NONSURJECTIVE ZERO PRODUCT PRESERVERS
BETWEEN MATRICES OVER AN ARBITRARY FIELD
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ABSTRACT. In this paper, we give concrete descriptions of additive or linear disjointness pre-
servers between matrix algebras over an arbitrary field F of different sizes. In particular, we
show that a linear map ® : M, (F) — M, (F) preserving zero products carries the form

B(A) = S (R%A <I>o?A)> 57,

for some invertible matrices R in My (F), S in M, (F) and a zero product preserving linear map
O : My (F) — M, (F) with range consisting of nilpotent matrices. Here, either R or &g can
be vacuous. The structure of ®¢ could be quite arbitrary. We classify ®¢ with some additional
assumption. When ®(I,,) has a zero nilpotent part, especially when ®(/,,) is diagonalizable,
we have ®o(X)Po(Y) = 0 for all X,Y in M, (F), and we give more information about ®¢ in
this case. Similar results for double zero product preservers and orthogonality preservers are
obtained.

1. INTRODUCTION

There are considerable interests in studying preserver problems for matrices or operators;
see, for example, [6,13,15-18,21,23,24], and the references therein. Many preserver problems
are connected to the study in those maps ® of matrices or operators preserving zero products,

i.e.,
P(A)®(B) =0 whenever AB =0.

See, for example, [1,3-5,7,12,14]. It is usually expected that ® gives rise to an algebra or
a Jordan homomorphism. Most studies focus on surjective linear maps because general maps
may not have nice structure. Even for (necessarily nonsurjective) linear preservers between two
matrix algebras of different sizes, the results can be very complicated and intractable.

Denote by M,, = M,,(F) the algebra of n x n matrices over a field F. The classical results of
Jacobson, Rickart, Kaplansky, Herstien, etc. (see, e.g., [9,10]), together with the Skolem-Noether
theorem, ensure that every surjective zero product preserving linear map ® : M,, — M, is a
scalar multiple of an inner algebra isomorphism, A — aS~tAS, for a nonzero scalar o and an
invertible S in M,, (and thus n = r). See, e.g., [6, Theorems 2.6 and 3.1].
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The situation is quite different when ® is not surjective. For example, the map A +—

(8 f(OA)

does not contain much useful information about the domain and range.

) defined by any linear (or even non-linear) map f preserves zero products, but it

In this paper, we give concrete descriptions of the structures of additive or linear zero product
preservers ® between matrix algebras of different sizes. It turns out that such a map is always
a sum of ring homomorphism and degenerate map with range space consisting of nilpotent
matrices. The first map admits a concrete description, and the second map could be quite
arbitrary. Nevertheless, we obtain additional information of the second map under some mild
assumption so that our structure theorem can be applied to the study of related problems
effectively.

Our paper is organized as follows. In Section 2, we fix the notations and collect some known
facts we will use in this paper.

We provide in Section 3 concrete structures of additive/linear zero product preservers between
matrix algebras over an arbitrary field F. In particular, we show that a linear map ® : M, (F) —
M, (F) preserving zero products carries the form

R® A 0

A'—>Sl< ; %(A)> S,

for some invertible matrices R in My (F), S in M, (FF), and a zero product preserving linear map
Oy : My, (F) — M, (F) with range consisting of nilpotent matrices. When the nilpotent part
of ®(I,) is trivial, especially when ®(7,,) is diagonalizable, ®o(X)®o(Y) = 0 for all X,Y in
M, (F). A full description of such maps ®q is given. In particular, if ® is surjective, we must
have n = r, &9 = 0, and R = «l, for a nonzero scalar «.. This reduces to the stated result in
the beginning of the introduction.

In Section 4, we describe the structures of linear maps between matrices preserving idem-
potents, double zero products, range orthogonality, or double orthogonality. Similar results on
additive zero product preservers on the Jordan algebras of self-adjoint or symmetric matrices
are also obtained.

To end this paper, we outline in Section 5 some open problems for future studies.

2. NOTATIONS AND PRELIMINARIES

Denote by F the underlying field, and denote by M,, = M, (F) the algebra of n x n matrices
over the field F. We note that some results below might hold in a more general setting of
finite or infinite dimensional Banach algebras or C*-algebras. However, the description of the
preservers will be more concrete in the matrix case, while the operator algebra technique might
not work for the general case F # R or C.

Let E;; be the matrix (of an appropriate size depending on context) with the (¢, j)th entry
being 1 and all others being 0. Let d;; be the Kronecker delta symbol, i.e., d;; = 1 when j = £,
and 0 else. We write I, and 0,, or simply I or 0, for the identity and zero matrices in M,,

respectively. Sometimes, 0 can refer to a zero rectangular matrix.
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If 7 is an endomorphism of the underlying field IF, we write A, for the matrix [7(a;;)] when
A = [a;;]. We write A* = [aj;] for the transpose of A. When F = R or C, we also write
A* = At = [aj;] for the adjoint, i.e. the conjugate transpose, of A. If F = R, we have A' = A*.

We call a square matrix A symmetric if A' = A, self-adjoint if A* = A, orthogonal if
A7l = A wunitary if A7! = A*, an idempotent if A2 = A, and a projection if A = A? = A*.
We say that two idempotents (resp. projections) A, B are disjoint (resp. orthogonal) to each

other if AB = BA = 0. We call a complex matrix A normal if A*A = AA*, and call A*27+A and

A—A*
2
We call an additive map ® : M,, — M, between matrices (maybe of different sizes) over a

field F,
e a ring homomorphism (resp. ring anti-homomorphism) if ®(AB) = ®(A)®(B) (resp.
O(B)®(A)) for all A, B in My;

an algebra homomorphism (resp. algebra anti-homomorphism) if it is a linear ring ho-

the real and the imaginary parts of A, respectively. Here, i = /—1.

momorphism (resp. ring anti-homomorphism);

a Jordan homomorphism if ®(AB + BA) = ®(A)®(B) + ®(B)®(A), or equivalently,
®(A?) = ®(A)?, when F has characteristics not equal 2, for all A, B in M,;

e a zero product preserver if ®(A)P(B) = 0 whenever AB = 0;

e a double zero product preserver if ®(A)P(B) = ®(B)P(A) = 0 whenever AB = BA = 0;

In case F = C or R, we say that ® is

e an algebra or a ring or a Jordan *(anti)-homomorphism if ® is an algebra, a ring or a
Jordan (anti-)homomorphism satisfying that ®(A*) = ®(A)* for all A in My;

e a range orthogonality preserver if ®(A)*®(B) = 0 whenever A*B = 0;

e a double orthogonality preserver if ®(A)*®(B) = ®(B)®(A)* = 0 whenever A*B =
BA* =0.

The following lemmas collects some known results.

Lemma 2.1. Let F be any field.

(a) Every A € M, (F) is similar to a direct sum R®N of an invertible matriz R and a nilpotent
matriz N such that N is a direct sum of upper triangular Jordan blocks for the eigenvalue
zero of A. Here, either R or N can be vacuous.

