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Abstract

This paper designs a set of graph operations, and proves that for
2 < k/d < 3, starting from K, /d» by repeatedly applying these oper-
ations, one can construct all graphs G with x.(G) > k/d. Together
with the result proved in [20], where a set of graph operations were
designed to construct graphs G with x.(G) > k/d for k/d > 3, we
have a complete analogue of Hajoés’ Theorem for the circular chro-
matic number.

1 Introduction

The circular chromatic number (also known as the star chromatic number)
of a graph is a natural generalization of the chromatic number of a graph.
There are quite a few equivalent definitions of the circular chromatic number
of a graph. Suppose r > 2 is a real number. For a graph G = (V, E),
an r-colouring f of G is a mapping f : V' — [0,7) such that for every
edge zy of G, 1 < |f(x) — f(y)| < r — 1. For any real number r and for
0 <z < let |z[, = min{|z|,r — |z|}. Then an r-colouring f of G is a
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mapping f : V — [0,7) such that |f(x) — f(z)|, > 1 for every edge xy of G.
The circular chromatic number x.(G) of a graph G with at least one edge
is the infimum of those r for which G has an r-colouring. It can be verified
[17] that in case r = k/d is a rational number, then G is r-colourable if and
only if there is a mapping f : V' — {0,1,---,k — 1} such that for any two
adjacent vertices x and y of G, we have d < |¢(z) — ¢(y)| < k — d. Such
a mapping is called a (k, d)-colouring of G. An equivalent definition of the
circular chromatic number is that x.(G) is equal to the infimum of the ratio
k/d for which there exists a (k, d)-colouring of G. (See [10, 17] for the proof
of the equivalence).

For k > 2d, let Kj/q be the graph with vertex set {0,1,---,k — 1}, in
which ¢ is adjacent to j if and only if d < |i — j| < k —d. (The graph Ky 4
is also denoted by G% in the literature.) Then a (k, d)-colouring of a graph
G is simply a homomorphism (i.e., edge-preserving vertex mapping) from G
to Kj/q. Observe that if d = 1, then K}/, is the complete graph K, and a
homomorphism from G to K} is equivalent to a k-colouring of G. For any
graph H, a homomorphism from a graph G to H is called an H -colouring of
G. In the study of the circular chromatic number of graphs, the graphs K} /4
play the same role as the complete graphs in the study of chromatic number
[14, 17]. We call the graphs K4 the circular complete graphs.

Many questions concerning the chromatic number of a graph have been
studied in the framework of circular chromatic number. Quite a few classical
results concerning the chromatic number of graphs have been generalized to
results concerning the circular chromatic number. For example, it was shown
in [11] that for any r > 2, there are graphs G of arbitrary large girth and
with x.(G) = r (see [17] for a constructive proof). As a complement to the
Four Colour Theorem, it was shown in [5, 8, 15, 16] that a rational number r
is the circular chromatic number of a non-trivial planar graph if and only if
2 <r <4. 1Inl4, 13], it is shown that if n > 5, then for any rational number
2 <r < n—1 there is a K,-minor free graph G with x.(G) = r.

Hajos’ theorem is one of the classical results in the field of graph colouring.
It says that all graphs G with x(G) > k can be constructed from copies
of Kj by repeatedly applying three operations: adding veritces and edges,
identifying nonadajcent vertices, and applying Hajés’ sum. Here the Hajos’
sum of two graphs G' and G’ is the graph obtained from the vertex disjoint
union of G and G’ by deleting an edge xy from G, an edge z'y’ from G,
identifying = and 2’, adding an edge joining y and y'. (This operation is
actually the series connection of G and G', as defined in [7] for matroids).

The problem of finding an analogue of Hajés” theorem [3] for the circular
chromatic number and for general H-colouring was discussed in [6, 12, 20, 17].



Recently, a set of graph operations was designed in [20], and it was proved
there that for k/d > 3, starting from the graph K} 4, by repeatedly applying
these graph operations, one can construct all graphs G with x.(G) > k/d.
However, those graph operations do not work for the case k/d < 3. In this
paper, we design another set of graph operations, and prove that for 2 <
k/d < 3, starting from the graph K4, by repeatedly applying these graph
operations, one can construct all graphs G with x.(G) > k/d. Together with
the result proved in [20], this gives a complete analogue of Haj6s’ theorem
for the circular chromatic number.

