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Abstract

Suppose m, k, s are positive integers with m > sk. Let D,, ;s denote
the set {1,2,...,m} \ {k,2k,...,sk}. The distance graph G(Z, Dy, 1 s)
has as vertex set all integers Z and edges connecting ¢ and j whenever
|i — j| € D k,s- This paper determines the circular chromatic number of
all the distance graphs G(Z, Dy, 1 s )-

1 Introduction

Given a set D of positive integers, the distance graph G(Z, D) has all integers
as vertices, and two vertices are adjacent if and only if their difference is in D;
that is, the vertex set is Z and the edge set is {uv : |[u — v| € D}. The set D is
called the distance set.

The problem of determining the chromatic number, fractional chromatic
number and circular chromatic number of distance graphs are found to be related
to T-colouring as well as problems in number theory [4], and has attracted much
recent attention [3, 4, 5, 6, 7, 8,9, 10, 11, 12, 13, 15, 16, 18, 19]. The chromatic
number of G(Z, D) is easy to determine if |D| =1 or 2 [5, 15]. The case when
D contains three integers is much more complicated, and has recently been
settled in [18]. For |D| > 4, it seems hopeless to completely determine the
values of x(G(Z, D)). Nevertheless, for many special types of distance sets D,
the chromatic numbers of the distance graphs G(Z, D) have been studied. One
such type of distance sets is the one defined below, which we shall study in this
paper.

Given positive integers m, k,s with m > sk. Let Dy, s = {1,2,---,m} \
{k,2k,---,sk}. The chromatic number of distance graphs with distance set
D, ks has been investigated in quite a few articles. Initially, the investiga-
tion has been focused on the case s = 1. In [8], Eggleton, Erdds and Skilton
determined the chromatic numbers of graphs G(Z, Dy,.1,1), and some of the
chromatic numbers of graphs G(Z, Dy, 2,1). For 3 < k < m, only rough bounds
were obtained in [8] for the chromatic numbers of G(Z, Dy, 1,.1). The same result
for graphs G(Z,Dp,1,1) was also proven by Kemnitz and Kolberg in [11] by a
different approach. In [12], Liu improved the lower bound of [8] and obtained
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the exact values of x(G(Z, Dy, k1) for odd k. In [4], Chang, Liu and Zhu deter-
mined the chromatic number of all the graphs G(Z, Dy, 1,.1) (i-e., for arbitrary
m and k).

For s > 2, the chromatic number of G(Z, Dy, 1, s) was first studied in [13],
where the case s = 2 was completely solved, and upper and lower bounds were
obtained for s > 3. In [7], very tight upper and lower bounds were obtained.
Namely it was proven in [7] that if m > (s + 1)k, then

[(m+sk+1)/(s+ 1] < x(G(Z, Din,k,s)) < [(m + sk +1)/(s +1)] + 1.

Moreover, both the upper and the lower bounds are attainable. (The case that
m < (s + 1)k is trivial, cf. Section 2.) Thus it remained to determine for
which Dy, s, X(G(Z, Dy, ,s)) attains the upper bound, and for which Dy, s
it attains the lower bound. This task has been accomplished very recently by
Huang and Chang [10], whose result we shall cite in detail in Section 2. An
interesting phenomenon is that Huang and Chang accomplished this task by
investigating the circular chromatic number of such graphs.

The circular chromatic number of a graph is a natural generalization of the
chromatic number of a graph, introduced by Vince [14] as the “star chromatic
number.” Suppose p and ¢ are positive integers such that p > ¢. A (p,q)-
colouring of a graph G = (V, E) is a mapping ¢ from V to {0,1,...,p— 1} such
that ¢ < |e(z) — c(y)| < p — ¢ for any edge zy in E. The circular chromatic
number x.(G) of G is the infimum of the ratios p/q for which there exists a
(p, g)-colouring of G.

Note that a (p, 1)-colouring of a graph G is simply an ordinary p-colouring
of G. Therefore, x.(G) < x(G) for any graph G. On the other hand, it has
been shown [14] that for all graphs G, we have x(G) — 1 < x(G). Therefore,
X(G) = [xc(G)]. Thus two graphs with the same circular chromatic num-
ber also have the same chromatic number. However, two graphs with the same
chromatic number may have different circular chromatic numbers. In this sense,
Xc(G) could be regarded as a refinement of x(G), and x(G) is an approxima-
tion of x.(G). Readers are referred to [20] for a survey on research about this
parameter.

For a concrete graph G, it is usually much more difficult to determine its
circular chromatic number than to determine its chromatic number. Indeed,
partial information about the circular chromatic number of a graph might be
enough to determine its chromatic number. This is just what was done in
[10]. Some tight upper and lower bounds for the circular chromatic number of
the graphs G(Z, Dy, 1,s) were obtained. These bounds enable the authors to
completely determine the chromatic number of these graphs. Of course, the
discussion in [10] could easily be translated into a discussion of the ordinary
colouring, and leads to a complete solution for the chromatic number problem.
However, by discussing the circular colouring instead of the ordinary colouring,
the patterns of the colourings are easier to recognize. The colouring rules for
the circular chromatic number are easier to describe than that for the chromatic
number. This is due to the fact that the distance graphs G(Z, D, 1 s) have very
nice structure.