(b) Every A € M, (F) is a linear sum of three idempotents.

(c) Every non-invertible A € My(F) is a product of idempotents.

(d) If n > 2, then the ring M, (F) is generated by its idempotents.

(e) Every symmetric A € M, (R) is a real linear sum of mutually disjoint symmetric rank one
idempotents.

(f) Every self-adjoint (resp. normal) A € M, (C) is a real (resp. complex) linear sum of mutually
orthogonal rank one projections.

Proof. (b) is [20, Theorem 1], while (c) is [8, Theorem]|. Assertion (d) is a consequence of (c)
and the fact that every matrix can be written as a sum of rank one matrices. Moreover, (e)
and (f) are just standard textbook results. See, e.g., [11].
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(a) is not new either. We sketch a proof here for easy reference. Let the characteristic
polynomial of A be 2™ ° f(z) where f(x) is a polynomial of degree s with no factor z. Since 2"~*
and f(z) are relative prime, there are polynomials p(z), ¢(z) in F[z] such that 1 = p(x)z""° +
q(x)f(x). Hence, I, = p(A)A"* + q(A)f(A). It follows that the kernel spaces ker A%
and ker f(A) have zero intersection. This together with the observation, f(A)(p(A)A" *x) =
A" 5(q(A) f(A)x) = 0 for all = € F", concludes that F™ = ker f(A) @ker A"~5. It is not difficult
to see that the matrix N representing the restriction of A acting on ker A"~ ° is a nilpotent
matrix, while the matrix R representing the restriction of A acting on ker f(A) is invertible.
Moreover, after a similarity transformation, N can be arranged to be a direct sum of upper
triangular Jordan blocks for the eigenvalue zero of A. Now, A is similar to the direct sum of R

and N. There are, of course, cases in which either R or N is vacuous. |

One can derive the following results from Lemma 2.1(f), or find a proof from, e.g., [2]. We
will work on the general case when the underlying field F is arbitrary in Theorem 4.5.

Lemma 2.2. Let 0 : M,,(C) — M, (C) be a complez linear map.

(a) 0 is a Jordan homomorphism if and only if 0 sends idempotents to idempotents.

(b) 0 is a Jordan *-homomorphism if and only if 0 sends projections to projections.

3. ADDITIVE AND LINEAR MAPS PRESERVING ZERO PRODUCTS

Let F be any field and M,, = M, (F) the algebra of n x n matrices over the field F. We study
those additive/linear maps ® : M,, — M, preserving zero products, i.e.,

®(A)P(B) =0, whenever A, B € M,, satisfy AB = 0.
By Lemma 2.1(a), there is an invertible matrix S in M, such that
S™1®(1,)S = Ra@ N,

where R in M is invertible, and N in M, _, is nilpotent such that N is a direct sum of upper
triangular zero Jordan blocks (for the eigenvalue zero of ®(1I,,)). Furthermore, the size v of the
largest zero Jordan block of N is the nil index of the nilpotent matrix N, which is the smallest
nonnegative integer v such that N¥ = 0. If 5’1_1@([”)51 = Ry ® N is another direct sum of
an invertible matrix R; and a nilpotent matrix N7, we see that IV; is similar to /N and has nil
index v.

Using the above decomposition of ®(I,,), we can state the main theorem of this section.

Theorem 3.1. Let the underlying field F be arbitrary. Let ® : M,, — M, be an additive map
preserving zero products. Assume that ST1®(I,,)S = R® N, where S in M, and R in M, are

invertible, and N in M,_s is nilpotent of nil index v. Then, k = s/n is a nonnegative integer
and ® has the form

R®1(A) 0 _ d (AR 0 _
AHS( 5()¢dm>51:s<1%) @dm>sl (3.1)



NONSURJECTIVE ZERO PRODUCT PRESERVERS 5

where ®1 : M,, = My is a unital ring homomorphism, and ®qg : M,, — M,_,i is a zero product
preserving additive map into nilpotent matrices such that the product of any v + 1 of them is
zero. If N =0, then

(I)()(X)(I)()(Y) =0p_pnr forall X,Y € M,.

Here, either R (and thus ®;) or ®g can be vacuous. Similar conventions also apply to other
results in this paper. The proof of Theorem 3.1 will be given in Subsection 3.1. We will make
some remarks below to put the theorem in perspective.

First, the theorem states that the map ® can be decomposed as the sum of the map A —
S(R®1(A) @ 0,_4)S™ ! and A > S(0s D Po(A))S~!, where the former one is closely related to
a ring homomorphism and the latter one is a zero product preserving map with ranges lying
in the set of nilpotent matrices. In particular, one can use the canonical form ®(1,,) to do the
additive decomposition of the map ®.

Second, it is interesting that ®; is actually a unital ring homomorphism. When ®; is linear
we will show in Subsection 3.2 that ®; has the form

A S1(I, @ A)ST!

for some invertible S; in M,. Moreover, because R®1(A) = ®1(A)R for all A, we see that
R=51(R ® In)Sf1 for some invertible Ry in Mj,.

Third, in the statement of Theorem 3.1 not much is said about the map ®q. In Subsection
3.3, we will show that the structure of ®g can be quite wild in general. Anyway, we will provide
more information about the map in Subsection 3.3. Moreover, as we will see in subsequent
discussion, in many useful applications of Theorem 3.1 one has &3 = 0.

Before we start the proof, we mention that when n = r, the special cases of Theorem 3.1,
as well as Theorem 3.5, can be found in [21, Section 1]. In a more general context, Bresar and
Semr] study zero product preserving additive maps ® : M, (D) — M, (D) between matrices over
a division ring . They show in [3, Theorem 5.2] that either ®(A)®(B) = 0 for all A, B, or
that there is a ring endomorphism ®; of M, (D) and a matrix C' in M, (D) such that ® has the
form

However, the case n < r is much more complicated as we shall see in the following.

3.1. Proof of Theorem 3.1. We need the following (probably known) lemma to prove The-

orem 3.1.
Lemma 3.2. Let the underlying field F be arbitrary. Suppose ® : M,, — M, is an additive map
preserving zero products. Then
O(C)P(AB) = ¢(CA)P(B) forall A,B,C € M,
Consequently,
O(1,)P(AB) = ®(A)®(B) forall A, B € M,, (3.2)

and

O(1,)D(A) = B(A)B(I,) for all A€ M,. (3.3)
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) If ®(I,) is invertible then A v ®(1,)" ®(A) is a ring homomorphism from M, into M,.
(b) If ®(I,)” = 0 then the product of any v + 1 elements from the range of ® is zero, i.e.,

—~
53

@(Al)q)(Ag) s (I)(Al,+1) =0 fO’I’ all Al, AQ, ey Al,+1 e M,.
In particular, if ®(I,) = 0 then the range of ® has trivial multiplications, i.e.,
O(A)®(B)=0 forall A, B e M,.

