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Abstract

For each integer n > 5 and each rational number 7 in the interval
[2,n —1], we construct a K,-minor free graph G with x.(G) = r. This
answers a question asked by Zhu [16]. In case n = 5, the constructed
graphs are actually planar. Such planar graphs were first constructed
in [5] (for r € [2, 3]) and [12] (for r € [3,4]). However, our construction
and proof are much simpler.

1 Introduction

Suppose r > 1 is a real number. An r-coloring of a graph G is a mapping
c: V(G) — [0,7) such that for any adjacent vertices z,y of G, 1 < |e(x) —
c(y)| <r—1. We say G is r-colorable if there exists an r-coloring of G. The
circular chromatic number x.(G) (also known as the star chromatic number

and denoted by x*(G)) of a graph G is defined as
Xc(G) = inf{r : G is r-colorable}.
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The infimum in the definition can always be attained (cf. [1, 2, 8]), so it can
be replaced by the minimum.

It is easy to verify (cf [16]) that if r is an integer, then a graph G is
r-colorable if and only if there is a mapping f : V(G) — {0,1,---,r — 1}
such that for every edge zy of G we have f(x) # f(y) (i.e., it is the same
as the r-colorability in the traditional sense). If r < 7’ then a graph G is
r-colorable certainly implies that G is r’-colorable. Therefore we have

X(G) — 1 < x.(G) < x(G).

So x.(G) can be viewed as a refinement of x(G), and it contains more infor-
mation about the structure of the graph than x(G) does.

There are a few equivalent definitions of x.(G). In [8], the parameter
Xc(G) is defined through (k, d)-colorings of a graph. It can also be defined
through r-circular colorings of a graph. Readers are referred to [16] for the
proof of the equivalence of these definitions, and for a comprehensive survey
on this subject. In this paper, we shall only use the r-coloring defined above.

A graph H is called a minor of a graph G, if H can be obtained from G
by deleting some vertices and edges, and contracting some edges. A graph G
is called H-minor free if H is not a minor of G. The well-known Hadwiger’s
conjecture asserts that for any positive integer n, any K,-minor free graph
G is (n — 1)-colorable. If this conjecture is true, then for any K,-minor free
graph G, we have x.(G) < n—1. On the other hand, for any graph G with at
least one edge we have x.(G) > 2. This paper is motivated by the following
problem which was posed in [12]:

Question 1.1 Is it true that for any rational numbers 2 <r <n — 1, there
exists a K,,-minor free graph G with x.(G) =r ¢

This question has been studied in [4, 6, 14, 12]. In particular, the answer
is NO if n = 4. It was proved in [4] that for any K -minor free graph G,
Xc(G) is either equal to 3, or x.(G) < 8/3. So for 8/3 < r < 3, there is
no Ky-minor free graph with x.(G) = r. On the other hand, it was proved
in [6] that for any 2 < r < 8/3, there exists a K -minor free graph G with

Xe(G) =r.

For n = 5, Question 1.1 is answered in affirmative in [12]. It was proved
in [5] that for any 2 < r < 3, there is a planar graph G with x.(G) = r;
and proved in [12] that for any 3 < r < 4, there is a planar graph G with
Xc(G) = r. Since planar graphs are Kz-minor free we conclude that for every
2 <r <4, there is a Ks-minor free graph G with x.(G) =r.



In [14], it was proved that if n > 6, then for any 2 < r < n — 2, there is
a K,-minor free graph G with x.(G) =r.

In this paper, we shall answer Question 1.1 in affirmative for n > 5.

Theorem 1.1 If n > 5, then for any rational number 2 < r < n — 1, there
is a Kp-minor free graph G with x.(G) = r.

In case n = 5, for 2 < r < 4, we shall actually construct a planar graph
G with x.(G) = r. Although planar graphs with circular chromatic number
r (for 2 < r < 4) have been constructed before [5, 12], our construction and
proof are considerably simpler than the previous constructions and proofs.

2 Two terminal graphs and the labeling
method

To prove Theorem 1.1, we shall actually construct the required graphs. The
construction and the proof that the constructed graphs do have the required
properties are based on the labeling method of calculating the circular chro-
matic number of graphs. First we need the definition of a two-terminal graph
and the label set of a two-terminal graph.