In [7], the authors found sharp upper and lower bounds for the chromatic
number of G(Z, Dy, k,s). The difference between upper and lower bounds is < 1.
However, we failed to determine the exact values of the chromatic number of all
such graphs. In the opinion of this author, one reason is that we were too much
concentrated on the chromatic number. That prevented us from recognizing the
colouring patterns from the point of view of circular colouring. The solution of
this problem by Huang and Chang provides evidence to support the point of



view that “the circular chromatic number of a graph is a very natural concept”,
sometimes, it is more natural than the concept of chromatic number.

Although Huang and Chang [10] obtained upper and lower bounds for the
circular chromatic numbers of G(Z, Dy, 1.s) which are sharp enough to deter-
mine the chromatic number, the exact values of the circular chromatic number
of these graphs remained unknown, except for some special cases. This paper
determines the circular chromatic number of all the graphs G(Z, Dy, 1 5)-

The circular chromatic number of graphs G(Z, Dy, 1.s) has been studied in
some other papers. In [4], the authors studied the circular chromatic number
of G(Z, Dy ,s) for s = 1. For some values of m and k, the exact values for
Xc(G(Z, Dy i,s)) were determined in [4]. In [3], the authors determined the
circular chromatic number of G(Z, Dy, 1 s) for s = 1 and for all m and k. The
result in this paper can be viewed as a generalization of that solution to the
case s > 2.

2 The main result

In this section, we state the main result and list those special cases that have
already been solved. Section 3 contains the proof of all the other cases. For the
completeness of this paper, we shall sketch the proofs of those results cited from
other papers.

First we note that if m < (s+1)k, then it is straightforward to verify that the
mapping f(z) = x mod k for any z € Z defines a k-colouring of G(Z, Dy, 1,s)-
As any consecutive k vertices in G(Z, Dy, 1 s) form a clique of size k, we conclude
that x(G(Z,Dm k,s)) < k < w(Z, Dy k,s), which implies that

x(G(Z, Dm,k,s)) = x.(G(Z, Dm,k,s)) =w(G(Z, Dm,k,s)) =k.

In the remaining part of this paper, we shall assume that m, s, k are fixed
positive integers such that m > (s + 1)k. We shall let G = G(Z, Dy, 1,,5), and
for a < b, we denote by [a, b] the set {a,a+ 1,---,b}, and denote by G[a, b] the
subgraph of G induced by the set [a, b].

The following theorem, which is the main result of this paper, determines
the circular chromatic number of the distance graph G. For the rest of the
paper, we let m' = m + sk + 1 and d = ged(m’, k) = ged(m + 1, k).

Theorem 1
m'/(s + 1), ifd=1 or d(s+1)|m,
Xe(G) = {

(m'+1)/(s+ 1), otherwise.
As x(G) = [xc(G)], we have the following corollary:
Corollary 1 [10]
s+ D1 +1,  if (s+1) |’ and d(s+1) fim,
X@ :{ (s + D)1, otherwise.

The rest of the paper is devoted to the proof of Theorem 1. The main task
is to show that x.(G) is not smaller. The following well-known fact (cf. [20])
will be frequently used: for any finite graph H,

[V (H)|
a(H)

max{ yw(H)} < xe(H) < [xe(H)] = x(H).

First we have the following lower bound for x.(G) obtained in [13]:



Proposition 2 [13] x.(G) >m'/(s +1).

Proof. It is straightforward to verify that G[0, m'—1] has independence number
5+ 1. Hence xo(G) > xe(Gl0,m' — 1)) > [V(G[0,m! — 1])|/(s+1) = m' /(s +1).
|

For some special cases, the exact values of x.(G) were determined in [3, 10,
13).

Proposition 3 [10] If d = 1, then x.(G) = m'/(s + 1).

Proof. Suppose x = am’' + b where a, b are integers such that 0 < b < m'. If
b =ik (mod m') where 0 < ¢ < m', then let f(z) = i. It is straightforward to
verify that f is an (m/', s + 1)-colouring of G. |

The following result was implicit in [13]:
Proposition 4 [18] If d(s + 1) | m/, then x.(G) =m'/(s + 1) = x(G).

Proof. Let x € Z. There are unique integers a,b such that x = am’ + b, and
0 < b < m'. Also there are unique integers 4, j such that b = ik (mod m') + j
where 0 <i<m'and 0 < j <d—1. Let f(z) = [i/(s+1)] +jd(sL+ll). It can be

verified that f is a 571’1 -colouring of G. Therefore x.(G) < x(G) < m'/(s+ 1).