Proof. We borrow from the proof of [6, Lemma 2.1]. The case n = 1 is obvious. Assume below
that n > 2. Let E = E? in M,,. For any B, C in M,,, consider

(C—-CE)EB=CE(B-EB)=0.
By the zero product preserving property, we have
(®(C) —P(CE))®(EB) = ®(CE)(®(B) — ®(EB)) =0.
It follows
®(C)P(EB) = ®(CE)®(EB) = ®(CE)®(B).
Since M, is generated by its idempotents as a ring by Lemma 2.1(d),
O(C)P(AB) = P(CA)®(B), A,B,C € M,.

Putting C' = I, and putting B = C = I, respectively, we establish (3.2) and (3.3). It thus
follows (a).
We now verify (b). By (3.2) and the assumption ®(1,)” = 0, we have

O(A)P(A2)P(A3) - P(Apt1) = (L) P(A1A2)P(A3) - P(Ayyr) = -+
= q)(In)V(I)(AlAQAg <o Au+1) =0 forall Ai,As,..., Ay+1 € M,. | |

Proof of Theorem 3.1. Replacing ® by S™1®(-)S, we can assume that ®(I,,) = R® N. Let
Yii Yo
d(X) =
(X) <Y21 Ym) ’
where Y11 € M,. By (3.3) in Lemma 3.2, &(I)®(X) = ®(X)d(I). So,

RY11 = YHR, RY12 = Y12N, NY21 = YglR and N}/QQ = YQQN.

Without loss of generality, we can assume that N = Zj d;E;j ;41 with d; € {0,1} is a direct
sum of upper triangular Jordan blocks of zero. If Yis = [v1 |- | v,—s], where v1,...,v,_4 are

column vectors, then
[R'Ul | ce | R'Urfs] = [0 | divy | te | drfsflvrfsfl]-

Thus, v1 = R~'0 = 0 and v = j_lR_lvj_l =0for j=2,...,7r—s. Hence, Y15 = 0. Similarly,
we can show that Ya; = 0. So, ®(X) has the form Y31 @ Yao. Thus, bringing back the similarity
transformation, we can set up the additive maps ®1 : M,, — M, and ®q : M,, — M,_, satisfying

(R @ I,_)S71d(X)S = &1 (X) @ Bo(X). (3.4)



NONSURJECTIVE ZERO PRODUCT PRESERVERS 7

Clearly, ®;(I) = R"'R = I,. Moreover, R®(A) = ®1(A)R for all A in M,. Suppose
A,B € M, such that AB = 0,. Let S7!®(A)S = A; ® Ay and S~1®(B)S = B; @ Bo.
Since ®(A)P(B) = 0,, we have A; B; = 05. Consequently,

®1(A)®(B)=R'A\R"'B, =R 'ABiR = 0,.

By Lemma 3.2, ®; is a ring homomorphism, and ® satisfies the said conclusion. | ]

3.2. Algebra homomorphisms of matrices.
In the following, we give a concrete description of algebra homomorphisms between matrix
algebras.

Theorem 3.3. Suppose ® : M,, — M, is an algebra homomorphism between matrices over an
arbitrary field F.

(a) There exist a nonnegative integer k with t = r — nk > 0, and an invertible matriz S in M,
such that ® has the form

An—>S<I’“®A 0)51. (3.5)
0 0

(b) Assume F = R or C. If ®(A)* = ®(A) for every rank one projection A, then S can be
chosen such that S~1 = S*.
(c) Assume F = C. If ®(A) is symmetric for every rank one real symmetric idempotent A,

then S can be chosen to be complex orthogonal, i.e., S~1 = St.

Proof. If ® is the zero map then the assertion is trivial. Assume that & is nonzero. Since
Al = TA = A for all A in M,,, we see that ®(I) is an idempotent matrix such that

P(A) =P(A)P(I) =P(I)P(A) forall A€ M,
Let ®(I) have rank m > 0, and ¢t = r —m > 0. There is an invertible Sy in M, such that
Sy '®(A)Sy = 1(A) @0, for all A€ M,

for a unital ring homomorphism ®; : M,, — M,,. Replacing ® by ®;, we may assume that
o(1,) = I,.
Since EijEkl = jk:Eila we have

(I)(E”)‘I)(Ekl) = jk‘q)(Eil)7 ’i,j,k‘,l = 1,2,...,77,. (36)

Moreover,

Replacing ® with the map X — S7'®(X)S; for some invertible S; in M,, we can assume that
the idempotents

(L) =04 @ DIy, ®Opy, & @0, i=1,...,n.
Here, k1 + -+ k, =1.
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Let s = r — ki — k. It follows from (3.6) that

B B Cu C
@(Eu):(B; BZ)QBOS and @(Egl):<ci CZ)EBOS’

where B;;, C;; are k; x kj matrices for 4,5 = 1,2. Since F11E12 = E12 and Ei2E11 = 0, we
have B11, B2 and Bsp are all zero matrices. Similarly, Ci1, Cos and C1o are also zero matrices.

Hence,
0 B 0 0
O(Epp) = <0 012> @0, and ®(Fo) = (Cm 0) @ 05, (3.7)

On the other hand, (E12 + E21)2 = F11 + E5 implies

0 Bp)’ _ (B2l 0 (I O
021 0 0 CQlBlz 0 Ikz '
This ensures k1 = ko and By = 02_11. Let k = kq.
Dealing in a similar way for other pairs 7, j of indices, we see that
q)(Ejj) = Ejj ® I, (I)(EZ]) = Eij &® Bi]’ for i < 7, (I)(EU) = Ez'j X szl for j < 1.

In particular, r/n = k.
Replacing ® by the map X + S®(X)S~! with S = I}, ® B1o® B13®- - - ® By, we can further
assume that

Bio=+-=By, =1 and By == By = 1.
Actually, we have
O(Eij)=Ejj®I, foralij=1,...,n.
To see this, observe E;; = (Ej + Eij + Eij)Z for 1 < i < j. We thus have
©(Eyj) = (9(Eqn) + ©(Eyj) + (E;))".
This gives
E;; ® Bijj = (Eq @ Iy + E1; ® Iy + Bij ® Byj)? = Ejj @ I,
Reordering the basic vectors, i.e., applying a permutation similarity, we can assume instead
O(Eij) =1, ®E; foralli,j=1,...,n. (3.8)

By linearity of ®, we establish (3.5).

The assumption in (b) asserts that ® sends rank one projections to self-adjoint matrices.
By (3.6), all ®(E;;) are projections and orthogonal to each other. Moreover, all ®(E;; + Ej;)
are self-adjoint, since E;; + E;; = P, — P_ is the difference of two rank one projections P =
(BEii £ Ejj = Eji + Ej;)/2. Hence, we can choose a unitary matrix Sy from M, such that

ST‘I)(E”)Sl :Okl @"'@Iki®0ki+1 @-“EBO;%, 1=1,...,n.

