Graphs of large girth with prescribed partial
circular colourings

Zhishi Pan
and
Xuding Zhu*
Department of Applied Mathematics
National Sun Yat-sen University
Kaohsiung, Taiwan 80424

Email: zhu@math.nsysu.edu.tw

Abstract

This paper completes the constructive proof of the following result: Suppose
p/q > 2 is a rational number, A is a finite set and f1, fo,- -, f are mappings
from A to {0,1,---,p—1}. Then for any integer g, there is a graph G = (V, E)
of girth at least g with A C V, such that G has exactly n (p, ¢)-colourings (up
to equivalence) g1, g2, -, gn, and each g; is an extension of f;. A probabilistic
proof of this result was given in [8]. A constructive proof of the case p/q > 3
was given in [7].
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1 Introduction

Suppose G = (V, E) is a graph and r > 2 is a real number. An r-colouring of G is a
mapping f : V' — [0,r) such that for every edge xy of G, 1 < |f(z) — f(y)| < r — 1.

The set [0,7) of “colours” is viewed to form a circle C" which is obtained from
the interval [0, 7] by identifying 0 and r into a single point. For a,b € [0,r), let [a, b],
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denote the interval of C" from a to b along the “increasing” direction. To be precise,
if @ < b, then [a,b], = {t:a <t <b}. If a > b, then [a,b], ={t:a<t<r or0<
t < b}. For two points a,b € C", |a — b|, is the circular distance between a and b, and
is defined as |a — b|, = min{|a — b|,r — |a — b|}. So an r-colouring of G is a mapping
f:V —[0,7) such that for every edge zy of G, |f(z) — f(y)|, > 1.

We say G is r-colourable if G has an r-colouring. The circular chromatic number
Xc(G) of G is defined as

Xc(G) = inf{r : G is r-colourable}.

If r = k is an integer, then an ordinary k-colouring of GG is an r-colouring as defined
above, and conversely, for an r-colouring f defined as above, g(z) = |f(z)] is an
ordinary k-colouring of G. Therefore x.(G) < x(G) for any graph G. On the other
hand, it is known [2, 10, 13] that for any graph G, x.(G) > x(G) — 1, and hence
X(G) = [x:(G)]. So x.(G) is a refinement of x(G).

An equivalent definition of the circular chromatic number is as follows: For a
rational number r = p/q > 2, let K/, be the graph with vertex set {0,1,---,p — 1},
in which two vertices i, j are adjacent if ¢ < |i —j| < p—g¢. A graph G is called (p, q)-
colourable if there is a homomorphism from G to K, (i.e., a mapping f : V(G) —
{0,1,---,p— 1} such that ¢ < |f(z) — f(y)| < p — ¢ for any edge zy of G). Then

Xe(G) = inf{p/q : G is (p, q)-colourable}.

Two (p, q)-colourings f, g of a graph G is equivalent if there is an automorphism
o of Ky, such that f = 0 og. A graph G is called uniquely (p,q)-colourable, if
there is an onto homomorphism f from G to K4, and all (p, ¢)-colourings of G' are
equivalent. It is known [11] that if G is uniquely (p, ¢)-colourable, then x.(G) = r.

The existence of graphs of large girth with given circular chromatic number has
been studied in a few papers. It was first asked by Abbott and Zhou [1] whether
there exists, for any integer n > 3, a triangle free graph G with x.(G) = n. Zhu [11]
answered this question in affirmative, by showing that for any integer ¢ and for any
rational r > 2, there is a graph G of girth at least g which is uniquely r-colourable.
Later on, Nesetfil and Zhu [8] proved the following much stronger result:

Theorem 1.1 Suppose p/q > 2 is a rational number, A is a finite set and
f1, f2, s fu are mappings from A to {0,1,---,p—1}. Then for any integer g, there
is a graph G = (V,E) of girth at least g with A C V', such that G has exactly n
non-equivalent (p, q)-colourings gi, g2, -+, gn, and each g; is an extension of f;.

Theorem 1.1 is a generalization of a result of V. Miiller [6] who proved this for k-
colourings. The proofs in [11] and in [8] use the probabilistic method. A constructive
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proof of Theorem 1.1 for p/qg > 3 is given in [7]. For the case 2 < p/q < 3, a
constructive proof of Theorem 1.1 was missing. In this paper, we give a constructive
proof of Theorem 1.1, for all p/q > 2.