Hence x.(G) = x(G) =m'/(s + 1). |

For the remaining part of this paper, we assume that d # 1 and that
d(s +1) fm’. We need to show that under this condition, x.(G) = (m'+1)/(s+
1).

The following upper bound for the circular chromatic number of G' was given
in [10):

Proposition 5 [10] x.(G) < (m' +1)/(s + 1).

Proof. Let z € [0,m' — 1]. Then there are unique integers ¢,j such that
z =ik (modm')+j,0<i<m//d-—1and 0 < j <d-—1 Let f(z) =
i— jmTl (mod (m' 4+ 1)). Extend the colouring f to the set Z by letting f(z) =
f(z—k)+1 (mod (m'+1)) forz > m' and f(z) = f(z+k)—1 (mod (m'+1)) for
x < 0. Then it can be verified that f is a (m’'+1, s+1)-colouring of G. Interested
readers are referred to [10] for the detail checking, where the colouring is a little
different, namely, the colouring is g(z) = f(z) + (d — l)mTl (mod (m' +1)). N

To complete the proof of Theorem 1, it remains to show that y.(G) >
(m'+1)/(s+1) (under the assumption that d # 1 and that d(s + 1) fm’). The
following special case was verified in [10]:

Proposition 6 [10] If (s+ 1) | m' but d(s+ 1) f m/, then
Xe(G[O,m' +k —1]) = (m' +1)/(s + 1).

Proof. Let r = m//(s+1), which is an integer. First we show that x.(G[0,m'+
kE —1]) > r. Assume to the contrary that x.(G[0,m' + k — 1]) < r. Then
X(G[0,m" + k —1]) < r. Let f be an r-colouring of G[0,m' + k — 1]. For
i=0,1,---,k — 1, consider the restriction of f to G[i,i +m' —1].

It is easy to verify that G[i,i + m' — 1] has independence number s + 1.
It follows that each of the r colour classes consists of exactly s + 1 vertices of
G[i,i +m' —1]. Hence f(i) = f(m' + i) for any integer 0 <i < k — 1.



Now, consider the colour classes of f for the graph G[0,m' —1]. Let u = mT’.
Divide the vertex set of G[0, m' — 1] into d subsets of the form S; = {i,i+d,i+
2d,---,i + (u—1)d} (mod m'), for i = 0,1,---,d — 1. Since each colour class
has size s+ 1, and since f(j) = f(m'+j) for j =0,1,---,k—1, it is not difficult
to verify that each colour class must be contained in one of the sets S;. Indeed,
assume that {xy,za, -+, 2s41} is a colour class, where 1 < 2 <+ < Tgp1.
Then for j = 2,3,---,5 4+ 1, either z; —z;_; = ¢k for some 1 < ¢ < s or
z; —xj—1 > m+ 1. Since 41 — 1 < m + sk, it follows that there is at most
one index j such that z; —z;_1 > m + 1 and that ; < k — 1. Moreover, if
j—xj_1 > m+2,then 541 > m'+2; —k, which implies that 2,4 is adjacent
to m' 4+ x1, contrary to the assumption that f(z1) = f(z1 +m').

Thus we conclude that each of the sets S; is the disjoint union of the colour
classes, and hence (s + 1) | w. This implies that d(s + 1) | m/, contrary to the
assumption. Therefore x.(G[0,m' — 1+ k]) >m'/(s+ 1) =r.

Next we prove that x.(G[0,m'+k—1]) = (m' +1)/(s+1)=r+1/(s+1).
Assume to the contrary that x.(G[0,m' + k — 1]) = p/q, ged(p,q) = 1 and
r<p/g<r+1/(s+1). Then p < |V(G[0,m' +k —1]| = m' + k. On the other
hand, r < p/q < r+1/(s+1) implies that ¢ > s+2. Then p > (s+2)m'/(s+1).
Since m > (s + 1)k, it follows that p > m' + k, which is a contradiction. |

3 The complete proof of Theorem 1

In this section, we shall complete the proof of Theorem 1, by proving the fol-
lowing proposition:

Proposition 7 If d # 1 and (s +1) [ m/, then
Xe(G[0,m' + 3k —1]) = (m' +1)/(s + 1).
Obviously, Proposition 7 implies that
Xe(G) 2 Xc(G[0,m' + 3k —1]) = (m" + 1)/(s + 1),

provided that d # 1 and (s+1) /m'. Combining Proposition 7 with the results
cited in Section 2, we obtain Theorem 1. We divide the the proof of Proposition
7 into a sequence of claims.

By Proposition 5, we have x.(G[0,m' + 3k —1]) < x.(G) < (m'+1)/(s+1).
Assume to the contrary of Proposition 7 that

Xe(G[0,m + 3k — 1]) = p/q < (m" + 1)/ (s + 1),

where ged(p,q) = 1. Let ¢ be a (p,q)-colouring of G[0,m' + 3k — 1]. Tt is
well known that ¢ is an onto colouring, i.e., the colouring uses every colour (cf.
[1, 14, 17]). By Proposition 2, we know that m'/(s + 1) < p/q.