In view of (3.7), the matrix

* 0 B
ST®(Ers + En)S1 = (021 0”) ® 0,
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is self-adjoint. Since B}y = Ca1 = Bﬁl, the afterward change of basis transformation A —
(Biy ® I,_1)ST®(A)S1(Bi2 @ Ir—i) is also unitary. Consequently, we can choose S to be a
unitary matrix in M,.

The assumption in (c) implies that ® sends rank one real symmetric idempotents to sym-
metric matrices (but might not be of all real entries). In particular, all ®(E;;) are symmetric
idempotents. Moreover, as the images of the differences of two disjoint rank one real symmetric
idempotents, all ®(E;; + Ej;) are symmetric. Consequently, ® sends symmetric matrices to
symmetric matrices.

Recall that a complex symmetric matrix B is complex orthogonally diagonalizable, i.e., there
exists a complex matrix U such that U'BU is diagonal and U' = U~!, exactly when B is
diagonalizable (see, e.g., [11, Theorem 4.4.27]). We have seen that all complex symmetric
idempotents ®(FE11),...,P(Ey,) have rank & = r/n, and all of them are diagonalizable. It
follows that each ®(F;;) has k complex eigenvectors s;1, ..., s;; for the eigenvalue 1 such that
Sijy "Sijy = 0jy4, for j1,j2 = 1,..., k. Let v;, v; be eigenvectors of ®(E;;), ®(E;;) in C" associated
with the common eigenvalue 1, respectively. Observe that for ¢ £ j, we have

Ut’Uj = UE(I)(Eii)t(I)(Ej ‘)’Uj = ’U;F(I)(Eii)q)(Ej ‘)Uj = v}@(EiiEjj)vj =0.

i
Therefore, we can find a basis {$11,..., 81k, .-, Sn1;s- -, Snk} of C" consisting of complex eigen-
vectors of ®(E;;)’s associated with the common eigenvalue 1 such that s;,;, "S5, = 0i14,0, 4, for
i1,50 = 1,...,n and j1,j2 = 1,..., k. Using these basic vectors as column vectors, we have an

orthogonal matrix S in M, (might contain complex entries) such that
S1®(Ei)S1 =0, @ @ I, ®0pyy @ B0y, i=1,...,n

In view of (3.7), as the real symmetric matrix

0 B
StD(Eg + E91)S1 = (021 62) @ 05,

we have BY, = Oy = By, Thus the afterward change of basis transformation
A (Biy © 1) S1®(A)S1(Bi2 @ L)
is also complex orthogonal. Consequently, we can choose S to be a complex orthogonal matrix

in M,. |

Corollary 3.4. Let F be any field. Let ® : M, (F) — M,(F) be a linear map preserving zero
products. If ®(I,,) is an idempotent, then there is a nonsingular matriz S in M,(F) such that

B(1,)B(A) = D(A)D(I,) = S <Ik oA Orokn> S,

In other words, V1 := ®(1,)® is an algebra homomorphism. Moreover, Vg := (I, — ®(I,))P is
a linear map such that its image has trivial multiplications. Clearly,
O =Ty + V.

In particular, if ®(I,) = I, then ® is a unital algebra homomorphism, and has the form A —
S(I, ® A)S~L.
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Theorem 3.5. Let the underlying field F be arbitrary. Let ® : M, — M, be a linear map
preserving zero products. Then ® has the form

AHS<&?A¢£®>$H (3.9)

for some invertible S € M,, Ry € My, and a zero product preserving linear map ®qy sending

M, (F) into nilpotent matrices.

(a) If ® sends rank one idempotents to idempotents then ®q is the zero map, and ® has the

R1®A 0 -1
AHS( 0 OFM)S . (3.10)

(b) Suppose F = C and ®(A)* = ®(A) for every rank one orthogonal projection A. Then ® has
the form (3.10) where Ry = R} and S can be chosen to be unitary, i.e., S™1 = S*.

(c) Suppose F = R, and ®(A) = ®(A) for every symmetric rank one idempotent A. Then
® has the form (3.9) where Ry € My, and S € M, can be chosen to be real orthogonal,
Do(A) =0 for symmetric matrices A, and ®o(X)Po(Y) = 0 in general.

(d) Suppose F = C and ®(I,) is diagonalizable and ®(A)* = ®(A) for every rank one real
symmetric idempotent A in M,,. Then ® has the form (3.9), where Ry = R} and S can be

chosen to be complex orthogonal, i.e., S™1 = St.

form

Proof. We use the notations in Theorems 3.1 and 3.3. In particular, ST1®(A4)S = R®1(A) @
®o(A), in which the unital algebra homomorphism ®; has the form S; (I ® A)S; " for some
invertible S; € M. Since R®(A) = ®1(A)R for all A € M, we have R = S1(R1 ® In)Sl_l
for some invertible Ry € M. It follows (3.9) after resetting S(S1 @ I—nx) to be S.

(a) Assume ¢ sends rank one idempotents to idempotents. Then ®g(A) = ®o(A)" = 0 for
every rank one idempotent A in M,,. Since every idempotent is a sum of rank one idempotents,
®( sends idempotents to zero. Since every matrix is a linear sum of three idempotents by
Lemma 2.1(b), we see that ®¢ is the zero map.

(b) Because ®(A)* = ®(A) for every rank one orthogonal projection, we see that ®(H)* =
®(H) whenever H = H* by Lemma 2.1(f). In particular, ®(I) = ®(I)*. We can choose an
invertible S with S* = S~! such that S*®(I)S = R®0,_,;. In this way, R = R*. By Theorem
3.3, we can find Sy satisfying ST = S| ! such that the unital algebra homomorphism ®; has the
form X — Sy (I, ® X)S7'. As SfRS) = Ry ® I,, we see that Ry is self-adjoint. Tt follows (3.9)
after resetting S(S1 @ I,_px) to be S.

Since ®o(H)" = 0, we see that the self-adjoint matrix ®o(H) = 0 for all H = H* in M,,.
Because every A in M, (C) has the form A = H +iG with H* = H = (A + A*)/2 and
G = (A— A*)/(2i). Thus, ®o(A) = Po(H) +iPo(G) = 0. So, Py is the zero map.

(c) The first part of the proof is similar to that of (b), and we can conclude that ®¢(A) =0
for every symmetric matrix A in M, (R). In particular, ®¢(I,,) = 0. Thus the range of ® has
trivial multiplication by (3.2).