There is a strengthening of Hajdés’ theorem, i.e., Ore’s theorem, in which
the Hajés’ sum and the identification of nonadjacent vertices are combined
into a single operation: Ore’s operation, which is to take the Hajos” sum of
G and G’ and then identify some pairs of nonadjacent vertices, where each
pair consists of one vertex from G and one vertex from G’. Ore’s Theorem
says that starting from copies of K}, one can construct all graphs G with
X(G) > k by repeatedly applying the two operations: (1) adding vertices and
edges and (2) the Ore operation defined above. Ore’s theorem is very much
similar to Haj6s’ theorem. However, there are some applications [1] of Ore’s
theorem where it cannot be replaced by Hajés’ theorem. What we shall prove
in this paper is indeed a generalization of Ore’s theorem to circular chromatic
number.

2 A set of graph operations

This section presents 5 graph operations which do not decrease the circular
chromatic number. Operation 1 is an operation which was used in [20] as
well. The other operations are new. For the completeness of this paper, we
shall also include the short proof that Operation 1 does not decrease the
circular chromatic number.

Operation 1

Given 2k + 1 (k > 1) graphs Gy, G1,Gs,---,Go. Fori =0,1,2,---,2k,
let e; = x;y; be an edge of G;. Let Cyy1 = (co,c1,---,c2,) be a cy-
cle of length 2k + 1. Construct a new graph from the disjoint union of
Go, Gl, GQ, tre ng, C2Ic+1 as follows:

e delete the edges ¢;, for i =0,1,2,---, 2k,

e identify all the x;’s into a single vertex and name it x,



e identify y; and ¢; for i =0,1,2,---,2k.

We shall denote the resulting graph by S1(Go, e, G1, €1, Ga, e, -+, Goy, €2,
or simply by 5] if the graphs GG; and edges e; are clear from the context.

Let f : S| — Z be a mapping such that for each j € Z, f7'(j) is an
independent set of S;, and moreover for each Gy, |f~'(j) N V(G;)| < 1.
Then for each j € Z, we identify all vertices of f~!(j) into a single vertex.
We denote the resulting graph by S}, and call S} a graph obtained from
Gy, G1, Gy, - - -, Go, by Operation 1. (Observe that from Gy, Gy, G, - - -, Ga,
one can construct many graphs S}. By an abuse of notation, we use S} to
denote any such a graph).

Note that the second step in the construction above is to identify some
nonadjacent vertices. The first half of the operation corresponds to Hajos’
sum, where the whole operation corresponds to an Ore operation.

Figure 1: The graph S; (each shaded area represents a G; — €;)

Lemma 1 Ifk > 1 and x.(G;) > r > 2 fori =0,1,---,2k, then x.(S7) >
XC(SI) Z r.

Proof. Since identifying nonadjacent vertices does not decrease the circular
chromatic number, it suffices to prove that x.(S1) > r. We refer to Fig. 1 for
the names of the vertices. Assume to the contrary that for some r’ < r, there
is an r'-circular colouring of S;. Since x.(G;) > r for each i, we conclude that
|f(xz) — f(e;)|» < 1. Without loss of generality, we assume that f(z) = 1.
Then for each i, 0 < f(¢;) < 2. Without loss of generality, we may assume
that 0 < f(co) < 1. Then since |f(¢;) — f(cit1)|, > 1fori=0,1,---,2k — 2,

4



by induction, we conclude that 0 < f(cp;) < 1 and 1 < f(cgj41) < 2.
Therefore 0 < f(co), f(cor) < 1. But this is a contradiction, as cyey is an
edge (which implies that |f(co) — f(cor)|w > 1). i

To be consistent with the labels in [20], our next operation is called Op-
eration 4.

Operation 4

Suppose k > 3, Gy, G4, +,Gy_1 are graphs and for i =0,1,--,4k — 1,
e; = x;y; is an edge of G;. Let Cy, = (co,c1,- -+, cap_1) be a cycle of length
2k. Construct a new graph from the disjoint union of Gy, Gy, -+, G4r_1 and
Oy, as follows:

e delete the edge e; from G;, for e =0,1,---,4k — 1,

e indentify xg,zqy,---,29,_; into a single vertex x, and for
1=20,1,---,2k — 1, identify y; with ¢;,

o for ¢ =2k, -, 4k — 1, identify x; with ¢;_o and y; with ¢;_of3, Where
the addition is modulo 2k.