For j=0,1,---,p—1, let

X; = '),
Vi = XjUXjU - UXjg,

where the indices are modulo p. For 0 < a < b<m'+ 3k — 1, let

Xj[a,b] = Xjﬂ[a,b],
Yjla,b] = Y;N][a,b].



The sets ¥; (0 < j < p — 1) are independent sets of G. Therefore for any
two vertices u < v of Y;, v — u is either equal to tk for some 1 <t < s, or
v—u > m+1. Frequently, we shall consider subgraphs of G[0, m'+ 3k —1] of the
form Glu,u+m']. We shall denote this graph by G, and let z,, ; = | X;[u, u+m']|
and yy,,; = |Yi[u,u +m/']|.

Suppose u and v are nonadjacent vertices of G[0,m' + 3k —1]. We call (u,v)
a regular pair if v = u (mod d) (recall that d = ged(m/, k) = ged(m + 1, k)),
otherwise we say (u,v) is an érregular pair. Note that if (u,v) and (v,w) are
both regular and that u is non-adjacent to w, then (u,w) is also regular. We
say an irregular pair (u,v) is strongly irreqular if |u —v| < m'.

Suppose I = {z1,x2,---, 2} is an independent set of G, and that 21 < zo <
-+« < xy. We call the sequence (z2 — x1, %3 — X2, -+, T — Ti—1) the gap sequence
of I, and each entry of the gap sequence is called a gap in I. We shall refer
T2 — x1 as the first gap of I, x3 — z2 as the second gap of I, etc. Each gap in
I is either equal to jk for some integer 1 < j < s, or is greater than or equal
to m + 1. If I contains an irregular pair, then at least one of the gap is greater
than or equal to m + 2.

The following are some easy observations about the size y, ;.

Observation 1 For any 0 <u < 3k —1,

2. ifyy; =s+2 thenu,u+m' €Yj.
3. q(m' +1) =S8y, ; > p(s + 1).

4. Wi yu; =5+2} > {7 yuy < s} + 1. In particular, there is at least 1
index j such that y, ; = s+ 2.

5. IfY; contains an irregular pair then Y; cannot contain both u and u+ m'
and hence y,; < s+ 1.

6. Ifu < (3—1t)k —1, Y;[u+tk,u+tk+m'] contains an irregular pair (v,u)
with v < u and u +tk +m' €Y, then yuter,j < s.

7. Wi yus=s+2} <q

(1) and (2) follow from the observation that G[u, u+m'—1] has independence
number s+ 1 and G[u,u+ m'] has independence number s + 2. (3) follows from
the fact that 25-’;3 Yu,j count each of the vertices of Gu, w+m'] ¢ times and the
assumption that p/q < (m'+1)/(s+1). By (3), the average size of y,, ; > s+1,
so we have (4).

Assume to the contrary of (5) that Y; contains an irregular pair (z,y) (z < y)
and Yj contains both w, u+m'. Then one of z,y, say « is contained in [u, u+m/].
This implies that one of the gap @ —u,u+m' — x is less than m+2. So (z,u) or
(z,u 4+ m') is regular, which implies that both (z,u) and (z,u + m') are regular
(as (u,u +m') is regular). Now y — (u+m') < m +2, so (u+m’,y) is regular,
which is a contradiction. Thus Y} cannot contain both u,u + m', and the rest
of (5) follows from (2).



If Y;[u + tk,u + tk + m'] contains an irregular pair (v,u) (with v < u) and
u+tk+m' ¢ Y;, then as u is adjacent to each vertex of [u+(t—1)k+1,u+tk—1],
we conclude that Yj[u + tk,u + tk + m'] = Yj[u + tk,u + (t — 1)k +m/]. So the
sum of the gaps of Yj[u+ tk —m/', u+tk] is at most m’ — k. On the other hand,
Y;[u +tk —m/, u + tk] contains both v and v, which is an irregular pair. Hence
Y;[u +tk —m',u+ tk] has a gap > m + 2. Therefore Yj[u + tk —m/', u + tk] has
at most s — 1 gaps, and |Yj[u + tk,u + tk + m']| < s. So we have (6).

If w € X;, then only for j =i —g¢+1,i —g+2,---,i, Y; contains u. So (7)
follows from (2).

Claim 1 For any 0 < u < 3k — 1, there exists an index i such that Yi[u,u +
m' — 1] contains a strongly irreqular pair.

Proof. Assume to the contrary that for some 0 < u < 3k — 1, none of the
sets Yj[u,u +m' — 1] contains an irregular pair. (Note that any irregular pair
contained in [u,u + m' — 1] is strongly irregular.)

Fori=0,1,---,d—1, let

Si={iyi+d,i+2d,-,}N[u,u+m —1].