2 Preliminaries

An undirected graph is viewed as a symmetric directed graph. Each edge e = zy of G
corresponds to a pair of opposite arcs a = 77 and a ! = yZ. We shall denote by A(G)
the arc set of G. For each arc a, a~! is the opposite arc of a which corresponds to the
same edge as a. All graphs considered in this paper are undirected graphs (and hence
are symmetric directed graphs). A rooted graph is a pair (G, a) such that G is a graph
and «a is an arc of G. The arc a is called the root arc of G. The edge corresponding to
a is called the root edge of G. A walk W of G is a sequence (g, x1,- -, x)) of vertices
of G such that for each i, T;7;1{ € A(G). For convenience, we also use W to denote
the set of arcs in W, i.e., W = {z;z51 i = 1,2,--+,k — 1}. If 2, = 2, then W is
called a closed walk.

A tension of a graph G is a mapping f : A(G) — [0,7) such that for each closed
walk W of G, Y ,cw f(a) = 0. In particular, for each arc a, f(a™") = —f(a). Suppose
r > 2 is a real number. An r-tension of G is a tension f of GG such that for each arc
a, 1 <|f(a)] <r—1. An r-tension of a graph G corresponds to an r-colouring of
G. Indeed, if f is an r-colouring of G, then §f : A(G) — [0,7) defined as 0 f(2y) =
f(y) — f(z) is an r-tension. Conversely, if g is an r-tension of G, then let xy be a
fixed vertex of G, and for each vertex = of G, let W, be a walk from xy to . Then
f(x) =Y 4ew, 9(a) (mod r) is an r-colouring of G. So

Xe(G) = inf{r : G has an r-tension}.
If (G,a) is a rooted graph with root edge e, then a rooted r-tension of G is a

tension of G such that for each arc b # a,a™*, 1 < |f(b)] < r — 1. The r-label set of
(G, a) is defined as

L% (G,a) ={f(a) (mod r): f is a rooted r-tension of G}.

Similar to the correspondence between r-colouring and r-tension, it is easy to see that
the following is an equivalent definition of the label set:

L. (G,a) ={f(z) — f(y) (mod r): fis an r-colouring of G — e}.

In case the root arc a is clear from the context, or is irrelevant, we write L7.(G) for
L5(G,a).

As an example, it is easy to verify that for any r > 2, L1.(Cy) = [1,r — 1], where
(U5 is the 2-cycle, i.e., the graph with two vertices and two parallel edges.
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Definition 2.1 A rooted graph (H,a) is an r-superedge if LT.(H) = [1,r — 1],.

The concept of superedge is the main tool in [7] for the construction of the required
large girth graphs. The reason that the proof in [7] only works for r > 3 is that r-
superedges are constructed for r > 3 only. The main result of this paper is the
following:

Theorem 2.1 For any integer g and for any rational number r > 2, there is an
r-superedge (H,a) of girth at least g.

Theorem 1.1 follows from Theorem 2.1 and the following result of [7]:

Lemma 2.1 [7] Suppose r = p/q > 2 is a rational, where (p,q) = 1. If there is
an r-superedge (H,a) of girth at least g, then for any finite set A, for any mappings
f1, fay oy fu from A to {0,1,--- ,p—1}, there is a graph G = (V, E) of girth at least g
with A C'V, such that G has exactly n non-equivalent (p, q)-colourings g1, g2, -, Gn,
and each g; is an extension of f;.

The proof of Lemma 2.1 is a little bit technical, and the readers are referred to [7]
for the details. Here we only give a sketch of how an superedge is used to construct
such a graph.

Suppose (H,a) is an r-superedge, G is a graph and e’ = 2’y is an edge of G. To
replace €' with superedge (H,a) means to delete the edge €', add a (vertex disjoint)
copy of H — e, where e = xy is the root edge of H, and identify x with 2’, y with y’.

