cardinality p. A graph is partitionable
if it is a (p, ¢)-partitionable graph for some p,q > 2. Partitionable graphs
were introduced by Lovész [4] and Padberg [5] as a tool in the study of
perfect graphs. Before the proof of the strong perfect graph theorem, it was
shown by Lovész [4] and Padberg [5] that every minimal imperfect graph
is a partitionable graph. Partitional graphs satisfy w(G) + 1 = x(G). As
circular perfect graphs satisfies w(G)+1 > x(G), a natural question is which
partitionable graphs are circular perfect. The following theorem, proved in
8], characterizes all partitionable graphs that are circular imperfect.

Theorem 4.2 All partitionable graphs apart from circular complete graphs
are circular imperfect.



It is likely most of the partitionable graphs are not minimal circular im-
perfect. However, this is not proved yet.

It is not difficult to show that every outerplanar graph is circular perfect.
Theorem 4.3 All outerplanar graphs are circular perfect.

Outerplanar graphs is a subclass of series-parallel graphs. If we move from
the class of outerplanar graphs to the the class of series-parallel graphs, then
we can easily find circular imperfect graphs. It would be nice to characterize
all the minimal circular imperfect series-parallel graphs. However, the task
is not finished yet. It is easy to see that odd cycles and K, are the only
circular cliques that are series-parallel graphs. Thus if a series-parallel graph
G is circular perfect then the core of G is an odd cycle or Ks. It is known
[6] that for every rational r € [2,8/3], there is a series-parallel graph G
with x(G) = r. If r # 24 1/Fk, then such a series-parallel graph is circular
imperfect. It remains an open problem as to determine which rational is
the circular chromatic number of a minimal circular imperfect series-parallel
graph. The following result can be proved by using the construction method
given in [6].

Theorem 4.4 If k/d is a rational number and there is an integer q > 2
such that (2¢ + 1)d = kq — 1, then there is a minimal circular imperfect
series-parallel graph G with x.(G) = k/d.

Figure 2 is a minimal circular imperfect series-parallel graph with x.(G) =
13/5.

Figure 2: A minimal circular imperfect series-parallel graph G with y.(G) =
13/5

For planar graphs, the problem of characterizing circular perfect planar
graphs is more difficult. However, planar circular cliques are easy to identify:
K4, K3 and K (9p41)/; for some k > 2.

Theorem 4.5 If a planar graph G is circular perfect then either x.(G) = 4
orx.(G)e{2+1:k=1,2,--}.



It follows from Theorem 4.5 that if G is a planar graph with x(G) = 4
but w(G) = 3, then G is circular imperfect; if x(G) = 3 and the core of G is
not an odd cycle, then G is circular imperfect.

The following are two classes of minimal circular imperfect planar graphs.

Example 4.1 Let G be the graph with vertex set
Vi=A{, @2, T, ur, U, U1, V1, V2, Vg1 )
and edge set
{05, T4, Wi, w05, TV, Ty 0= 1,2,k — 1} U{z28 )

Let 1 = i1 < ig < -+ <4y = k+1. Forj = 1,2,---,t — 1, identify
Wis Wity 5 Uiy —1 into a single vertex. The resulting graph is a minimal
circular imperfect graph, provided that it contains no K.

Figure 3 is an example of such a graph.

Figure 3: A minimal circular imperfect planar graph

Another class of planar graphs that are minimal circular imperfect is
defined as follows:

Example 4.2 Let G be obtained from an odd wheel by subdividing each edge
into a path so that each finite face is has length 2k + 1 for some k > 1,
and the infinite face has length at least 2k + 1. Then G is minimal circular
imperfect.

Figure 4 is an example of such a graph.

Suppose G is a series-parallel graph which is circular imperfect. Suppose
u, x,v are three consecutive vertices of a face of G. Let H be obtained from
G by identifying u, v into a single vertex. If H has the same odd girth as G,
then H is circular imperfect. Usually, if G is minimal circular imperfect, H
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Figure 4: A minimal circular imperfect planar graph

is also minimal circular imperfect. Such minimal circular imperfect graphs
may not be included in the two classes of minimal circular imperfect graphs
presented above. So it seems not easy to characterize all minimal circular
imperfect planar graphs.

The family of minimal circular imperfect line graphs was studied by Xu.
The following result is proved in [11].