We shall denote the resulting graph by Sy(Go, e, -+, Gag_1, €4x—1) or simply
S, if the G;’s and e;’s are clear from the context.

Let f : Sy — Z be a mapping such that for each j € Z, f7'(j) is an
independent set of Sy, and moreover for each Gy, |f~'(j) N V(G;)| < 1.
Then for each j € Z, we identify all vertices of f~!(j) into a single vertex.
We denote the resulting graph by S}, and call S} a graph obtained from
Go,G1,Ga, -+, Gye_1 by Operation 4.

Lemma 2 If x.(G;) > r fori=0,1,---,4k — 1, then x.(S5) > x.(S1) > r.

Proof. Assume to the contrary that there is an ' < r and an r’-colouring f
of S4. Similarly as in the proof of Lemma 1, we shall frequently use the fact
that |f(z;) — f(yi)|» < 1fori=0,1,---,4k — 1 (note that z;,y; will have
different names in the graph Sy).

Without loss of generality, we may assume that f(x) = 1. Since x.(G;) >
r for each i, |f(¢;) — f(x)|» < 1, fori=0,1,---,2k — 1. So 0 < f(¢;) < 2.
Without loss of generality, we assume that 0 < f(¢p) < 1. Since ¢;c;yq i
an edge of Sy, we know that |f(c;) — f(¢iy1)]» > 1. Then by induction we
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Figure 2: The graph S, (each shaded area represents a G; — €;)

can prove that 0 < f(cgj) < 1 and 1 < f(egj41) < 2 for j

— 0,1, k—1.
Without loss of generality, we may assume that f(cs) < f(co)-

As cycg is an edge of Sy, we have |f(c3) — f(e2)|r > 1. A
and ¢3 = Yo, we have |f(c3) — f(co)| < 1. So either f(e3) — f(c) < 1 or
Fles) — flco) > 1 — 1 (note that f(cs) > f(co)). But fles) — flep) > 1’ — 1
would imply f(c3)— f(e2) > r'—1, contrary to the fact that | f(c3)— f(c2)| >
1. Therefore we conclude that f(c3) — f(co) < 1. As f(c1) — f(co) > 1, we
know that f(c1) > f(cs).

Similarly as above, we have |f(c3) — f(cq)|» > 1 and |f(c1) — f(ca) | < 1.
So either f(c1) — f(eq) < 1or f(ey) — f(ca) > 1" — 1. But f(e1) — fleq) <1
would imply that f(c3)—f(ca) < 1, contrary to the fact that |f(c3)—f(ca)| >
1. Hence we have f(c1) — f(ca) > ' —1. As f(c1) — f(ca) < 7' —1. Therefore
flea) < flea).

Repeat this argument (or by induction), we can prove that f(cgji2) <
f(ezj) and f(egjp1) < f(ej—) for j =0,1,---,k — 1. Therefore f(cy—1) <
f(c3). However, f(c3) — f(co) < 1. So 0 < f(eap—1) — f(co) < 1, contrary to
the fact that cycor_1 is an edge of Sy. [ |

Operation 5

Suppose k > 1, Gy, G, -+ -, G0 are graphs, and for ¢ =0,1,---, 4k + 2,
e; = x;y; is an edge of G;. Let Por1 = (po,p1,- -+, Pak+1) be a path of length
2k + 1. Construct a new graph from the disjoint union of Gy, Gy, -, Gar12



and Py, as follows:

e delete edge e; from G, for i =0,1,---,4k + 2,

e identify xg,z1, -+, 70,11 into a single vertex =z, and for
1=0,1,---,2k + 1, identify y; with p;,

e add two vertices u, v, connect each of v,u to z by an edge, connect u
to py by an edge, and connect v to pgri1 by an edge,

o fori =0,1,---,2k — 2, identify p; with x;, 95,2, and identify p;, 3 with

Yit+2k+25

e identify x4, with u, ysy1 with pg, and identify x4, 0 with v, y4ri0
with Pok—1-

We shall denote the resulting graph by S5(Go, eq, - - -, Gagro, €4642) Or simply
S5 if the G;’s and e;’s are clear from the context.