These sets are disjoint and form a partition of [u,u + m’' — 1]. As none of
the sets Yj[u,u + m' — 1] contains an irregular pair, we conclude that each of
Y;[u,u+ m' —1] is contained in one of the S;’s. Since the sets Yj[u,u +m' —1]
form a partition of the set {u,u+1,---,u+m' — 1}, it follows that there is an
index jo such that Yj,[u,u +m' — 1] and Y 41[w,uw + m' — 1] are disjoint (the
addition in the indices are modulo p). Therefore

Xj0+1[u)u +m' — 1], Xj0+2[u)u +m' — 1], '7XJ'0+Q*1[U7’U‘ +m' - 1]

are all empty sets. Thus we obtain an [p/q|-colouring of Gu,u + m' — 1] as
follows:

f(w) :.] ifwe )/}0+jq fOI‘j = 1527"'7 Lp/qJ

However, Gu,u + m' — 1] has independence number s + 1, and hence

X(Glu,u+m' —1]) >m'/(s + 1) > [p/q].

(Note that by assumption, m'/(s + 1) is not an integer. Since m'/(s + 1) <
plg< (m'+1)/(s+1), wehave m'/(s+ 1) > |m'/(s+1)| = |p/q].) |

Claim 2 p/q >m'/(s+1).

Proof. Assume to the contrary that p/g = m'/(s+1). For 0 < i < k — 1,
the subgraph G[i,i + m' — 1] has independence number s + 1. If for some j,
|Y;[i,i + m' —1]| < s, then

SPIYilii+m! = 1) <p(s+1) - 1.

However, in the sum Z§;3|Yj[i,i + m' — 1]|, each vertex of G[i,i + m' — 1]
is counted ¢ times. Hence ¢gm' < p(s + 1), contrary to the assumption that
p/q =m'/(s +1). Therefore for any 0 <i < k—1and forany 0 < j <p-—1,
|Y;[i,i +m' — 1] = s+ 1.

By Claim 1, there is an index j*, such that Y}« [0, m'—1] contains an irregular
pair. Thus Y;«[0,m' — 1] has a gap > m + 2. Since |Y;+[0,m' — 1]| = s + 1, the
sum of the gaps is at least (s — 1)k + (m +2). This implies that Yj«[0, k —2] # 0.

Assume w € Y;«[0,k — 2]. If the first gap of Yj«[0,m' — 1] is > m + 2, then
Yi«lw+1,m'+w] C Yj«[w+ m+ 2,m' + w]. This implies that the sum of



the gaps of Yj«[w + 1,m' + w] is at most sk — 1. Since each gap is at least
k, we conclude that Yj«[w + 1,m' + w] has at most s — 1 gaps, and hence
[Yi«[w+ 1,m' + w]| < s. If the first gap of Y;«[0,m' — 1] is < m + 1, then
Yi«[w+1,m' +w] C Yj«[w+ k,m' + w] and contains an irregular pair, and
hence has a gap > m + 2. As the sum of all the gaps of Yj«[w + k,m' +w] is at
most m' —k =m+ (s — 1)k + 1, it follows that there are at most s — 1 gaps and
hence |Yj«[w + k,m' + w]| < s. So, in any case, |Y;«[w + 1,m' + w]| < s. This
is in contrary to our previous conclusion that |Yjs[i,i +m' —1]| = s+ 1. |

Corollary 2 FEither q=s+2 or q < s.

Proof. Since m'/(s+ 1) < p/q < (m' +1)/(s + 1), we know that ¢ # s + 1.
Assume to the contrary that ¢ > s+ 3. As ¢ is an onto colouring, we know
that p < |V(G[0,m' + 3k — 1]] = m' + 3k. On the other hand, m'/(s + 1) <
p/q < p/(s+3), which implies that p > m' +2m'/(s+1). Asm > (s+ 1)k and
m' =m + sk + 1, it follows that p > m' + 3k, which is a contradiction. |

Remark. The arguments in the proofs of Claims 1 and 2 actually prove that
X(G[0,m' + k —1]) > m'/(s + 1) (under the assumption that d > 1 and
(s+1) fm'). In case s = 1, we can conclude from this that x.(G[0,m'+k—1]) =
(m' +1)/2. Indeed, if this is not true, then x.(G[0,m' +k —1]) = p'/qd" <
(m' +1)/2, where (p',¢') = 1. However m'/2 < p'/q’ < (m' + 1)/2 implies that
¢’ >3, and hence p' >3m/'/2=m'+m'/2 >m' + m/2 > m' + k. (Recall that
m'=m+sk+1=m+k+1,and m > (s + 1)k = 2k.) This is in contrary to
the well-known fact that p’ < |V(G[0,m' + k — 1])| = m’ + k. This shows that
Theorem 1 is true when s = 1, which is a result proven in [3].

For the remaining part of the proof, we assume that s > 2.