Definition 2.1 A two-terminal graph is a triple (G;x,y) such that G is a
graph, x,y are two (not necessarily distinct) vertices of G. The two specified
vertices x and y are called the terminals of G. Suppose n > 3 is an integer.
We say a two-terminal graph (G;x,y) is strongly K,-minor free if G + xy
(i.e., add an edge xy to G) is K, -minor free.

Suppose (G;z,y) is a two-terminal graph and r is a real number. We
are interested in the possible images of y of an r-coloring f of G for which
f(z) = 0. We define the label set L,((G;z,y)) as follows:

Definition 2.2 Suppose (G;x,y) is a two-terminal graph and r > 1 is a real
number. The label set L,((G;x,y)) is defined as

L.((G;z,y)) = {te€]0,r): there exists an r-coloring f of G with
f@)=0, fly) =t}

When the terminals x,y are clear from the context, we write L, (G) for
L((G; 2, y))-



Lemma 2.1 For any two-terminal graph (G;x,y), t € L,(G) if and only if
r—tmod r € L, (G).

Proof. If f is an r-coloring of G with f(z) = 0 and f(y) = ¢, then g(v) =
r — f(v) mod r defines an r-coloring with g(x) = 0 and g(y) = r — ¢t mod r.
i

It is obvious that if G is r-colorable, then GG has an r-coloring f such that
f(z) = 0. Therefore L,(G) # O if and only if G is r-colorable. Thus x.(G)
is the minimum r for which L,(G) # . So one may calculate the circular
chromatic number by determining the label set L,.(G). We call this method
of determining the circular chromatic number of a graph the labeling method.

For two-terminal series-parallel graphs G (see definition in [4, 6]), the
label set L, (G) can be easily calculated recursively. For general two-terminal
graphs G, it is difficult to determine the label set L,(G). However, if G is
built on some simple structured graphs by using simple graph operations
(similar to series and parallel operations), then it may still be possible to
determine its label set. This is indeed what we shall do in our proofs. First
we define some “simple” graph operations on two-terminal graphs.

e (Parallel construction): Let (G;z,y) and (G';2',y’) be two disjoint
two-terminal graphs. Define G” to be the graph obtained from the
union of G and G’ by identifying x and 2’ into a single vertex z”, and
identifying y and ¢’ into a single vertex y”. The two-terminal graph
(G"; 2", y") is said to be obtained from (G;z,y) and (G';2',y') by the
parallel construction.

e (Series construction): Let again (G;z,y) and (G';2',y') be two disjoint
two-terminal graphs. Define G"” to be the graph obtained from the
union of G and G’ by identifying y and z’ into a single vertex. Then
the two-terminal graph (G”;x,y’') is said to be obtained from (G;x,y)
and (G';2',y') by the series construction.

e (kT-series construction): Let (G;z,y) and (G';2',y') be two disjoint
two-terminal graphs, and (G”,x,y’) be obtained from (G;z,y) and
(G';2',y") by the series construction defined above. Add k new ver-
tices xy, Ta, - - -, 1 which induces a K}, and join each z; to z,y and 7/'.
Denote the new graph by G*. Then (G*;z,y') is said to be obtained
from (G;z,y) and (G';2',y') by the k™t -series construction.

e (Diamond construction): Let (G;z,y) be a two-terminal graph. Define
G' to be the graph obtained from G by adding two new vertices ', v/,



and by joining each of x', 3’ to each of z,y by an edge. Then the two-
terminal graph (G';2’,%') is said to be obtained from (G;x,y) by the
diamond construction.

G G

(b) Series construction

X
X’ y’
/ )
y y

(c) 3" -series congtruction (d) Diamond construction

Figure 1: Illustration of the graph constructions

Suppose r > 2 is a real number. We shall view the real numbers in the
set [0,7) forming a circle (by identifying 0 and r), and denote this circle
by C”. For two points a,b € C", the distance between a and b is equal to
min{|a — b|,r — |a — b|}, i.e., it is equal to the length of the shorter arc of C”
joining a and b. Thus for any r-coloring f of a graph G, the points assigned
to two adjacent vertices of G are of distance at least 1.