Let f : S5 — Z be a mapping such that for each j € Z, f7'(j) is an
independent set of S5, and moreover for each Gy, |f~'(j) N V(G;)| < 1.
Then for each j € Z, we identify all vertices of f~!(j) into a single vertex.
We denote the resulting graph by SZ, and call S¢ a graph obtained from
Go,G1,Ga, - -+, Gyryo by Operation 5.

Lemma 3 If x.(G;) > r fori=0,1,---,4k + 2, then x.(S5) > x.(S5) > r.

Proof. Assume to the contrary that there is an ' < r and an r’-colouring f
of 55.

Without loss of generality, we may assume that f(x) = 1. Since x.(G;) >
r for each i, |f(p;) — f(x)|» < 1, for i =0,1,---,2k+1. So 0 < f(p;) <2
fori =0,1,---,2k + 1. As p;p;11 is an edge, we have |f(p;) — f(pir1)] > 1.
Without loss of generality, we assume that 0 < f(py) < 1. Then similarly as
the proof of Lemma 2, we can prove that 0 < f(ps;) < land 1 < f(cpji1) < 2

forj=0,1,---,k.

First we consider the case that f(p2) < f(po). Since uzx is an edge of
Ss, either f(u) = 0 or f(u) > 2. As 0 < f(p2) < 1 and up, is an edge
of S5, we conclude that f(u) # 0. But |[f(u) — f(po)|»» < 1. Therefore
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Figure 3: The graph S5 (each shaded area represents a G; — €;)
f(u) = f(po) > r" — 1. But this implies that f(u) — f(p2) > r’ — 1, contrary
to the fact that up, is an edge of Ss.

Assume now that f(ps2) > f(po). Similarly as in the proof of Lemma 2, one
can show that f(pojre) > f(p2;) and f(pajr1) > f(pej—1) for j =0,1,--- k.
In particular, f(pox+1) > f(pak_1). As vz is an edge of S, either f(v) =0
or f(v) > 2. On the other hand, we must have |f(v) — f(pog+1)|~ > 1 and
|f(v) = f(Par—1)|w < 1.

If f(v) =0, then f(por—1) > 1" — 1 which implies that f(pags1) > 7" — 1,
contrary to the fact that |f(v) — f(pog+1)|m > 1.

If f(v) > 2then |f(v)—f(pok+1)|~ > 1implies that f(v)—f(pags1) > 1 (as
f(pok+1) < 2). Hence f(v) — f(por_1) > 1. Therefore |f(v) — f(por_1)|» > 1
(as f(pak—1) > 1, 80 f(v) — f(pak—1) <’ —1). This is a contradiction. W
Operation 6

Suppose k > 2, Gy, Gy, --,Gy are graphs, and for i
e; = x;y; is an edge of G;. Let Po = (po, p1,

0,1,---,4k,
Construct a new graph from the disjoint union of Gy, G, -+, G4 and Py as
follows:

-, p2r) be a path of length 2k.
e delete the edges e;, for e = 0,1, .-, 4k,

e identify zg, 21,

-, X9k into a single vertex x, and for ¢ = 0,1,---, 2k,



identify y; with p;,

e add two vertices u, v, connect each of v,u to x by an edge, connect u
to pp by an edge, and connect v to py, by an edge,

o fori=0,1,---,2k — 3, identify ¢; with z;, 01, and identify ¢;, 3 with
Yit2k+1,

e identify x4,_1 with u, y4_1 with py, and identify x4, with v, y4, with
2.

We shall denote the resulting graph by Sg(G, €o, - - -, Gax, €4x) or simply Sg
if the G;’s and e;’s are clear from the context.

Let f : S¢ — Z be a mapping such that for each j € Z, f~1(j) is an
independent set of Sg, and moreover for each Gy, |f~'(j) N V(G;)| < 1.
Then for each j € Z, we identify all vertices of f~!(j) into a single vertex.
We denote the resulting graph by S¢, and call S; a graph obtained from
Gy, G1,Ga, -+, Gy by Operation 6.

Figure 4: The graph Sg (each shaded area represents a G; — ¢;)

Lemma 4 If x.(G;) > r fori=0,1,--- 4k, then x.(S§) > x(Se) > r.