We note that for any w, the graph G\, = Gu,u + m'] has independence
number s + 2, and any independent set I of G, of size s + 2 is of the form

{u,u+k, - ,u+akut+ak+m+Lu+(a+)k+m+1,--- u+sk+m+1},

for some 0 < a < s. In other words, all the gaps of I are equal to k, except one
gap which is equal to m + 1. In particular, I does not contain an irregular pair,
and contains both vertices u,u + m’.

Claim 3 Fora=0,1,---,p—1, the set X, does not contain an irreqular pair.

Proof. Assume to the contrary that X, contains an irregular pair, say (u,v).
Assume that v < w.

If v < 3k, then none of the Y;’s contains both v and v +m’. By (5) of
Observation 1, |Yi[v,v + m']| < s+ 1 for all 4, contrary to Observation 1. If
uw > m' then we consider the subgraph G,_,, . The same contradiction would
be derived.

Assume now that v > 3k and u < m' — 1. Since u — v > m + 2, we know
that u > m + 3k + 2. Let ¢ be the largest integer such that u+tk <m' +k—1.
Then Gy4tk—m contains both vertices v and w.

Assume that u +tk € Xj. If ¢ < |h—a| < p—gq, then by (6) of Observation
lforje{a—qg+1l,a—q+2,--,a}, |Yj[u+thk—m' u+tk]] <s. forj=
a,a—1,---,a — ¢+ 1. Thus, at least g of the sets Yj[u + tk — m/, u + tk] has
cardinality at most s. On ther other hand, any independent set of Gy ¢f—m' of
size s + 2 must contain u + tk, so at most ¢ of the sets Yj[u + tk — m/, u + tk],
namely for j = h—q+1,h—q+2,---,h, has cardinality s+ 2. This contradicts
(4) of Observation 1.



If either |h —a| < g or |h —a|] > p — g, then a similar calculation shows that
for at least |h — a| index j, Yutih—m'; < s, and for at most |h — a| index j,
Yut+tk—m',j = S + 2, again contrary to (4) of Observation 1.

Assume that the set Y; contains a strongly irregular pair (u,v) (such an
index j exists by Claim 1). Assume that u € X,,v € X}, and without loss of
generality, we may assume that v < u and b < a (by Claim 3, we know that
b # a). We choose the strongly irregular pair (u,v) so that a — b is minimum.

Claim 4 For a,b defined above, we have a — b =1.

Proof. It is easy to see that there is an index i such that there is an irregular
pair (u,v) with v € X;_; and v € X;. For otherwise, every element of X;
form regular pair with every element of X;;;. Then by the “transitivity” of
the regular relation, we conclude that Y; contains no irregular pair for every /,
contrary to Claim 1

Without loss of generality, we assume that v < w. If (u,v) is strongly
irregular, then we are done. Assume that (u,v) is not strongly irregular. Then
u > m/. Consider the subgraph G, _,,». We may assume that u is a minimum
element of X;, because for any element u' # u of X;, the pair (u,u’) is regular
(by Claim 3), and hence (v, u') is irregular.

Now for j & {i —qg+ 1,4 —q+ 2,---,i}, the set Y; does not contain u.
For j € {i —q+1,---,i — 1}, the set Y; contains both v and v and hence
does not contain u —m' (by (5) of Observation 1). Therefore, if j # 4, then
Yu—m'j < s+ 1.

It follows from (3) of Observation 1 that yy—m; = s+2 and yy—m,; = s+1,
for j # i. Note that yy—m'; = Egi?ilxu_mgt. Hence yy—m'j — Yu—m’ j+1 =
Ty—m',j — Tu—m' j+q- Lherefore we have

Tu—m!yi = ZTu—m',itq + ]->

Ty—m!,i—1 Ty—m' itq—1 — ]-7

Ly—m',j = Tu—m',j+q for j #id,i—1.

This system of equations can be easily solved (together with the equation
E]’f;ému,mz,j =m' 4+ 1). Indeed, let ip be the integer such that 0 <ip < p—1
and igg = 1 (mod p), then Ty—ms it jq—1 = [(m' +1)/p] for j = 1,2, ip, and
Ty—m' itjg—1 = [(m'+1)/p] for j =ig+1,i90+2,---,p—1,0. (Such solutions to
a system of simple linear equations will be used a few more times in the latter
discussion, and we shall omit the details hereafter.)

A particular feature of the solution is that for each j, either zy_y/; =
[(m' + 1)/p] or y—m ; = (M +1)/p], and that zy_pm ; = [(m' + 1)/p].
However, u is the minimum element of X;, hence z,_p, ; = 1. Therefore for
each j, £y—_p ; is either 0 or 1. This implies that p > m + sk + 2. By Corollary
2, we have ¢ = s + 2. We now list the solution for z,_. ; as a 0-1 sequence,
starting from x,_,,7 ;. As the first ¢ = s + 2 of the items in the sequence sum
up to s+ 2, and every other s + 2 (cyclically) consecutive items in the sequence
sum up to s + 1, the sequence is

which is s + 2 1’s followed by a 0, and then every s + 1 1’s follows by a 0, and
ending with a 0.