Theorem 4.6 Suppose G = L(H) is the line graph of H. Then G is minimal
circular imperfect if and only if H is 3-critical, i.e., A(H) = 3 and x'(H) = 4,
and for any edge e of H, x'(H —e) = 3.

It is a difficult problem to determine 3-critical graphs, and most likely,
there is no simple characterization of such graphs. Thus this theorem suggests
that there is no easy characterization of minimal circular imperfect graphs.

Line graphs is a subclass of claw-free graphs. Minimal circular imperfect
claw-free graphs is studied in [9], where the following result is proved.

Theorem 4.7 If G is a minimal circular imperfect graph and G is claw-free,
then either a(G) < 3 or w(G) < 3.

Note that minimal imperfect graphs G have min{a(G),w(G)} = 2. A
natural question is whether min{«a(G),w(G)} < ¢ for some constant ¢ for
minimal circular imperfect graphs. This question was answered in the nega-
tive in [7].

Theorem 4.8 For any integer k, there is a minimal circular imperfect graph
G with min{o(G),w(G)} > k.

Figure 5 below is a minimal circular imperfect graph G with
min{a(G),w(G)} = 5. The subset V' = {vg,v1,--,v14} of V(G) induces
a copy of Ki5)9, i.e., vv; is an edge if 2 < [i — j| < 13. For simplicity, these
edges are not shown in the figure.
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Figure 5: A minimal circular imperfect graph G with min{a(G),w(G)} = 5,
with edges between the v;’s missing.

5 Strongly circular perfect graphs

A nice property of perfect graphs is that if G is perfect then its complement
G is also perfect. This is not true for circular perfect graphs. For example,
the complement of circular complete graphs are usually not circular perfect.
For example, Kg/3 is not circular perfect. Indeed, for most circular cliques
K} /4, their complements Kj /4 are not circular perfect.

Theorem 5.1 [3] Suppose k > 2d. Then Ky,q is circular perfect if and only
ifd<2ork=2d+1ord=3and k=0 (mod 3).

A graph is called strongly circular perfect if both G and G are circular
perfect. It follows from Theorem 5.1 that if G is a strongly circular perfect
graph, then x.(G) = k/d for some d < 2, or x.(G) = 2 + 1/d for some
integer d. Perfect graphs are strongly circular perfect. Odd cycles and the
complements of odd cycles are also strongly circular perfect. The family of
triangle free strongly circular perfect graphs is characterized by Coulnges,
Pecher and Wagler [3].

A graph G is called an interlaced odd hole if V(G) is partitioned into
(U, A;) U (U2 B;) such that the following hold:

A; # O for each 1.

If |A;] > 2, then |A;_1| = |A;41| = 1, where summation in the index is
modulo 2k + 1.

If B; # O, then |A;| = 1.

For any i, for any v € A;, N(v) = A;_1 U A;11 U B,.

11



e For any i, for any v € B;, N(v) = A;.

Figure 6 is an example of an interlaced odd hole.

Figure 6: An interlaced odd hole

Theorem 5.2 [3] A triangle free graph G is strongly circular perfect if and
only if either G is bipartite or G is an interlaced odd hole.

6 Some open questions

Question 6.1 Is it true that if G is minimal circular imperfect then x(G) =
w(G)+17?

Question 6.2 For which rational number r, there is a minimal circular im-
perfect series-parallel graph G with x.(G) =r?

Question 6.3 Characterize minimal circular imperfect series-parallel
graphs.

Question 6.4 Suppose G is a series-parallel graph. Assume that the core of
G is not an odd cycle, and for any vertex x of G, the core of G —x is an odd
cycle. Is it true that G is a minimal circular imperfect graphs?

Z. Pan said the answer is no. Denote by GsH the series join of
G and H, and by GpH the parallel join of G and H. Let H =
((PspPs)s(PspPs))pPy)sPy)pPs. Let H' = PypPs. Then Lo 4(H) = {2,7} =
L974<H,). Let G = (H/SHSH/)])PI. Then L974(G) = @ So XC(G> > 9/4 For
any vertex x, X.(G —z) = 9/4 = w.(G — x). However, G is not minimal
circular imperfect because H is not circular perfect. The graph is shown in
Figure 7 below.

Question 6.5 Characterize minimal circular imperfect planar graphs.
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Figure 7: A counterexample to Question 6.4
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