Proof. Assume to the contrary that there is an ' < r and an r’-colouring f
of SG-

Without loss of generality, we may assume that f(x) = 1. Since x.(G;) >
r for each 4, |f(p;) — f(z)|» < 1, for i = 0,1,---,2k. So 0 < f(p;) < 2 for

t = 0,1,---,2k. Similarly to the proof of Lemma 2, we may assume that
f(po) < 1, which then implies that 0 < f(cy;) < 1 and 1 < f(cj41) < 2 for
j=0,1,--- k. Use the same argument as in the proof of Lemma 2, we can

show that either for all 7,

1> f(p2y) > f(p2j—2) >0, and 2> f(paj1) > f(p2j-1) > 1

or for all 7,

0 < f(p2y) < f(p2j—2) <1, and 1 < f(pojt1) < f(p2j-1) < 2.

First we consider the case that f(p2) > f(po). Since uzx is an edge of
Ss, either f(u) = 0 or f(u) > 2. As 0 < f(py) < 1 and up, is an edge
of Sg, we conclude that f(u) # 0. But |[f(u) — f(p2)|»» < 1. Therefore
f(u) — f(p2) > r' — 1. This implies that f(u) — f(py) > " — 1, contrary to
the fact that upy is an edge of Sg.

Assume now that f(p2) < f(po). Then 0 < f(p) < f(p2) < 1. As
vr is an edge of Sg, we know that f(v) > 2 (similarly as above f(v) # 0).
On the other hand, we must have |f(v) — f(pax)|» > 1, which implies that
f() = f(par) < r" — 1. Therefore

1< f(v) = f(p2) < f(v) = fpar) <77 =1,
i.e., |f(v) — f(p2)|» > 1, contrary to the assumption that x.(Gy) >r. N
Operation 7

Suppose k > 2, Gy,G4,---,Gy are graphs, and for ¢ = 0,1,---, 4k,
e; = x;y; is an edge of G;. Let Por, = (po, p1,- -+, P2r) be a path of length 2k.
Construct a new graph from the disjoint union of Gy, G, -+, G4 and Py as
follows:

e delete the edges ¢;, for t = 0,1, ---, 4k,

e for s = 0,1,---,2k, identify z; into a single vertex x, and identify y;
with p;,

e add two vertices u, v, connect each of v,u to x by an edge, connect
each of v, u to ps by an edge,

10



o fori=0,1,---,2k — 3, identify ¢; with z;, 01, and identify ¢;, 3 with
Yit2k+15

e identify x4,_1 with u, y4_1 with pg, and identify x4, with v, y4, with
Pk

We shall denote the resulting graph by S7(Gl, €q, - - -, G4, €ax) or simply Sy
if the G;’s and e;’s are clear from the context.

Let f : S; — Z be a mapping such that for each j € Z, f~1(j) is an
independent set of S7, and moreover for each G;, |f~1(j) N V(G;)| < 1.
Then for each j € Z, we identify all vertices of f~!(j) into a single vertex.
We denote the resulting graph by S7, and call S; a graph obtained from
Go,G1,Ga, -+, Gy by Operation 7.

Figure 5: The graph S; (each shaded area represents a G; — ¢;)

Lemma 5 [f Xc(Gz) > fOT‘ L= 07 17 te '74k7 then XC(S;) > XC(S7) > T

Proof. Operation 7 is very similar to Operation 6. The proof of Lemma 5
is also similar to the proof of Lemma 4. We shall omit some details.

Assume f is an 7’-colouring (for some ' < r) of Sy with f(z) = 1 and
f(po) < 1. Similarly, we have either for all j,

1> f(p2;) > f(p2j—2) >0, and 2> f(paj1) > f(poj-1) > 1

11



or for all 7,

0 < f(p2y) < f(p2j—2) <1, and 1< f(paj1) < f(poj—1) < 2.

Consider the case that f(p2) < f(pp). Since u is adjacent to both p, and
x, we conclude that f(u) > 2 and f(u) — f(p2) <1’ — 1. This implies that
1 < f(u) = f(po) < ' —1, contrary to the assumption x.(Gyr—1) > 7 > 1.
The other case is similar, and omitted. [ |

3 Circular perfect graphs

To prove that the graph operations introduced in this paper suffice to con-
struct all graphs with circular chromatic number at least k/d (for 2 < k/d <
3), we need some results concerning circular perfect graphs.