For two distinct real numbers a, b € [0,7), we denote by [a, b], the interval
of C" goes from a to b along the clockwise (i.e., the increasing) direction. To
be precise, if a < b then the interval [a, ], contains all the real numbers ¢
such that a < ¢t < b; if @ > b then the interval [a,b], contains all the real
numbers t such that either a < ¢ < r or 0 < ¢ <b. When the real number r
is clear from the context, we shall write [a, b] for [a, b],.

For r = 3.5, the intervals [0.5, 2] and [2.5,0.2] are depicted in Fig. 1. The
length ¢([a, b,) of an interval [a, b], of C" is just the geometric length of that
interval on C, i.e., if a < b then {([a,b],) = b — a; if @ > b then {([a,b],) =
b+r—a. If AC0,r) is the union of disjoint intervals Xy, X5, - -+, X}, then
let ((A) =Xk 0(X;).



[25,0.2]

Figure 2: Illustration of the circle C” for » = 3.5 and intervals of C”

For two subsets A, B of C", we define
A+B={t:Ja€ Abe B,a+bmod r = t}.
For simplicity, we write t + B for {t} + B (t € [0,71)).
Lemma 2.2 1. If G" is obtained from G and G' by the parallel construc-

tion then

L.(G") =L, (G)N L.(G").
2. If G" is obtained from G and G' by the series construction then

Ly (G") = L(G) + L, (G").

3. If G" is obtained from G and G' by the k™ -series construction then

L.(G")y = {t:3se€ L. (G),s € L,(G"),s+ s mod r =t,
moreover, the set [1,r — 1]N[t+1,t—1]N[s+1,s—1]

contains k points pairwise of distance at least 1.}

Proof. (1) and (2) are obvious.

(3): Suppose f is an r-coloring of G” with f(z) = 0. Assume f(y) = s
and f(y') = t. Then certainly s € L,(G) and t — s mod r € L,(G'). Since
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each z; is adjacent to z,y,y', we conclude that f(x1), f(x2), -, f(zx) are k
points in the set [1,r —1]N[t+1,t —1]N[s+ 1, s — 1] which are pairwise of
distance at least 1.

Conversely, if s € L.(G), t — s mod r € L,(G") and
[L,r—=1Nnt+1L,t—1]N[s+1,s—1]

contains k points which are pairwise of distance at least 1, then the mapping
f(x) =0, f(y) =s and f(y') =t can be extended to an r-coloring of G”. 1

As shown in Lemma 2.2, to calculate the label set L,.(G) of a graph G,
one frequently needs to add two subsets of C". When the two subsets are
intervals of C”, then their sum can be easily determined. Lemma 2.3 below
is quoted from [6].

Lemma 2.3 Suppose A = [a,b], and B = [c,d],. If {([a,b],) + £([c,d],) > T
then A+ B = C"; if {([a,b],) + ¢([¢,d],) < 1 then A+ B = [a + ¢,b+d],
where the summations are carried out modulo r.

Note that if A = ) then for any set B, A+ B = Q.

3 The proof of Theorem 1.1

The remaining of this paper is devoted to the proof of Theorem 1.1. We shall
divide the proof into two parts:

A : For every n > 5, for every rational n —2 < r < n — 1, there is a
K,,-minor free graph G with x.(G) = r.

B : For each 2 < r < 3, there is a Kz-minor free graph G with x.(G) = r.

Observe that this suffices for the proof of Theorem 1.1. Assume that (A)
and (B) hold. Let n > 5 and r € [2,n—1]. Then r € [m — 2, m — 1] for some
m < n. If m =4 then by (B) there is a Ks-minor free (and hence K,-minor
free) graph G with x.(G) = r; if m > 5, then by (A) there is a K,,-minor
free (and hence K,,-minor free) graph G with x.(G) = r.