To construct the graph G as required in Lemma 2.1, we take the categorical
product (K4)" of n copies of K,/,. The graph ([, /,)" has exactly n (p, ¢)-colourings,
namely, the n projections m; (i = 1,2,---,n). Duplicate each vertex of (K,/,)" m
times, where m is a sufficiently large integer. Denote the resulting graph by Q.
There are exactly n (p, g)-colourings, say 7, of @), where 7} is an extension of =; for
i =1,2,---,n. When m is large enough, we can embed A into V(Q) so that f; is
a restriction of 7} for ¢ = 1,2,---,n. Now replace each edge of () by a copy of the
superedge (H,a). Denote the resulting graph by @', which is a graph of large girth.
The vertices of ()’ are partitioned into two parts: the “old” vertices of G, and the
“new” vertices that are added together with the copies of the superedge. The set C
of all (p, ¢)-colourings of @' is partitioned into n subsets C;,Cs,---,C,, and for each
i, all the colourings in C; are extensions of 7. In other words, if we only look at the
colours of the old vertices, there are exactly n (p, g)-colourings of @)'. However, there
are probably many ways to colour the new vertices.

Next we build a graph R which has many layers Vi, V5, - - - |V}, where t is sufficiently
large and V; = V(Q) x {i}. Edges are added between the vertices of two consecutive

4



layers in such a way that: (1) the resulting graph has large girth, and (2) if the ith
layer is (p, g)-coloured as f(z,i) = m}(x) for all z € V(Q), then it is uniquely extended
to the (i + 1)th layer as f(z,i + 1) = 7j(z) for all z € V(Q). Now identify the first
layer of R with the set of old vertices of ()', we obtain a graph R'. The graph R’
has large girth, and if we only look at the colours of the vertex set of R, there are
precisely n (p, ¢)-colourings of R'. The next goal is to fix the colours of the other
vertices of R'. Fix n colourings ¢, g2, -, gn, of R', where g; is an extension of .
Then by adding edges between new vertices of (' and vertices of R, we can make
sure that the colours of the new vertices of ) are also fixed as in the n colourings
g1, 92, "+, gn. Since R' has ¢ layers, where ¢ is sufficiently large, and vertices of one
layer is only adjacent to vertices of the two adjacent layers, the edges can be added in
such a way that no short cycles will be produced. So the resulting graph G satisfies
the requirements of Lemma 2.1.

The remainder of this paper is devoted to the construction of r-superedges of large
girth.

3 r-indicators

Definition 3.1 Suppose r > 2 is a real number. A rooted graph H with root edge e
is called an r-indicator if LT.(H) = {0}.

In this section, we show that if there is an r-indicator H, then one can easily
construct an r-superedge.

Given two rooted graphs (G, a) and (G',d’) with root arcs a = 23 and o/ = 2’y
respectively, the series join of (G, a) and (G', a’) is the rooted graph (G”, ") obtained
from the vertex disjoint union of G and G’ by deleting the root edges e = xy and
e’ = a'y’, then identify 3" and z into a single vertex z, and add an root edge ¢’ = zy’

with root arc xy’. The following lemma is easy and is proved in [9].

Lemma 3.1 If (G",d") is the series join of (G,a) and (G',d’), then for any r > 2,
LL(G" =LL(G)+ L(G")={t+¢ (modr):te LL(G),t e LL(G)}.

Theorem 3.1 Suppose (H,a) is an r-indicator. Let (H',a') be the series join of H

and Cy. Then (H',d') is an r-superedge. Moreover, if H has girth g, then H' has
girth at least g.

Proof. If (H,a) is an r-indicator, then it follows from Lemma 3.1 that L}.(H') =
LL.(H) + L5 (Cy) = [1,7 — 1],. The moreover part of the theorem is trivial. i
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So to prove the existence of an r-superedge of girth at least g, it suffices to prove
the existence of an r-indicator of girth at least g.

The following lemma shows that every r-indicator corresponds to a graph of cir-
cular chromatic number 7.

Lemma 3.2 If a rooted graph H with root edge e = uv is an r-indicator, then x.(H —
e)=r.