(d) In the complex matrix case, suppose ®(X) = ®(X)* for every rank one real symmetric
idempotent X. As in the proof of Theorem 3.3(c), we see that ® sends symmetric matrices
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to symmetric matrices. In particular, the diagonalizable matrix ®(I,,) is symmetric, and thus
complex orthogonally diagonalizable. We can thus find a complex matrix S such that S* = §—!
and S'®(I,,)S = R @ 0,_px, where the invertible matrix R is symmetric. Now, we can apply
Theorem 3.1 and Theorem 3.3(c) to conclude that there is a complex matrix S} in M, such
that St = Sl_l satisfying (3.1). As STRS; = Ry ® I,,, we see that R; is symmetric. Again, it
follows (3.9) after resetting S(S1 @ I,—nk) to be S. |

Example 3.6. Consider the linear map ® : M3(R) — M3(R) defined by

a b . 0 b—c
c d 0 0 ’
It is clear that ® = & preserves zero products and sends symmetric matrices to symmetric

matrices (indeed, the zero matrix). The range of ®( has trivial multiplications, while ®q is not
the zero map.

3.3. Zero product preserving maps into nilpotents. By Theorem 3.1, every zero product
preserving additive map ® : M, (F) — M, (F) has the form

A S(RP1(A) @ B(A)S™! = S(®1(A)R @ Po(A))S™, (3.11)

where R, S are invertible matrices, ®; : M, (F) — M,(F) is a unital ring homomorphism
and ®g : M, (F) - M,_,x(F) is a zero product preserving additive maps sending matrices to
nilpotent matrices. By the discussion in Subsection 3.2, we have a good understanding of ®;.
In this section, we focus on ®g.

If ®¢(I,,) = 0, Theorem 3.1 tells us that ®¢(M,,) has trivial multiplications. The following
provides us a sufficient and necessary condition for ®y(M,,) having trivial multiplications.

Proposition 3.7. Let ® : M, (F) — M, (F) be an additive zero product preserver. When the
underlying field F is an infinite field of characteristic 2, we assume in addition that ® is IF-
linear. The range of ® has trivial multiplications exactly when ® sends every scalar multiple of
a rank one idempotent to a square zero element. In the case F = C, it is also equivalent to the
condition that ® sends every scalar multiple of a rank one projection to a square zero element.

Proof. We verify the sufficiency only. Since every idempotent matrix is a sum of disjoint rank
one idempotents, the assumption implies that ®(aE)? = 0 for all idempotents F in M, and «
in F. By Lemma 2.1(b), for every X,Y in M, we can write their product as a linear sum of
three idempotents, XY = 81 F1 + B2 E5 + B3 E3, say. In the case when 2 is invertible in F, we see
2 2
1 -1
that each scalar 8 = ( B;) — (B2) . In the case when F is a finite field of characteristic
2, the map B — (2 is an injective, and thus bijective, map from F onto F. Thus in both cases
we can assume that g = ai — ’y,% for some ag,v; in F for kK =1,2,3.
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If ® is assumed additive and F is not an infinite field of characteristic 2, then with (3.2) we
have

For the exceptional case that [F is an infinite field of characteristic 2, with the linearity of ® it
follows from (3.2) that

3 3
O(X)2(Y) = ©(I,,)(B1E1 + B2Er + B3 E3) = ZBMI)(IR)Q(E;C) = Zﬁkcb(Ek)z —0.
k=1 k=1

Finally, for the complex case, we note that every complex matrix is a linear sum of projections
by Lemma 2.1(f). Since complex scalars have square roots, the above arguments bring us the
desired conclusion. ]

The following theorem shows that even when @ is linear and ®¢(M,,(F)) has trivial multi-
plications, the structure of ®y can be quite liberal. Indeed, ®¢ can be any linear map from M,
into a certain subspace V of M, satisfying XY =0 for any X,Y in V.

Theorem 3.8. Suppose the underlying field F has more than (1+2)/2 elements. A linear map
¢ : M,, — M; satisfies (X)P(Y) =0 for any X,Y in M, if and only if there is an invertible
matriz Sy in M; such that for all A in M, the matriz Sglfb(A)So has the form

0p Z12 Zi3

Op Op 0 with Zl3 = < Zlg OU,Q*U > and 232 — ( OU,u O?&p—u) ’
0 Z32 Oq Opfu,v Op,%q,z} Oqfv,u Z3

for some nonnegative integers p, q,u,v.

Proof. The sufficiency is clear. We consider the necessity. Suppose X € M,, such that Y = ®(X)
has the highest rank among the matrices in the range of ®. Because Y2 = 0, we may apply a

similarity transform and assume that

0, I, 0
Y=1_0, 0, 0
0 0 0

q
with 2p + ¢ = [. Then for any Z = ®(A), we have ZY =Y Z = 0;. We see that
0p Zi12 Zi3

Z=1{0, 0, o0
0 Zso Zs3
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Clearly, Z33 = 0g; for else, since F has more than (I +2)/2 > p + 1 elements, there would be a
nonzero scalar v such that

Op vIp+Z12 Zi3
W+ Z=|0, 0p 0
0 Z32 Z33
has rank larger than p, which contradicts to the choice of Y. Consequently, we can assume
every Z in ®(M,,) carries the form

0p Zi12 Zi3
Z=10, 0, 0
0 Zsp 0,

Consider the column spaces and row spaces of the matrix appearing as the (1,3) block Zi3
of all Z from ®(M,,). There are invertible P in M, and @ in M, such that the first u columns
of P span the sum of the column spaces of all these blocks, and the first v rows of () span the
sum of the row spaces of all these blocks. Thus, the (1,3) blocks of all such Z from ®(M,)

always have the form
213 — P( Zl3 Ou,q—v ) Q

Op—u,v Op—u,q—v

Let T = P& I, ® Q' Replace ® with the map A — T '®(A)T, we may assume that the
(1,3) block of ®(A) always has the form

Z13 Ou,q— >
Zyy = a=v )
13 (Opu,v Op—u,g—v

For any B in M,, and

0, Wiz Wis
W=aB)={0, 0, 0 |,
0 Wi 0,

we have ZW = 0; for all Z from ®(M,,). Thus,
Ziz Oug—v
0p = Z13W32 = ( 18 o ) Wa.

Op—u,v Op—u,q—v

We see that the first v rows of W3y must be the zero row. Choose some ZU) from ®(M,,) such

that the first column of the (1,3) block Zg) of ZU) is the column vector ej with the jth entry
1 and other entries 0 for j = 1,2,...,u. Note that for all scalars «, 8, the matrix

| 0, al,+ 2% + Wy B2ZY) + Wiy
aY + 829 +w =0, 0, 0
0 BZ§J2) + Wsq Oq

has column rank at most p. Moreover, the (1,3) block of the above matrix assumes the form

(52%) + Wl?) Ou,q—v ) )
Op—u,v Op—u7q—v
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Performing row operations on the first p rows of the matrix oY + 32 + W, we will obtain
another matrix such that the first column of its (1,3) block is e; for all but one scalar . Fix
a choice of 8 such that this happens. Note that this new matrix also has rank at most p.
Because F contains more than p + 1 elements, we can always find a scalar « such that the
al, + BZg) + W19 has rank p. This forces the jth column of BZg(é) + W3o is zero. Since we have
more than one choices of 3, the jth columns of both Zg(é) and Wse are zero, for j =1,2,..., u.
Consequently,

O’U u Ov pu)
W3 = ’ 2 .
52 <Oq—v,u W32
Hence, we conclude that ®(A) has the asserted block form. [
The following examples show that for a zero product preserving linear map ® : M,, — M,., if
®(1,) is only a nilpotent matrix, the range of ® might have nontrivial multiplications.