Definition 1 Suppose G is a graph. The circular clique number w.(G) of G
to defined as

we(G) = sup{k/d : Kj/q admits a homomorphism to G'}.

An equivalent definition of the circular clique number is that w.(G) is
equal to the maximum of those k/d for which K} /4 is an induced subgraph
of G [18].

Definition 2 A graph G is called circular perfect if for every induced sub-
graph H of G we have x.(H) = w.(H).

In [19], the author proved a sufficient condition for a graph to be circular
perfect. To state this sufficient condition, we need the definition of “well-
linked” paths.

Suppose u,v € V' — N[z], we shall use the following notation:
e u <” v means N(u) N N(z) C N(v) N N(z);
e u =" v means N(u) N N(zx) = N(v) N N(x).

Definition 3 Given an induced path P, = (po,p1,---,pn) of G — Nlz|, we
say P, is well-linked with respect to x if one of the following holds:

12



1. For alli < j of even parity (respectively, odd parity) p; <* p; and for
all i' < j' of odd parity (respectively, even parity), pj <% py;

2. For all odd (respectively, even) indices i,i', p; = py. There is an
even (respectively, odd) index jo such that for all even (respectively,
odd) i < jo, pi =" pj,, for all even (respectively, odd) i > jy and i, jo,
Pi =7 Pjo+2-

The following lemma gives another definition of well-linked paths, by
characterizing those paths which are not well-linked.

Lemma 6 [19] An induced path P = (po, p1,--+,Pn) of Hy is not well-linked
with respect to x if and only if one of the following hold:

1. there are three indices 1 < j < k of the same parity such that p; £* p;
and py, £* pj;

2. there are three indices i < j < k of the same parity such that p; £* p;
and p; £ pi;

3. there are two indices i < j of the same parity, and two indices i' < j'
of the other parity such that p; £ p; and py £ pjr.

Theorem 1 [19] Suppose G is a triangle free graph such that for every vertex
x of G, G — N|x] is a bipartite graph with no induced C,, for n > 6, and any
induced path of G — N[z] is well-linked with respect to x. Then G is circular
perfect.

The proof of Theorem 1 is quite complicated. In Section 5, we shall use
Theorem 1 to prove the completeness of the graph operations introduced in
this paper.

4 Homomorphism of edge coloured graphs

Definition 4 A 2-edge-coloured graph is a triple H = (X, Ey, Ey), where X
is a set of vertices, and Fy and Fy are two sets of edges (i.e., unordered pairs
of V') such that Ey N Ey = (.

13



A 2-edge-coloured graph can be obtained from a graph by colouring its
edges by 2 colours. We shall say those edges in F; are red edges and those
edges in F, are blue edges.

Definition 5 Suppose H = (X, Ey, Ey) and G = (V, E}, E}) are 2-edge-
coloured graphs. A mapping f : X — V is called a homomorphism from
H to G if for every xy € FEy, f(x)f(y) € Ei, and for every xy € E,,
f(x)f(y) € E3.

Thus a homomorphism from a 2-edge-coloured graph to another 2-edge-
coloured graph is a vertex to vertex mapping, which preserves the edge re-
lation of each colour, i.e., each red edge of H is mapped to a red edge of G
and each blue edge of H is mapped to a blue edge of G.

Now for ¢ = 1,4,5,6,7 (readers are advised to refer to the depiction
of Operation i), we replace each G; — e; by a blue edge, and colour the
other edges by red. Thus we obtain a 2-edge-coloured graph. We say such
a 2-edge-coloured graph is associated to Operation 7. Of course, for each i,
there are 2-edge-coloured graphs of different sizes associated to Operation .
With an abuse of notation, we shall denote by H; any 2-edge-coloured graph
associated to Operation .