Proof. Since L.(H) # O, it follows that H — e is r-colourable. Assume to the
contrary that x.(H —e) = r' < r. Then L} (H) # @. Assume t € L} (H) # @ and
f is a rooted r'-tension of H with f(a) = t, where a = ub is the rooted arc. Let
D = D} (H) be the orientation of G defined as 3 € D if and only if f(2%) > 0. As f
is a rooted tension, it is easy to see that D is acyclic. For a subset X of V(G), denote
by [X, X] the cut which consists of all the arcs 2 with x € X and y ¢ X. Then
there is a cut [X, X] of H which contains the arc a such that for any arc 27y € [X, X|,
f(£y) > 0. For any 0 < e <r —1' let f' be defined as
f(zy), if 2y, yx & [X, X],
F'@y) = § f(@) +e if 27 € [X,X],
f(@y) —e, ifyx e [X,X]

Then f’is a rooted r-tension of H with f'(a) = f(a) + €. Thus L%(H) contains an
interval of positive length, in contrary to the assumption that L}.(H) = {0}. i

4 Construction of r-indicators of large girth

In this section, we present a method that construct an r-indicator of large girth, for
each rational r» > 2.

Definition 4.1 Suppose r > 2 is a rational number. A rooted graph (H,a) is called
an r-semi-indicator if L.(H) # O and LL,(H)N[1,r — 1], = O.

Lemma 4.1 For any integer g > 3, for any r > 2, there is an r-semi-indicator (H, a)
of girth at least g.

Proof. It is well-known [3, 5] that one can construct a graph G of girth at least ¢
such that x(G) > r + 1. As x.(G) > x(G) — 1, we have x.(G) > r. By deleting
edges from G, if necessary, we obtain a graph H and an edge e of H such that (i)
Xe(H) > r, and (ii) x.(H —e) < r. Let a be an arc corresponding to e. It follows
from definition that L}.(H) # O and LL.(H)N[1,r — 1], = O. i
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Suppose (H,a) is an r-semi-indicator, where a = 2 is the root arc. Let 7(H) =
max{|f(a)|, : f is a rooted r-tension of H}. It follows from the definition of an
r-semi-indicator that 0 < 7(H) < 1.

Lemma 4.2 If r = p/q is a rational number and (p,q) = 1, then for any r-semi-
indicator (H,a), 7(H) = . for some non-negative integer i < q.

Proof. Assume 7(H) =t and a = 2y. Let e = zy. By definition, there is an r-
colouring f of H—e such that f(z) =0and f(y) =t. Let g: V(G) — {0,1,---,p—1}
be defined as g(v) = [ f(v)q]. It is straightforward to verify that g is a (p, ¢)-colouring
of H—e. Then f'(v) = g(v)/q is an r-colouring with f'(z) = 0 and f'(y) = g(y)/q >
f(y). By definition of 7(H), we conclude that f'(y) = f(y). i

It follows from the definition that an r-indicator is an r-semi-indicator (H, a) with
7(H) = 0. Suppose f is a rooted r-tension of H with f(a) > 0. By definition of 7(H),
we have |f(a)|, < 7(H). Let

1, if0< f(a) <7(H);

0, if f(a) =0;
{1, ifr—7(H) < f(a) <.

Note that f(a) =&(f)|f(a)l,  (mod 7).

Suppose A is a subset of [0,7) and s > 2 is an integer. Let sA = {t; +ty+-- -+ t;
(mod r) : t; € A}.
Given an r-semi-indicator (H,a) of girth at least g for which 7(H) > 0. Let s be

the least integer such that s7(H) > 1. Then s > 2. Let 6 =1 —(s—1)7(H) > 0. Let
k be the largest integer such that k(r — 2) < 0.

Let (Q,b) be the series join of s copies of (H,a). Denote by (H;,a;) the ith copy
of (H,a) in (Q,b). Assume that e is the root edge of @, and e; is the root edge of
H; fori=1,2,---,s. Figure 1 below is an illustration of (Q,b), where the thick edge
indicates the root edge of (@, b), and the dotted lines indicate the (deleted) root edges
of the copies of H.