Example 3.9. Let the underlying field F be arbitrary. The linear map ® : M,, — M, defined
by

0, A 0, ... O,
0, 0, A ... 0,
A | : : U
0, 0, 0, ... A
0, 0, 0, ... Op

preserves zero products. The matrix ®(I,) is nilpotent such that ®(I,,)*~! # 0 and ®(I,,)* = 0.
In particular, the range of ® does not have trivial multiplications if k > 2.

In [3, Theorem 5.2], it is shown that every zero product preserving additive map ® : M, (D) —
M, (D) of matrices over a division ring I either has a range with trivial multiplications, or
O(-) = C¥Y(-) = ¥(-)C for a ring endomorphism ¥ and a matrix C. However, for those maps

between matrices of different sizes we can have some wired examples.

Example 3.10 (Based on [19, p. 310] and [6, Example 2.5]). Let the underlying field F be
arbitrary. Consider ® : M,, — M, with r > n + 2 and n # 1 defined by

0 ailr A1n 0 0 0
o o --- 0 ain O 0
(ag) = = = . 5 0
o o --- 0 ap, O 0
o o --- 0 0O O 0

The linear map @ preserves zero products. Note that ®(I,)? = 0. Since ®(E)? # 0 with
E = E11 + Ey,,, the image of ® carries a nontrivial multiplication.

We claim that ® cannot be written as the form C'V¥ for any C' in M, (F) and any homo-
morphism ¥ : M, (F) — M,(F). Assume on the contrary that ® = C¥. Then we get a
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contradiction.
(IJ(E)2 =®(E)CY(FE)=®(E)CY(ELE) =9(E)CY(E))V(E)
= ®(E)P(E1)V(E) =0V (E) =0.

When r <n+ 1 and n # 1, we do have a good counterpart of [3, Theorem 5.2].

Proposition 3.11. Suppose that r <n+1 andn # 1. Let ® : M, (F) — M,(F) be an additive
zero product preserver.

(a) If ®(1,) is not a nilpotent, then r =n or r =n+ 1, and ® has the form
A aS(A; ®0,_p,)S ! (3.12)

for some nonzero scalar «, an invertible matriz S in M,(F), and a unital ring endomorphism
T of F.

(b) If ®(1,) is a nilpotent, then the range of ® always has trivial multiplications. In this case
when the underlying field F is an infinite field of characteristic 2, we assume in addition
that ® is F-linear.

Proof. (a) We assume that ®(I,) is not a nilpotent. Then the ‘algebraic part’ R given in
Theorem 3.1 is an invertible matrix with rank at least n. It is then necessary that » = n or
r=n+ 1. In view of (3.11), ® has the form

A S(RP1(A) ®0,_,)S™' = S(®1(ARD0,_,,)S ™

for an invertible matrix S in M, (F), an invertible matrix R in M, (F), and a unital ring homo-
morphism ®; : M, (F) — M, (F). Arguing as in the proof of Theorem 3.3 we will establish (3.8)
for the unital ring homomorphism ®;. We have indeed

@1(E¢j):EZ“ for all i,jzl,...,n.

For any a in F, the matrix ®(al,) commutes with all ®;(E;;) = E;j. Thus, ®1(al,) = 7(a)l,
for some scalar 7(a) in F. It is easy to see that a +— 7(a) is a unital ring homomorphism of F.
Observe that
n n n
O1(A) = Bi(aiBy) = Y i(ayl)®1(Ey) = Y 7(ay)Eij = Ar,
ij=1 ij=1 ij=1

where A, = (7(ai;)) if A = (ai;). Since R commutes with all A;, in particular with all E;;
since 7(1) = 1, the invertible matrix R = al,, for some nonzero scalar «. Consequently, ® has
the form (3.12).

(b) Let ®(I,,) be a nilpotent. Suppose on contrary that ®(M,,) does not have trivial mul-
tiplications. By Proposition 3.7, ®(aE)? # 0 for a rank one idempotent F in M, and a # 0
in F. Let {ey,...,e,} be a basis of F™ consisting of eigenvectors of E such that Fe; = e; and
FEej =0 for j = 2,...,n. In this setting, we can write £ = FE11, where Fj; is the matrix unit
of M,, with respect to the basis {ej,...,en}.

Observe that

(OéEll + OéElj)(OéEn — anl) =0
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implies
®(aFy;)®(aEj) = ®(aE;)? #0, j=1,...,n, (3.13)
and
®(aFE;j)®(aky) =0, whenever j #k, and 4,5, k,l=1,...,n. (3.14)

Since ®(1,,) is a nilpotent, ®(aF11) is a nilpotent as well by Lemma 3.2(b). After a similarity
transformation, we can assume that ®(aFi1) = J1 @ -« - @ Jy, is a direct sum of its zero Jordan
blocks. Since ®(aF11)? # 0, we can further assume that .J; is of size at least 3; namely,

01 --- 0
Ji =

00 1

00 0

Since E1jE1n = E11Ej1 = 0, we see that the first and the second columns of ®(aF;) are zero
columns, and the second and the third rows of ®(aF}1) are zero rows for j =2,...,n.

Denote by R; the first row of ®(aFE;), and by C; the third column of ®(aE;;) for j =
2,3,...,n. Let

Ry
R3
R = : and C:(C'g s --- Cn)

rx(n—1)"

"/ (n—1)xr

The conditions (3.13) and (3.14) tell us that R;C; = 1 whenever i = j, and 0 whenever i # j.
In other words, RC' = I,_;. Note that the first and second columns of R are both the zero
columns. On the other hand, since the third row of C' is the zero row, we can replace the third
column of R by the zero column to get a new (n—1) x r matrix R’ such that R'C = RC' = I,,_;.
Therefore, R’ has rank n— 1. Since the first three columns of R’ are zero, we have r —3 > n —1.
This contradiction establishes the assertion. | ]

If r>n+1orn=1, even a ring homomorphism from M,(F) into M,(F) can carry a far
more complicated form. The following example tells us that Proposition 3.11 does not hold
when r = 2n = 2.

Example 3.12. Let F be a purely transcendental extension over another field K, for example
R/Q. According to [25, Corollary 1’ in p. 124], there is a nonzero additive derivation z — z’ of
F. Consider the unital ring homomorphism ® : M; (F) — Ms(F) defined by

(a)i—><8 ‘;)

This does not carry the form as stated in (3.11).
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4. ZERO PRODUCT PRESERVING MAPS FOR OTHER TYPES OF PRODUCTS

In this section, we will use the results and techniques in the last section to study zero product
preservers and homomorphisms for other types of products.