To be precise, we can define the 2-edge-coloured graphs H; as follows:

e The vertices of Hy are x,c¢y,cq,: -+, co for some integer £ > 1. For
J=0,1,---,2k, ¢jcj;1 € Ey and xc; € Es.

e The vertices of Hy are x,cy,c¢q,---,cop—1 for some £ > 3. For
j=0,1,--+,2k — 1, ¢jcj41 € Ey and xc; € By and zj75,3 € Eo.

e The vertices of Hs are x,u,v,pg,p1,* "+, poxs1 for some £ > 1. For
j=0,1,--+,2k, pjpjy1 € Ey. For j =0,1,---,2k + 1, xp; € E,. For
J=0,1,---,2k — 2, pjpj+3 € Ey. Moreover, xu,zv, py1v,pou € F;
and vpog_1,upy € Es.

e The vertices of Hg are x,u,v,pg,p1,---,pa for some k > 2. For
j=0,1,---,2k -1, pjpjs1 € Ey. For j =0,1,---,2k, xp; € Ey. For
J=0,1,-++,2k — 3, pjpj+s € Eo. Moreover, xu,zv, poyv, pou € E; and
Upa, upy € Es.
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e The vertices of H; are x,u, v, pg,p1,- -, pa for some k > 2. For j =
0,1,---,2k — 1, pjpj+1 € Ey. For j = 0,1,---,2k, wp; € E,. For
J=0,1,---,2k — 3, pjpj+3 € E>. Moreover, zu,zv, pov, pou € E; and
UPak, upo € Ea.

Suppose G = (V, E) is a graph. Let G’ be the 2-edge-coloured graph
obtained from G by colouring the edges of G red, and for each nonadjacent
pair of vertices of G, join them in G’ with a blue edge, i.e., G' = (V, E}, E})
where F| = E and E), = (‘2/) — E. We call G' the 2-edge-coloured graph
associated to G.

If H is a 2-edge-coloured graph, G’ is a 2-edge-coloured graph associated
to GG, then a homomophism from H to G’ can also be viewed as a mapping
from V(H) to V(G) such that every red edge of G is sent to an edge of G,
and every blue edge is sent to a pair of distinct nonadjacent vertices.

Lemma 7 Suppose G = (V,E) is a graph, and i € {1,4,5,6,7}. Let G’
be the 2-edge-coloured graph associated to G. Assume that there is a homo-
morphism f from a 2-edge coloured graph H; to G'. Assume that the blue
edge set of H; is Ey(H;) = {e1, €z, -, en}. For each blue edge e; = xy of
H;, let G; =G+ f(x)f(y). Then G can be obtained from G1,Gs,---,Gp by

Operation 1.

Proof. We consider the case that ¢ = 1. Assume the vertices of G are
V1, Vg, +, . Let h be a homomorphism from H; to G'. The blue edges of
H, are xc; for j =0,1,---,2k. Let G; = G + h(z)h(c;j). Let e; = h(z)h(c;).
Then G — e; is simply a copy of G. We denote the vertices of G; — e; by
v{,v3, -+, v, where v] is the copy of the vertex v; in G; —e;. Let f: S} — Z
be the mapping defined as f(v/) = [. For those vertices x of S; not in
any copy of G (S; has only one such vertex, namely the vertex x in the
center of Fig. 2), let f(z) = [ if h(x) = v;. Then for each [ € Z, f~'(I)
is an independent set, and |f~'(I) N V(G,)| < 1 for each j. Since h is a
homomorphism from H; to a graph G, it is easy to verify that by identifying
f7Y(1) into a single vertex, we obtain the graph G. For ¢« = 4,5,6,7, the
proof is the same. [ |

5 Completeness of Operations 1, 4, 5, 6, 7

Lemma 8 Suppose i € {1,4,5,6,7}, and that H is a class of graphs which
1s closed under operation i. If G is a graph such that for any two nonadjacent
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vertices x and y of G, the graph G+xy € H and H; admits a homomorphism
to the 2-edge-coloured graph G' associated to G, then G € H.

Proof. Assume f is a homomorphism from H; to G', where G’ is the 2-
edge-coloured graph associated to G. Assume that the blue edge set of H;
is Ey(H;) = {e1,ea,---,en}. For each blue edge e; = zy of H;, let G; =
G+ f(x)f(y). Since f is a homomorphism, so f(z) and f(y) are nonadjacent
vertices of G. So by our hypothesis, G; € H. By Lemma 7, G can be obtained
from Gy, G, - -+, G, by Operation i. As H is closed under Operation ¢, we
conclude that G € H. i

Theorem 2 Suppose k/d < 3. Let G(k/d) be the set of graphs that contains
K4, all graphs obtained from Ky 4 by identifying nonadjacent vertices, and
15 closed under the following operations:

e Adding vertices and edges;

e Applying Operations 1, 4, 5, 6, 7.
Then G(k/d) consists of all graphs G with x.(G) > k/d.