Figure 1: The rooted graph (Q,b)

It follows from Lemma 3.1 that L7.(Q) = sL}.(H). Let (Q',V') be the parallel
join of (@, b) and (Cokyz,d), where d is an arbitrary arc of Cyryo. As Cogig is the
series join of 2k + 1 copies of Cy, and L}.(Cy) = [1,7 — 1],, it follows from Lemma
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3.1 that L. (Coryo) = [1 — k(r — 2),r — 1 + k(r — 2)],, because k(r —2) < § < 1.
Thus L5(Q') # O if and only if sLL(H) N[l — k(r —2),r — 1 4+ k(r — 2)], # O.
Figure 2 below is an illustration of (Q',0") for the case £k = 2. Note that in the case
as depicted in Figure 2, (' can be viewed as obtained from ) by adding a path of
length 5 connecting the two end vertices of the root edge. In the general case, we add
a path of length 2k 4 1 joining the two end vertices of (). In particular, if £ = 0, we
simply add an edge joining the two end vertices of the root edge.

Figure 2: The rooted graph (@', b')

Lemma 4.3 Suppose f is a rooted r-tension of (Q',b'"). Let f; be the restriction of f
to H;. Then either for all i, £(f;) =1, or for all i, £(f;) = —1.

Proof. By Lemma 3.1,
F) =3 fila) (modr) = S () f(a)l,  (mod r).
=1 =1

If there are indices 7, j such that (f;) =1 and £(f;) = —1, or there is an index with
f(fz) = 0, then

|§§(fi>|f<ai>|,«| < (s— )r(H) < 1— k(r —2),

contrary to the fact that f(V') € L}.(Copro) = [1 — k(r — 2),r — 1 4+ k(r — 2)],. i

Let Q" be the graph constructed as follows: Take g copies of Q' — €/, say Q) —
ey, Qy — €y, -+, Qy — ey, where ¢; is the root edge of ();. Recall that each copy of
()" — €' consists of s copies of H. Let H;; denotes the jth copy of H in @Q; — e,
and a;; = x”—yl; be the root arc of H;; and let e;; denote the root edge of H; ;.
For i = 1,---,9 — 1, identify H;, with H;;; ;. Figure 3 is an illustration of the
construction of Q".

Lemma 4.4 The graph Q" is r-colourable if and only if Q' —¢' is r-colourable. More-
over, if f is an r-tension of Q", then either for all i,j, £(fi;) = 1, or for all 4, j,
£(fij) = —1, where f;; is the restriction of f to H, ;.



Figure 3: The graph Q"

Proof. As Q' — ¢’ is a subgraph of Q”, so if Q" is r-colourable, then @' — €’ is
r-colourable. Conversely, if Q' is r-colourable, then sLL.(H) N[l — k(r —2),r — 1 +
k(r —2)], # O, and hence there exist ¢,ty,---,t; € LI,(H) such that

th+to+---+ts €[l —k(r—2),r =14+ k(r —2)],.

Let f; be a rooted r-tension of H with f;(a) = t;. Let g;; be a rooted r-tension on
H; ; defined as
[ if 7 is odd;
93 = {fs+1j, if ¢ is even.
It is straightforward to verify that the union of g;; (i = 1,2,--+,9,7 =1,2,--+,s) is
an r-tension of Q”, i.e., Q" is r-colourable.

By applying Lemma 4.3 to each copy of ' in ", we obtain the moreover part. il

Lemma 4.5 If (H,a) is an r-semi-indicator of girth at least g and with T(H) > 0
then there is an r-semi-indicator (H'a") of girth at least g for which 7(H') < 7(H).

Proof. Assume (H,a) is an r-semi-indicator of girth at least g for which 7(H) > 0.
Let s be the least integer such that s7(H) > 1. Let 6 =1 — (s — 1)7(H) > 0. Let k
be the largest integer such that k(r —2) < §. We consider two cases.

Case 1. sLL.(H)N[1 —k(r—2),r =1+ k(r —2)], # O.

Let Q" be the graph constructed as above. Let (H',a') be the rooted graph
constructed as follows: Take two copies of ", say @} and @)5. The copies of H in Q”
and @y are denoted by H}; and H}; respectively. The root arc of Hlj is af ; = =zt Jym

NE
Identify H| | with H7, and identify y, , and y2 ;. Add an edge ¢’ joining xl, and 7 .

The root arc is a' = xg sxg .- Figure 4 is an illustration of the construction of H'.

