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Abstract

The star-chromatic number and the fractional-chromatic number are two generalizations of the
ordinary chromatic number of a graph. We say a graph G is star-extremal if its star-chromatic
number is equal to its fractional-chromatic number. We prove that star-extremal graphs G have
the following interesting property: For an arbitrary graph H the star-chromatic number y*(G[H])
of the lexicographic product G[H] is equal to the product of y*(G) and %(H). Then we show
that several classes of circulant graphs are star-extremal. Thus for these circulant graphs G
and arbitrary graphs H, if *(G) and x(H) are known then we can easily determine the star-
chromatic number (hence the ordinary chromatic number) of the lexicographic product G[H].
For these star-extremal circulant graphs, we also derive polynomial-time anti-clique-finding and
coloring algorithms.

1. Introduction

Let k and d be positive integers such that k>2d. A (k,d)-coloring of a graph
G = (V,E) is a mapping ¢: ¥V — Z; = {0,1,...,k — 1} such that, for cach edge
uv € E, |c(u) — c(v)|y =d, where |x|; = min{|x),k — |x|}. This generalizes the usual
notion of a k-coloring: an ordinary k-coloring of G is just a (%, 1)-coloring of G. Thus,
the chromatic number y(G) of G is the smallest & for which there is a (%, 1)-coloring.
The star-chromatic number of G,y*(G), is defined as

¥*(G) = inf{k/d : G has a (k,d)-coloring}.
The star-chromatic number of a graph was first introduced by Vince [13]. His
approach uses some methods and results from continuous mathematics. A purely
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combinatorial treatment of the star-chromatic number of a graph was supplied by Bondy
and Hell [3], and an alternate definition of the star-chromatic number can be found
in [15]. It was proved in [3,13], among other things, that

1G) =1 < yM(G)<G), e, 1(G)= [(*(G)].

Thus the chromatic number of a graph is determined by its star-chromatic number.
On the other hand, two graphs with the same chromatic number could have different
star-chromatic numbers. In this sense, the star-chromatic number of a graph captures
its structure more precisely than the ordinary chromatic number.

Another generalization of the ordinary chromatic number is the fractional-chromatic
number of a graph.

Definition 1. A mapping ¢ from the collection ¥ of independent sets of a graph
G to the interval [0,1] is a fractional-coloring if for every vertex x of G we have
2 oscy st xes ¢(8) = 1. The value of a fractional-coloring ¢ is ¢, c(S). The
JSractional-chromatic number y;(G) of G is the infimum of the values of fractional-
colorings of G.

We note that the infimum in the definition can be replaced by minimum,
and the condition } ¢ ., wes¢(8) = 1 can be replaced by the condition that
D sey st xes C(S)=1. If in the definition the mapping ¢ is from & to the set {0,1}
instead of to the interval [0, 1], then ¢ becomes an ordinary coloring of G.

The class of graphs G for which y*(G) equals y,(G) turns out to have some
interesting properties. We prove that if G is a graph with y*(G) = ,(G), then for an
arbitrary graph / we have y*(G[H]) = y*(G)y(H ), where G[H] is the lexicographic
product of G and H (cf. definition in Section 2). Since y(G[H]) = [y*(G[H])], we
have y(G[H]) = [3*(G)y(H)] if y*(G) = 74(G). Then we show that y*(G) = x/(G)
for many circulant graphs G. Thus for these circulant graphs G and arbitrary graphs H,
if y7*(G) and y(H ) are known then we can easily determine the star-chromatic number
7*(G[H]), as well as the chromatic number y(G[H]), of the lexicographic product
G[H]. This incidentally implies a result of Stahl in [12] for G to be an odd cycle.
It was shown by a complicated argument that y(Cay[K,]) = 2n + [n/k], which now
becomes an immediate consequence of our result (see Corollary 2). As a byproduct,
we also derive polynomial-time algorithms, that find a maximum independent set, and
color the vertices with minimum number of colors, for these star-extremal circulant
graphs.

2. Lexicographic product of graphs

It is clear from the definitions that y,(G)<y*(G)<y(G) for any graph G. There
exist graphs G such that y,(G) = y*(G) = y(G). There also exist graphs G such that