Proof. By Lemmas 2, 3, 4, 5, we know that all the graphs in G(k/d) has
circular chromatic number at least k/d. So it suffices to prove that any graph
G with x.(G) > k/d is contained in G(k/d).

The case that k/d = 2 is trivial. Thus in the following we assume that
2 < k/d < 3. First we observe that the graph K3 can be obtained from K4
by identify some nonadjacent vertices. Therefore K3 € G(k/d) and hence
any graph containing a triangle belongs to G(k/d).

Thus it suffices to prove that any triangle free graph G with x.(G) > k/d
belongs to G(k/d).

Assume to the contrary that there is a triangle free graph G with x.(G) >
k/d and G ¢ G(k/d). By choosing G as a counterexample with maximum
number of edges (on the same vertex set), we may assume that for any two
nonadjacent vertices x and y of G, the graph G + zy € G(k/d). We shall
derive a contradiction by proving that G € G(k/d).

Assume that x.(G) = k'/d" > k/d. First we assume that w.(G) = k'/d'.
Then G contains a copy of Ky /g . It is well-known (cf. [2, 9, 17]) that K} /q
admits a homomorphism to Ky . Hence Kj/4 admits a homomorphism to
G. Let f be a homomorphism from K} /4 to G. By identifying those vertices
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of K} q which are mapped to the same vertex of GG, and by adding some
vertices and edges (if necessary), we obtain a copy of G. Thus G € G(k/d).

Thus we may assume that G is not circular perfect. By Theorem 1,
there is a vertex x of G such that G — N|x] contains either an odd cycle,
or an induced cycle C,, for some n > 6, or an induced path P which is not
well-linked with respect to x.

If G — N[x] contains an odd cycle, then H; admits a homomorphism to
G', where G' is the 2-edge-coloured graph associated to G. By Lemma 8,
G eGk/d).

Assume that G — NJ[z]| contains no odd cycles. If G — NJ[z| contains
an induced cycle C,, = (co,¢1,---,¢,1) for some n > 6, then H; admits a
homomorphism to G’, where G’ is the 2-edge-coloured graph associated to
G. By Lemma 8, G € G(k/d).

Assume now that G — N[x] has an induced path P = (pg, p1, - - -, ps) which
is not well-linked with respect to . By Lemma 6, one of the following hold:

1. there are three indices ¢ < j < k of the same parity such that p; £* p;
and py £° pj;

2. there are three indices ¢ < j < k of the same parity such that p; £* p;
and p; £” pr;

3. there are two indices i < j of the same parity, and two indices i’ < j
of the other parity such that p; £* p; and py £* pj.

In the first case, without loss of generality, we may assume that P is a
minimal path which is not well-linked with respect to x. Then we must have
i=0and k =n. Thus n > 4 is even. If py <% py or p,, <% py, then Plps, py]
is also not well-linked with respect to x, contrary to the minimality of P.
Thus we have py £* ps and p, £* ps. Therefore H; admits a homomorphism
to G', where G’ is the 2-edge-coloured graph associated to G. By Lemma 8,
G e G(k/d).

In the second case, similarly as above, we may assume that n is even
p2 £* po and py £* p,. Then Hg admits a homomorphism to G', where G’ is
the 2-edge-coloured graph associated to G. By Lemma 8, G € G(k/d).

In the third case, without loss of generality, we may assume that j =i+ 2
and j' =i + 2. Indeed, in case j > i + 4, then if p; £* p; 1o we can simply
replace j by i + 2, if p; <" p; 1o we can replace i by 7 + 2.

17



Now by assuming that P is a minimal path which is not well-linked with
respect to x, it is easy to see that n is odd, py £* ps and p, £* p, 2. Then
Hs admits a homomorphism to G’, where G’ is the 2-edge-coloured graph
associated to G. By Lemma 8, G € G(k/d). This completes the proof of
Theorem 2. i
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