We prove (A) in this section and leave the proof of (B) to the next section.
Whenever we write a fraction p/q, we assume that p,q > 0 and (p,q) = 1
unless otherwise specified. It is well-known that for each fraction p/q with
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p,q > 1 (and (p,q) = 1), there are unique integers 0 < a < p and 0 < b < ¢
such that pb — ag = 1. We call the fraction a/b the lower parent of p/q,
denote it by p;(p/q) = a/b. Let o’ =p —a and b’ = ¢ — b. The fraction o'/t
is called the upper parent of p/q, and denoted by p,(p/q) = a’/b’. Observe
that

»(p/qa) <p/q < pu(p/q)-

Moreover, since a'b—ab' = (p—a)b—a(q—b) =pb—qga =1, s0if a < @' then
p(a' /b)) = a/b. Tt is also easy to see that in case a > a' then p;(a’/V') < a/b.

Theorem 3.1 Ifn > 5, then for each rational n —2 < p/q < n—1, there is
a K,-minor free graph H with x.(H) = p/q.

The following lemma is well-known and will be used in proving a graph
is K,,-minor free:

Lemma 3.1 Suppose G is a graph and X is a vertex cut of G which induces
a complete graph. Assume G1,Gs,---, Gy, are the components of G — X.
Then G contains K, as a minor if and only if there is an index 1 < j < m
such that the subgraph of G induced by V(G;) U X contains K,, as a minor.

What we shall use in our proofs is the following special case of Lemma
3.1:

Corollary 3.1 Suppose G is a graph and {z,y} is a 2-vertex cut of G. As-
sume Gy1,Gq,- -+, Gy, are the components of G — {x,y}. For each i, let H;
be obtained from the subgraph of G induced by V(G;) U {x,y} by adding the
edge xy. If each H; is is K,-minor free, then G is K,-minor free.

Lemma 3.2 If n > 5, then for each integer k > 1, there is a strongly K, -
minor free two-terminal graph (Hg;x,y) such that forn —2 < r < ((k —
1)(n—=2)+1)/(k—1),

L.(Hy)=[(n—2)k—(k—1)r, kr — (n—2)k].

Moreover, forr <n — 2,
L.(Hy) = Q.

Proof. Let K, ; be the complete graph with vertices x,y, x1, 2, -, T 3,
and let H; = K, | — e, where e = zy. Consider the two-terminal graph
(Hy;x,y), which is strongly K,-minor free. For n —2 < r < n — 1, the label
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set L,(H;) can be determined as follows: Since H; + zy = K,,_; which is
not r-colorable, we conclude that for any r-coloring f of H; with f(z) =0,
fly) = t, we have t € (r —1,1). Since f(z1), f(z2),- -, f(xn—3) are n — 3
points in [1,7 —1]N[t+1,¢t+r — 1], which are pairwise of distance at least 1.
So [1,r—1]N[t+1,t+r —1] is an interval of length at least n —4. Therefore
t € [n—2,7r— (n—2)]. Conversely for any t € [n — 2,7 — (n — 2)], let
f(z) =0, f(y) =t, then f can be extended to an r-coloring of H;. Therefore

L(H) = [0~ 27— (n-2)]
Since H; contains a copy of K,_s, so forr <n —2, L.(H,) = Q.

For k£ > 2, let Hj be obtained from Hy_; and H; by the series con-
struction. By applying Corollary 3.1, it is easy to see that Hj are strongly
K,-minor free. We shall prove by induction that for n — 2 < r <
(n—2)(k—1)+1)/(k—1), we have

L.(Hy) =1[(n—2)k— (k—1)r, kr — (n — 2)k].

For k = 1, the conclusion has been proved aleady. Assume for n —2 <r <
(n=2)(k=2)+1)/(k - 2),

Lo(Hp_)) = [(n—2)(k—1) — (k — 2)r, (k—1)r— (n—2)(k —1)].

Note that ((n — 2)(k— 1)+ 1)/(k— 1) < ((n — 2)(k — 2) + 1)/(k — 2). So for
n—2<r<((n—2)k-1)+1)/(k—1),

L(Hy) = Li(Hy )+ L(H)
= [(n=2)k=1)—(k=2)r, (k—1)r—(n—2)(k—1)]
+[n—2,7—(n—2)].
The sum of the lengths of these two intervals is
20k —Dr—(n—=2)(k—=1))+2(r— (n—2)) = 2kr — 2(n — 2)k.