4.1. Jordan homomorphisms and *-homomorphisms. The following lemmas can be known,
and we include them with short proofs here for completeness.

Lemma 4.1. Let F be a field of characteristic not 2. Let ® : M, (F) — M, (F) be an additive
map. If ® is a Jordan homomorphism then ® preserves double zero products; when F is the real

or complex, ® also preserves zero products of self-adjoint or symmetric elements, i.e.,

®(A)P(B) =0 whenever AB =0 and both A, B are self-adjoint or symmetric.

Proof. Note that a Jordan homomorphism between matrices preserves commutativity ( [9]). If
AB = BA = 0 then ®(AB + BA) = 0 and thus ®(A)®(B) = £9(B)®(A) = 0. On the
other hand, if both A, B are self-adjoint and AB = 0 then BA = (AB)* = 0, and we have
P(A)®(B) = 0 from above arguments. The case for symmetric matrices is similar. ]

Lemma 4.2. LetF be any field. Let 0 : M, (F) — M, (FF) be an additive Jordan homomorphism.

(a) If 6 is not the zero map, then it is injective.
(b) There are two disjoint idempotents P,Q in M,(F) such that
i. PO(A) =0(A)P and QO(A) = 0(A)Q for all A € M, (F),
ii. the maps 01,09 : M, (F) — M, (F) defined by 0,(A) = 0(A)P and 02(A) = 0(A)Q are
ring homomorphism and ring anti-homomorphism, respectively, such that 6 = 01 + 05.
(¢) Suppose the underlying field is the complex C. If 0 is a linear Jordan *-homomorphism
then we can choose 01,05 above to be an algebra *-homomorphism and an algebra *-anti-
homomorphism, respectively.

Proof. We note that Jordan ideals of a matrix ring are two-sided ideals [9, Theorem 11]. Thus
the kernel §=1(0) of 6 is a two-sided ideal of the simple ring M, (F). If € is not zero, then we
see that its kernel is zero, and thus 6 is injective. Moreover, it follows from [9, Theorem 7] that
any additive Jordan homomorphism 6 : M, (F) — B from the matrix ring M, (F) into another
ring B is a sum of a ring homomorphism and a ring anti-homomorphism as stated.

On the other hand, any linear Jordan *-homomorphism 6 : A — B between C*-algebras
such that 6(.A) generates B is a sum of *-algebra homomorphism A — 6(A)P and a *-algebra
anti-homomorphism A — 0(A)Q for an orthogonal pair of central projections P, Q in B** with
P+ @Q =1 [22, Theorem 3.3]. Thus the last assertion follows. |

Lemma 4.3. Let F be any field. Let 0 : M, (F) — M, (FF) be an additive Jordan homomorphism.
If 0 preserves zero products, then 0 is a ring homomorphism.

Proof. By Lemma 4.2, we write 6 = 61 +62 where 0;(-) = 6(-)P = P0(-) is a ring homomorphism
and O2(-) = 0()Q = QO(:) is a ring anti-homomorphism with idempotents P,Q such that
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PQ = QP = 0. The goal is to assert that #o = 0. If it is not, choose any A, B from M, such
that AB = 0 but BA # 0. Since both 6 and 6, preserve zero products, we see

0=0(A)0(B) = 01(A)01(B) + 62(A)02(B) = 02(A)b2(B) = 02(BA).

Hence 6 is not injective. By Lemma 4.2(a), 3 = 0. |

Theorem 4.4. LetF be a field. Suppose ® : My, (F) — M, (F) is a linear Jordan homomorphism.

(a) There exist nonnegative integers k1, ks such thatt = r—nky —nks > 0, and an invertible
matriz S in M, (F) such that ® has the form
Ik1 QA
A S I, ® At St (4.1)
0¢
(b) Assume F =R or C. If ®(A)* = ®(A) for every rank one projection A, then S can be
chosen such that S~' = S*.
(c) Assume F = C. If ®(A) is symmetric for every rank one real symmetric idempotent A,

then S can be chosen to be complex orthogonal.

Proof. 1t suffices to verify the case when n > 2. It follows from Lemma 4.2 that there are
idempotents P, @ in M, such that P+ Q = I,, PQ = QP = 0 and ® = ®; + &5 is a direct
sum of the algebra homomorphism ®; = P® and the algebra anti-homomorphism &5 = Q®.
Considering the algebra homomorphism ®5(+)*, we arrive at the conclusions with Theorem 3.3.
||

4.2. Idempotents and disjointness linear preservers. A special case of the following result
when n = r has been obtained in [5, Theorem 8], while a more general case for matrices over
a unital commutative ring can be found in [2, Theorem 2.1]. We provide here an elementary
proof with a more detailed description of the map involved.

Theorem 4.5. Assume that the underlying field F has characteristic not two. Let ® : M, — M,
be a linear map preserving idempotents. Then ® is a Jordan homomorphism, and there exist
an invertible S in M,, and nonnegative integers ki, ko such thatt =r —nky — nke > 0, and

Ik?1 QA
d(A) =S I, ® At St
0y

Proof. We first note that ®(I,,) is an idempotent. Observe that for idempotents P, @, they
are orthogonal to each other exactly when P 4+ @) is again an idempotent. Therefore, & sends
disjoint idempotents P, @ in M, to disjoint idempotents ®(P), ®(Q) in M,. In particular, for
every idempotent P in M, we have
(In)2(P) = (B(P) + (I — P))2(P) = ©(P) = ®(P)®(In).
By Lemma 2.1(b), we see that
D(A) = D(1,)P(A) = P(A)P(I,), forall Ae M,.
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Therefore, if we change ®(-) to Sy '®(-)Sy for some suitable invertible Sy in M,., we can assume
O(I,) =14 0,_5 and ®(A) = A’ & 0,_; for some A’ in M, where s is the rank of ®(I,,).

In the following, we assume further that s = r, and in particular, ®(I,,) = I,.. Since ® sends
disjoint idempotents in M,, to such in M, it follows from Lemma 2.1(e) that

d(A?) = ®(A)?, for all real symmetric matrix A € M,,. (4.2)
In particular,

Moreover,

Replacing ® by the map X — S, 1<I>(X )S7 for some invertible S7 in M,, we can assume that
the idempotents

(Ey) =0, @ DI, DO, @ -+ D0, 1=1,...,n.

Here, k1 +---+ k, = 7.