Therefore p = a(s+2)+1 for some integer a. As m'/(s+1) is not an integer,
and m'/(s+1) < p/qg < (m'+1)/(s+ 1), we conclude that « = |m'/(s+1)] =



|p/q]. However, this is an obvious contradiction, as m'/(s+1)—a > 1/(s+1) >
1/(s+2) =p/q— . |

Without loss of generality, we may assume that b =0 and a = 1, i.e., v € X
and v € X1, v < u and (u,v) is a strongly irregular pair. Assume that v is the
largest element of Xy which is less than w. The next claim gives the possible
locations of v and u.

Claim 5 For the strongly irregular pair (u,v) given above, u < m' and v >
3k —1.

Proof. First we shall prove that either v < m' or v > 3k — 1.

Assume to the contrary that there are vertices v € Xy, u € X; such that
(u,v) is a strongly irregular pair, v < 3k — 1 and u > m/.

For j # p — g + 1, either Y; does not contain v, or Y; contains the irregular
pair, and hence by (2) and (4) of Observation 1, y, ; < s + 1. Then it follows
from (3) of Observation 1 that y, p—q+1 = s+2and y,,; = s+1forj #p—q+1.

Similar to the corresponding part of the proof of Claim 4, we conclude that

Ty = Typgq+ 1,
Tyl = Typriog— 1,
Tyj = Tyj—q, for j#O0,1.

Together with equation E]’f;é:rv,j =m' + 1, the variables z, ; can be easily
determined. A particular feature of the solution is that x, 0 = xy1 + 1.

Now by considering the graph G,_,,,, and by using the same argument
as above, we may conclude that zy_m 1 = Ty_m o0 + 1. As (u,v) is strongly
irregular, we know that u < v+m'. Hence X;[u—m’,v] # 0 and Xo[u,v+m'] #
0. However, u' € X;[u — m/,v] implies that (u,u') is an irregular pair (as
v—u' <m+ 2 and hence (u',v) is regular), contrary to Claim 3.

This proves that either u < m’ or v > 3k — 1. By symmetry, we assume that
w < m'. It remains to show that v > 3k — 1.

Assume to the contrary that v < 3k — 1. Consider the subgraph G,. By
the same argument as above, we can conclude that z,0 = [(m' + 1)/p| and
Ty1 = (M +1)/p| =xy0—1>1. Thus z,0 > 2. Let v’ € Xo[v + 1,0+ m/].
Then v’ > v and (u,v') is strongly irregular (for otherwise we would have
(v,v") being irregular, contrary to Claim 3). Thus |u — v'| > m + 2. Because
u>v+m+2and v <v+m', we know that v' < w. This is in contrary to the
choice of v. |

Since u — v > m + 2, we have m’ > u > m + 3k + 2. Now let o be the
least integer such that u + tok > m’. Then u + (to + 2)k < m’ + 3k — 1. For
t = to,to + 1,t0 + 2, assume that u + tk € Xj(;). A careful calculation (which
is presented in the appendix) gives us the size of the set X;[u + tk —m', u + tk]
depending on h(t), for t = to,to + 1,0 + 2.

Claim 6 Fort=tg,to + 1,t0 + 2, if h(t) = 1, then Tyttk—m 1 = [(Mm'+1)/p].
If h(t) # 1, then Tyytk—m 1 = |m'/p].

Proof. By Claim 3, we know that h(t) # 0. If h(t) = 1, then among the
independent sets Y}, only Y7 contains u + tk and contains no irregular pair. By
Observation 1, Yyttk—m'1 = § + 2, and Yyqth—m/,j; = s+ 1 for j # 1. This
implies that Zyitk—mr,1 = [(m' + 1)/p], (cf. proof of Claim 4).
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Assume now that h(t) # 1. Suppose first that ¢ < h(t) =1 < p —gq.
If j € {0,p—1,---,p — q + 2}, then Y;[u + tk — m',u + tk] contains both
u and v but not u + tk (as h(t) # j). By Observation 1, yytik—m'; < s for
j €1{0,p—1,---,p—q+2}. Therefore at least g—1 of the sets Y;[u+tk—m/', u+tk]
has cardinality at most s. By (7) and (4) of Observation 1, we conclude that

Yut+tk—m',j = S, for jzoyp_]-)"'ap_q_+_27
Yutth—m'j = s+2, for j=h(t),h(t)—-1,---,h(t)—qg+1,
Yuttk—m',j; = s+1, for all other j.

Similar to the proof of Claim 4, this induces a system of equations for
Tyttk—m',; Which can be easily solved. A particular feature of the solution
is that zyt+ik—m' 1 = [m'/p].