It follows from the condition r < ((n — 2)(k — 1) +1)/(k — 1) that 2kr —
2(n — 2)k < r (note that this is not true if n = 4 and k£ = 2, which explains
why n = 4 is different). By Lemma 2.2,

L.(Hy) =1[(n—2)k— (k—1)r, kr — (n— 2)k].
|

Lemma 3.3 Ifn > 5, then for each rationaln —2 < p/q < n—1, there is a
strongly K,-minor free two-terminal graph (G;z,y) such that for p;(p/q) <
r<(p—-n+2)/(¢—1),

L(G)=[p—-1-(¢—1r, gr—p+1].

9



Moreover, for r < pi(p/q),
L.(G) =0.

Proof. We shall prove this lemma by induction on the denominator ¢. If
p/q = (k(n —2) + 1)/k for some integer k, then p;(p/q) = (n —2)/1. We
let G be the graph Hj defined in the proof of Lemma 3.2. The conclusion
follows from Lemma 3.2. If ¢ = 2 then p = 2(n — 2) + 1, which is the case
discussed above.

Assume now that p/q # (k(n—2)+1)/k for any integer k£ and ¢ > 3, and
assume that Lemma 3.3 is true for all p'/¢’ with ¢’ < ¢q. Let a/b = p;(p/q).
Then b/a # (n —2)/1 (i.e., b > 2). By our induction hypothesis, there is a
strongly K,-minor free two terminal graph (G'; 2',y') such that for p;(a/b) <
r<(a—n+2)/(b—1),

L (G")Y=la—1—(b—1)r, br —a+1].

Let @ be obtained from G’ and K5 by the parallel construction. Then @
is strongly K,-minor free. By Lemma 2.2, for r < a/b, L.(Q) = @, and for
a/b<r<(a—n+2)/(b—1),

LQ = L(G)NL(K)
= [la=1—=((b—-Drbr—a+1]N[1,r—1]
= [, br—a+1]UJa—1—(b—1)r,r—1].

Fig. 3 below illustrate the intersection of L,(G’) and L,(K}).

[a1-(b-Dr, br-at+l]

[a1-(b-D)r, br-at+l]

Figure 3: Illustration of the intersection of L,(G') N L,(K>)

Let G" be obtained from two copies of ) by an (n—4)"-series construction.
By applying Corollary 3.1, we conclude that G” is K,-minor free (note that
the two terminal of each copy of @ is a cut set of G").
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We shall prove that for a/b <r < (a—n+2)/(b—1),
L.(G"Y=la— (b—1)r,br — a.
By Lemma 2.2, t € L,(G") if and only if there are s,s" € L,(Q) such that
t = s+ s mod r and the set [1,r — 1] N[t + 1, —1]N[s+1,s — 1] contains
n — 4 points which are pairwise of distance at least 1. If s € [1, br — a + 1]

and ' €jla—1—(b—1)r,r—1]thent € a—1—(b—1)r+s,s—1]. In this
case,

[L,r—=1nit+1L,t—1N[s+1,s=1]=[s+1,t—1]or [s+1,r—1].

Since r < (a —n +2)/(b— 1), we have

r—1—(s+1)>t—-1—(s+1)>(a—1—-(b—-1)r+s)—1—(s+1) >n—>=5.

[t-1, t+1]

[t-1, t+1]

Figure 4: Illustration of the interval [s +1,¢ — 1] for s € [1, br —a + 1] and
sela—1—(b-1r,r—1]ors €[l, br—a+1]and s € [a—1—(b—1)r,r—1]

This means the set [s+1,¢—1] is an interval of length at least n—5. Hence

it contains n — 4 points which are pairwise of distance at least 1. Therefore,
t e L.(G").

Ifsejla—1—(b—1)r,r—1]and s' € [1, br —a+ 1] then t € [1+s, (b—
1)r —a+ 1+ s]. In this case,

L,r—=1Nnit+1,t—1N[s+1,s=1]=[t+1,s—1]or [1,s—1].

Since r < (a —n + 2)/(b— 1), we have

s—1-1>s—-1—-(t+1)>s—1—-((b—-1)r—a+1+s+1)>n-—>5.
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For the same reason as above, t € L, (G").