By Lemma 4.4, Q" is r-colourable. Hence H' — €' is r-colourable, implying that
Lp(H',d') # @. Let f be an arbitrary rooted r-tension of H'. Let f/; be the
restr1ct10n of f to Hl By the moreover part of Lemma 4.4, either for all l,i,7,
£(f1;) =1, or for all l,z,] &(f{;) = —1. This implies that

[f (@) = [ (ag)lr — 1f (g )lrl-



Figure 4: The rooted graph (H',a') for Case 1

As
0 < [If(ag. )l — 1f(ag)lr| < 7(H),

we conclude that |f(a')|, < 7(H). So 7(H') < 7(H).

Case 2. sL,(H)N[1 —k(r—2),r =1+ k(r —2)], = 0.

Let 0' =1—k(r—2)—(s—1)7(H) = — k(r — 2) (note that it is possible that
k =0, in which case ¢’ = §). By the maximality of k, ¢’ < r — 2. Moreover,

LL(H)Nn[§,r—2+4d]=0,
for otherwise, there exists t € LT.(H) N[, (2k + 1)(r — 2) 4 ¢'], which implies that
(s—=1)r(H)+teslL.(H)N[l=k(r—2),r—=1+k(r —2)],,

contrary to the assumption that sLL.(H) N[l — k(r — 2),r — 1 + k(r — 2)], = O.

Furthermore, sL.(H) N [1 — k(r — 2),r — 1 + k(r — 2)], = O implies that (2k +
1)(r—2) 44" < 7(H). In particular, 20’ < (r —2) +¢' < 7(H).

Let (H',a') be constructed as follows: Take g copies of H — e, say H; — ey, Hy —
e, -+, Hy — e4, where ¢; = x;y;. Identify x,29,---, 2, into a single vertex z. For
i=1,2,---,9— 1, connect y; to y;11 by a path of length 2. Finally, add an edge ¢’
connecting y; and y,, and the root arc is o’ = yl_yg}. Figure 5 is an illustration of the
construction of H'.

Figure 5: The rooted graph (H',a’) for Case 2

It is obvious that H' has girth at least ¢ and H' — €’ is r-colourable. Let f be
an arbitrary r-colouring of H' — ¢/. We need to prove that |f(y1) — f(yy)|» < 7(H).
Without loss of generality, we may assume that f(z) = 0. Then f(y;) € Li(H) for

10



i=1,2,---,9. Note that L.(H) N [0',r — 2+ 0] = O. Let

Bl = Ly(H)n(r—9.d),
By = Lp(H)N((2k+1)(r —2)+ 4", 7(H)],,
By = Li(H)N[r—7(H),r— 2k+1)(r—2) =19,
Then for each i = 1,2,---, ¢, there is an index o(i) € {1,2,3} such that f(y;) €
Bg(;y. Since y; and y;4 is connected by a path of length 2, it is easy to verify that

\f(yi) — f(yis1)| € [2,7 — 2],. Tt follows that for any j € {1,2,3}, if f(y;) € B;, then
f(yis1) € By, ie., 0(i) =o(i+1). Thus if f(y1) € B, then f(y,) € B;. If j =1, then

[f(y1) = fyg)lr < 26" < 7(H).
If j = 2,3, then it is easy to see that | f(y1) — f(yy)|r < 7(H). i

Corollary 4.1 For any rational number r = p/q > 2 and for any integer g, there is
an r-indicator of girth at least g.

Proof. By Lemma 4.1, there is an r-semi-indicator. By Lemma 4.2, there is an
r-semi-indicator (H,a) of girth at least ¢ such that 7(H) is minimum among all
r-semi-indicators of girth at least g. By Lemma 4.5, 7(H) = 0. So (H,a) is an
r-indicator. i

Combining Corollary 4.1 and Theorem 3.1, we have the following corollary.

Corollary 4.2 For any rational r > 2 and for any integer g, there is an r-superedge
(H,a) of girth at least g.

Combining Corollary 4.1 and Lemma 3.2, we have the following corollary.

Corollary 4.3 For any rational v > 2 and for any integer g, there is a graph G of
girth at least g such that x.(G) =r.

As mentioned in Section 1, Corollary 4.3 was first proved in [11] by the proba-
bilistic method. Note that Corollary 4.3 also follows from Theorem 1.1, as uniquely
r-colourable graphs G have x.(G) =r.
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