If 0 < h(t)—1 < g, then the same argument as above shows that yy4ik—m’; <
s,forj=p—q+2,p—q+3,---,p—q+ h(t). On the other hand, because any
independent set of G[u + tk — m', u + tk] of size s + 2 must contain v + tk and
must not contain an irregular pair, we conclude that

|Y[u+th —m' ,u+tk]] <s+1,

for j # 1,2,3,---,h(t). Thus there are at most h(t) of the indices j with
Yut+tk—m',j = 8 + 2. Then by (4) of Observation 1, we have

Yut+tk—m',j = S, for ]:p_q+27p_q+377p_q+h(t)7
Yutth—mj = s+2, for j=1,2,--- h(t),
Yuttk—m',j = s+ 1, for all other j.

This also induces a system of equations for zy4tx—m ;, and by solving the
equations, we have Ty4k—m 1 = [m'/p]. (Note that the equations for the case
h(t) < q and the case h(t) = q are a little bit different, but zy4¢x—ms 1 has the
same value in both systems of equations).

The case that h(t) > p — g can be treated similarly, and we omit the details.
|

Claim 7 Fort € {to,to + 1,t0 + 2}, at most one of the h(t)’s is equal to 1.
Proof. Assume to the contrary that ¢ < ¢' are two indices of {to,to + 1,0 + 2}
such that h(t) = h(t') = 1. By Claim 6, Tytth—m',1 = Tutt'k—m1 = [(M' +
1)/p]. Since

utt'keXiu+t'k—m u+t'k]l— Xi[u+thk—m' u+tk],

we conclude that

Xi[u+thk —m' u+tk] — Xq[u+t'k —m',u + t'k]
=Xi[u+th—m' u+tk—m']#0.

Suppose v’ € X;[u+tk—m',u+t'k—m']. Since v > 3k, we have v’ < v, hence
(u',v) is regular, which implies that (u',u) is irregular, contrary to Claim 3. W

Claim 8 Among the three indices to,to + 1,tq + 2, there are no two consecutive
indices t,t' such that h(t),h(t') # 1.
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Proof. Suppose to the contrary that ¢’ = ¢t+1 and that h(t), h(t') # 1. Consider
the subgraph Gu + t'k — m',u + t'k]. If ¢ < h(t') — 1 < p— g then by the proof
of Claim 6, we have

Yut+t'k—m',j = S for jzoyp_]-a"'>p_q+2>
Yut+t'k—m'/,j = S + 27 for .7 = h(t,)) h(t,) - 1> B h(t,) —q+ ]-7

and Yyt k—m',; = s + 1 for all other j.

Now we consider the value of h(t). By assumption, either 2 < h(t) < p—q+1,
or h(t) > p—q+2. (Note that h(t) # 0.) Assume first that 2 < h(t) <p—g+1.
Then Y,_442[u + t'k — m',u + t'k] contains both « and v but contains neither
of u + tk,u + t'k. The same arguement as in the proof of (6) of Observation 1
shows that yy4tk—m’ p—g+2 < s — 1, contrary to the previous paragraph.

If h(t) > p— ¢+ 2, then the same argument shows that yy+pk—m 0 < s—1,
again in contrary to the first paragraph of this proof.

Assume now that h(t') —1 < ¢. Then by the same argument as in the proof
of Claim 6 shows that

Yuttrk—m'j = S, for j=p—q+2,p—q+3,---,p—q+h(t'),
Yutt'k—m',j = s+2, for J= 1727"'7h(tl)7

and Yutt'k—ms,j = s + 1 for all other j.

For the same reason as above, we know that if 2 < h(t) < p — ¢ + 1, then
Yutt k—m’ p—g+2 < s — 1. Assume h(t) > p—¢g+2. Then Yi[u+t'k—m', u+t'k]
contains both u and u + 'k, but does not contain u + tk = u + (¢ — 1)k. Since
w > m + 3k + 2, it follows that ¢’ < s and hence t'k < m. Therefore the
last gap of Yi[u + t'k — m',u + t'k] is neither & nor m + 1. This implies that
Yutt'k—m'1 < § + 1, because any independent set of Glu + t'k —m',u + t'k] of
size s + 2 has all the gaps equal to k, except one which is equal to m + 1. This
is in contrary to the previous paragraph.

The case h(t') — 1 > p — q can be treated similarly, and we omit the details.
|

Combining Claims 7 and 8, we conclude that h(tg) # 1,h(to + 1) = 1 and
h(to +2) # 1.
Let ¢t =ty and ¢’ =ty + 2. By Claim 6,

Tyttk—m',1 = Tutt'k—m’',1-
As h(to+1) =1, i.e.,
u+ (to+ 1k € Xifu+t'k—m' u+t'k] — Xi[u + thk —m',u + tk],

we conclude that
Xi[u+tk—m' u+t'k—m'] #0.

Let u' € Xq[u +tk — m/,u + t'k —m']. Then (u,u’) is irregular (cf. proof of
Claim 7), contrary to Claim 3. This completes the proof of Proposition 7.
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