Ifse[l, br—a+1]and ¢’ € [1, br —a+1] thent € [1+s,br —a+1+s.
In this case,

Lr—=1Unt+Lt—=1N[s+1,s—1]=[t+1r—1].

Since r <n—1,wehaver —1 —(t+1) <r—1—(2+1) <n—>5. This
means the set [s + 1,¢ — 1] is an interval of length less than n — 5. Hence

it does not contain n — 4 points which are pairwise of distance at least 1.
Therefore, t ¢ L,(G").

Ifsefa—-1-—(b-1r,r—1]and s € [a—1— (b —1)r,r — 1] then
tela—1—(b—2)r+s,s—1]. In this case,
[L,r=1Nnit+1L,t—1N[s+1,s—1] =[1,¢t—1].

Sincer <n—1,wehavet—1—1<r—2—-2<n—>5. For the same reason
as above, t € L.(G").

[t-1, t+1]

1, N

Figure 5: Illustration of the interval [s +1,¢ — 1] for s, s’ € [1, br —a+1] or
s,s €la—1—(b—1)r,r —1]

Therefore
L.(G"Y=]a— (b—1)r,br — a.

Now we consider two case. If ¢ =b+1 then p=a+n —1 and p,(p/q) =
(n —1)/1. In this case, we let G be obtained from G" and H; by the series
construction. By Corollary 3.1, GG is strongly K,,-minor free. By Lemma 2.2,
fora/b<r<(p—-n+2)/(¢g—1) <(a—n+2)/(b—1),

L(G) = L.(G")+ L,(H)
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= [a—(b—1)rbr —al+[n—2,7—n+ 2]
= [(a+n—1)—1—((b+1) =, (b+1)r— (a+n—1)+1]
b1 (g-Drar—p 1l

If ¢ > b+2 then let " /0" = (p —a)/(¢ — b) = pu(p/q). By the induction
hypothesis, there is a strongly K,-minor free two-terminal graph G* such
that for p;(a"/b") <r < (a" —n+2)/(0" —1),

L. (G)=[d"—1—= (" = 1)r,b"r —a" +1].

Let G be obtained from G"” and G* by the series construction. By Lemma
3.1, G is strongly K,-minor free. By Corollary 2.2, for a/b < r < (p —n +

2)/(¢=1) < (a—n+2)/(b-1),
L(G) = L.(G")+ L.(G")
= la—(b-1)r,br —al+[a"—1—= (" = 1)r,b"r —a" + 1]
[(a+a")—1—= b+ —Dr,(b+0")r—(a+d")+1]
= p-1-(¢—Drgr—p+1].
This completes the proof of Lemma 3.3. i

Proof of Theorem 3.1: Suppose n — 2 < p/qg < n — 1. By Lemma 3.3,
there is a strongly K,-minor free two terminal graph G' with

L(G)=[p—1—(¢g—1)r,qr—p+1].

Let H be obtained from G and K, by the series construction. Then H is a
K,-minor free. Since L,(K,) = [1,7 — 1], by using Lemma 2.2, it is easy to
verify that L,(H) # O if and only if r > p/q. Therefore x.(H) = p/q. This
completes the proof of Theorem 3.1.

4 Proof for the case 2 <r <3

The case 2 < r < 3 of Theorem 1.1 was already known. It was first proved
in [5], and then a simpler proof was given in [11]. In this section, we give an
alternate proof, which is based on the same idea of labeling as the proof of
the main part of Theorem 1.1. However, the technique is different from the
proof of part (A).

Assume 2 < r < 3. We shall construct a planar graph (which is then a
Ks-minor free graph) G with x.(G) = r.

We say a two-terminal graph (G;z,y) is strongly planar if G + zy is a
planar graph.
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Lemma 4.1 Suppose p/q € (2,3) and that p(p/q) = a/b.  There
is a strongly planar two-terminal graph (G;x,y) such that for each

afb<r<(p=2)/(¢-1),
L(G)=[p—-3-(¢—2)r,(¢—1)r—p+3].
Moreover, if r < a/b then

L. (G) = 0.

Proof. First we consider the case p/q = (2k + 1)/k for some k£ > 2. In this
case, pi(p/q) = 2/1. Let G = Py, o be the path of length 2k — 2 with the
two ends as the two terminals. It is obvious that for r < 2, L,(G) = .

Now we shall prove by induction that for j > 1, for 2 <r < #,

Le(Pyj) = [2) = (5 = V), jr — 23]

It follows from the definition L,(P;) = [1,7 — 1]. Since P, is obtained
from two copies of P, by the series construction, we have

L.(P) = L.(P)+ L,(P) =[2,r —2].
Assume that for 2 <r < 2%,
Ly (Pyj) = (2 — (4 — D)r, jr — 27].
Since Py(j41) is obtained from P; and P by the series construction, we have
Ly (Pyj1)) = Le(Pyj) + Lo (P) = (2] — (7 — V), jr — 25] + (2,7 — 2].

The length of [25 — (j — 1)r, jr — 2j] is equal to 2(jr — 2j) and the length
of [2,7 — 2] is equal to 2(r — 2). So the sum of the two lengths is equal to
(27 +2)r — (47 +4). Assume that

2j +3

r <
j+1

b

which implies that
(27 + 2)r < 4j + 6.

Therefore
(27 +2)r—(4j+4)<2<r.

Therefore
27— (= Vrgr—=25]+[2,r =2 =[2(j + 1) — jr, (j + 1)r — 2(j + 1)].
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So for any k > 1, we have

Lo(Poys) = [2k—2—(k—=2)r,(k—1)r— (2k — 2)]
= [p-3-(¢—=2)r,(¢—1)r—p+3].

We shall prove that Lemma 4.1 is true for p/q € (2,3) by induction on
the denominator ¢. If ¢ = 2 or p;(p/q) = 2/1, then p = 2¢ + 1, which has
been proved above. Assume ¢ > 3, and assume that p;(p/q) = a/b # 2/1.
By the induction hypothesis, there is a strongly planar two-terminal graph
G' such that for p;(a/b) <r < (a —2)/(b—1), we have

L(GY=[a—3—(b—2)r,(b—1)r —a+3.

First we observe that (p —a)/(¢ —b) > p/q > 2, which implies that
p—2)/(g—1) < (a—2)/(b—1). So fora/b <r < (p—2)/(qg—1), the
equality

L, (G)Y=[a—=3—-(b—-2)r,(b—1)r —a+ 3]
holds.

Let G” be obtained from G’ and P; by the series construction. By noting
that r < (a — 2)/(b— 1), we have

L(G") = L.(G")+ L.(P)
[a—2—(b—1)r,br —a+2].

Let G! be obtained from G” by the diamond construction.
Claim L,(GY)=][a— (b—1)r,br — a.

Proof of the claim: First we show that [a — (b — 1)r,br —a] C L,(GY).
By symmetry, it suffices to show that [0,br — a] C L.(G'). For any 0 < t <
br — a, we define an r-coloring f of G! as follows: f(2') = 0, f(y') =t and
f(x) =1+br—a, f(y) =r—1. Since f(y) — f(z) € L.(G"), we know that
f can be extended to an 7-coloring of G”, and hence an r-coloring of G'.

Conversely, assume that ¢ € [a — (b — 1)r,br — a]. Again by symmetry,
we may assume that br —a < t < r/2. We shall prove that the mapping
f(z') =0 and f(y') = t cannot be extended to an r-coloring of G'. Assume
to the contrary that f is extended to an r-coloring of G!. Since L,(G") =
[a—2—(b—1rbr—a+2], |f(x) = fly)l, > a—2—(b—1)r. If any of
f(z), f(y) is in the interval [0, t], then ¢t > 2, contrary to the assumption that
t < r/2 < 2. Without loss of generality, assume that f(xz) < f(y). Then
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the circle C" is divided into 4 arcs [0, ¢], [¢, f(x)], [f(x), f(y)], [f(y),0]. So the
total length of the circle is

ro= t+(f@) =)+ (fy) - f@) + (r = f(y))
> t+1+(a—2—-(b—-1r)+1
> br—a+1+(@—2—-(b—-1)r)+1

T

which is an obvious contradiction. This completes the proof of the claim.

Let pu(p/q) = ' /U. If o'/ < 3, then by induction hypothesis, there
exists a graph G* such that

! !
-2
LG =[d —3— (b —2)r, () —1)r —d’ + 3], for pl(%) <r< Z,_ :

and .

a
L.(G*) =0 for r < pl(y).

If a'/b' = 3 then let G* = K, (with the two-terminals being the same vertex)
and with L,(G") = {0}.

We construct G from G' and G* by the series construction. It is obvious
that G is strongly planar and

L(G) = L(G")+ L,(G")
= [a—(b-1)rbr—al+[d—=3—-0" —=2)r,(t' —1)r —ad’ + 3]
= [(a+d)=3=(0b+b-=2)r,(b+V —1)r—(a+a)+3]
= p=3-(=2r,(¢-Dr—p+3]

This completes the proof of Lemma 4.1. [ |

Theorem 4.1 For each rational number 2 < p/q < 3, there is a strongly
planar two-terminal graph H with x.(H) = p/q.

Proof. By Lemma 4.1, there is a strongly planar two-terminal graph (G; z, y)
such that for p;(p/q) <r < (p—2)/(qg—1),

L(G)=[p=3-(¢=2r,(¢=)r—p+3],

and for r < a/b,
L,(G) = 0.
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Let H be obtained from G and P; by the parallel construction. Then H is
planar and for p;(p/q) <r < (p—2)/(¢ — 1),

L.(H) = L,(G)N L.(P).
Since L,.(P3) = [3 —r,2r — 3], it is easy to verify that L,.(H) # O if and only
if r > p/q. So x.(H) =p/q. _

Remark For 3 < p/q < 4, the Ks-minor free graph H with x.(H) = p/q
constructed in the proof of Theorem 3.1 is actually a planar graph. Together
with Theorem 4.1, we have presented an alternate proof of the results of [5]
and [12], i.e., every rational number between 2 and 4 is the circular chromatic
number of a planar graph. This proof is based on a different idea and is much
simpler than the original proofs.

References

[1] J. A. Bondy and P. Hell, A note on the star chromatic number, J. Graph
Theory 14 (1990), 479-482.

(2] B. Bauslaugh and X. Zhu, Circular coloring of infinite graphs, Bulletin
of The Institute of Combinatorics and its Applications, 24(1998), 79-80.

[3] C. Chien and X. Zhu, The circular chromatic numbers of series-parallel
graphs of large girth, J. Graph Theory, 33(2000), 185-198.

[4] P. Hell and X. Zhu, The circular chromatic numbers of series-parallel
graphs, J. Graph Theory, 33(2000), 14-24.

[5] D. Moser, The star-chromatic number of planar graphs, J. Graph Theory
24 (1997), 33-43.

(6] Z. Pan and X. Zhu, Density of the circular chromatic numbers of series-
parallel graphs, manuscript, 1999.

(7] Z. Pan and X. Zhu, Circular chromatic number of series-parallel graphs
of large odd girth, Discrete Mathematics, to appear.

18] A. Vince, Star chromatic number, J. Graph Theory 12 (1988), 551-559.

9] X. Zhu, Graphs whose circular chromatic number equal the chromatic
number, Combinatorica, 19(1999), 139-149.

[10] X. Zhu, Star chromatic numbers and products of graphs, J. Graph The-
ory 16 (1992), 557-569.

17



[11] X. Zhu, A simple proof of Moser’s theorem, J. Graph Theory, 30(1999),
19-26.

[12] X. Zhu, Planar graphs with circular chromatic numbers between 3 and
4, J. Combin. Th.(B), 76(1999), 170-200.

[13] X. Zhu, Construction of uniquely H-colorable graphs, J. Graph Theory,
30(1999), 1-6.

[14] X. Zhu, Circular colouring and graph minors, Taiwanese Journal of
Mathematics, 4(2000), 643-660.

[15] X. Zhu, Circular coloring and graph homomorphisms, Bulletin of the
Australian Mathematical Society, 59(1999), 83-97.

[16] X. Zhu, Circular chromatic number, a survey, Discrete Mathematics,
Vol. 229 (1-3) (2001), 371-410.

18