Since Eq1 + E19, Eoo + F19, F11 + Eo1 and FEoo + Eo; are all idempotents and have pairwise
zero products with Ej; for ¢ = 3,...,n, we see that ®(E11)+ P(E12), P(Ea)+P(E12), P(E11)+
®(E91) and ®(FEa2) + ®(F21) are all idempotents and have zero products with ®(E;;) for i =
3,...,n. This forces

By1 B Ccn C
o) = (5} ) o0, wa et = (G &) @0

where s = r — k1 — kg, B;j,C;; are k; x kj matrices for ¢, j = 1,2. Moreover,

2
(Ik1 + B Bl2> _ (Ik1 + B Bl2>

By Boyo Bay Boo
_ (I +2Bu + B?, + B12B21  Bia + B11Bia + B12Bao
Bo1 + B21B11 + BaaBoy Bo1 B2 + B3, ’
and
2
Bll Blz _ Bll Bl2
By Iy, + Bao Boy Iy, + Bao
_ B?, + B12By B11B12 + B1a + B12B22
Bs1Bi1 + Bt + BaBo1 BoBia + Iy, + 2By + B3, )
It follows

B11 =0k, B2 =04, Bo1Bi2 =04, and BjaBs = 0,.
Similarly, we have

Ci1 =0k, Co =0, C2Ci12=0, and C120 = 0.
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Thus we can write
(I)(Eij) = <Y(z )%J> ® 05, with X;;Ys; = 0, Yi;Xi5 = O, forall ¢ #£ j, i,7 =1,2.
(4.4)

Because E1g + Fa is real symmetric and (E1o + E21)? = E11 + Eg9, by (4.2), we have
0 X2+ X1\ _ (I O
Y12 + Yo 0 0 Ip,)°

XijYji+ Xj:Yi5 = I, (4.5)
Yij Xji +YiXij = Ir;, 1<j, i, =1,2.

Consequently,

By comparing traces, we see that k; = k.
The above discussions hold for all pairs 4, j of distinct indices. We thus conclude that

ky=ko = =ky=k

for a common value k such that nk = r. Consequently, ®(E;) = Ei; & I for i = 1,...,n.
Moreover, (4.4) and (4.5) hold for all distinct indices 4, j from 1,2, ..., n. It follows for A = (a;;)
in M, that

(A) = Z aii Bii @ I, + Z aijEij @ Xij + Z a;jEji @ Yij + Z aij Eji @ Xij + Z a;jEij @ Yij.
i i<j i<j >4 i>j
By (4.5), we then see that
D(A?%) = (A2
Therefore, ® is a Jordan homomorphism from M,, into M,. The desired assertion follows from
Theorem 4.4. n

Theorem 4.6. Assume that the underlying field F has characteristic not two. Let ® : M, — M,

be a linear map such that ® preserves double zero products, i.e.,
O(A)®(B) = ®(B)P(A) =0 whenever A,B e M, satisfies AB= BA=0.

Then there exist nonnegative integers ki, ks such that t = r — nky — nka > 0, and invertible
matrices S in M,, Ry in My, and Ry in My, such that ® has the form

Ri®A 0 0
A S 0 Ry @ A* 0 St
0 0 Dy(A)

If ®(I,,) has nil index v, then the double zero product preserving linear map o : M, — M;
satisfying that ®o(P)**! = 0 for every idempotent P in M,,.

In the complex (resp. real) case, ®o : M, — M; is a linear map preserving Jordan zero
products (resp. Jordan zero products of symmetric matrices). If v = 0, especially when ®(I,)
1s diagonalizable, then

Do(X)Po(Y) + Po(Y)Po(X) =0,  for all (resp. symmetric) X,Y € M,.
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Proof. Observe that for any idempotent P in M, we have
P(I,—P)=(I,— P)P=0.

Thus

This gives
®(P)d(I,) = ®(P)?* = O(I,)D(P). (4.6)
Since every A in M, is a linear sum of three idempotents (Lemma 2.1(b)),
O(I,)P(A) = P(A)P(I,) forall A€ M,.

As argued in the proof of Theorem 3.1, we write ® = ®; @ ®¢, and define ¥(-) = &;(-)R~1.
By (4.6) we see that W is a linear map from M, into M, preserving idempotents. By Theorem
4.5, ¥ is a unital Jordan homomorphism, and thus @ is given in the stated form. Moreover, it
follows again from (4.6) that ®¢(P)" ™ = ®¢(1,,)*®o(P) = 0 for all idempotents P in M,.
Assume now that the underlying field is C (resp. R). It follows from Lemma 2.1(f) (resp.
(e)) and (4.6) that
®(1,,)P(A%) = ®(A)? for all self-adjoint (resp. symmetric) A in M,,. (4.7)
Note that A + B is self-adjoint (resp. symmetric) whenever both A, B are. We have
®(1,)((A+ B)?) = 2(A+ B)?,
and thus
O(1,)P(AB+ BA) = ®(A)®(B) + ®(B)®(A), (4.8)

for all self-adjoint (resp. symmetric) A, B in M,. Because (A +iB)%? = A? +i(AB + BA) + B?
for any self-adjoint matrices A, B, both (4.7) and (4.8) are true for all matrices A, B in M, in
the complex case. With (4.8), we see that ®, and thus also ®g, sends pairs of (resp. symmetric)
matrices with zero Jordan products to pairs with zero Jordan products. Finally, if v = 0,
namely, ®o(I,) = 0, then ®o(A)Po(B) + Po(B)Po(A) = 0 for any (resp. symmetric) matrices
A, B in M, by (4.8). n

The general case of the following result is known to C*-algebraists (see, e.g., [17, Theorem
3.6]). We include an easy proof for the special case of complex matrices for completeness.

Theorem 4.7. A complex linear map ® : M,, — M, preserves range orthogonality, i.e.,
O(A)*®(B) =0 whenever A,B € M, satisfies A*B =0,
if and only if there are matrices S, T in M, such that S*S = I, and

I, ®A 0

®(A) =S5 < 0 0, > T, forall Ae M,.
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Proof. We first claim that

O(1,)"P(A*B) = ®(A)"®(B) for all A, B € M,. (4.9)
Indeed, for any orthogonal projections P, @ in M, since P*(QB) = Q*(PB) = 0, we have

O(P)*®(QB)=2(Q)"®(PB)=0 forall Be M,.
It follows
O(P+Q)"P(QB) =2(Q)"®(QB) =2(Q)*®((P+ Q)B) for all Be M,.
In particular,
O(1,)"P(QB) =2(Q)*®(B) forall B e M,.

Since every complex matrix A can be written as a linear sum of projections, we establish (4.9).
In particular, if ®(I,) = 0 then ® is a zero map, and the assertions hold trivially. So assume
the rank s of ®(I,,) is positive below.

Let H be the column space of ®(I,,), i.e., the linear span of all column vectors in ®(I,,) in
C". Tt follows from (4.9) that

O(L,) P(A*A) = P(A)*"P(A) = P(A*A)*D(1,) forall A€ M,.
In particular, ®(A)zr = 0 whenever ®([,)x = 0 for all z in C". Therefore, we can define an
m(A) in M, by setting
m(A)®(I,)x = ®(A)xz for all x € C",

and 7(A)y = 0 for any y in the orthogonal complement of H in C".
Observe the C" inner products

(m(A*B)®(In)x, ®(In)y) = (P(A"B)x, ®(In)y) = (®(In) (A" B)z, y)
= (®(A)"®(B)x,y) = (2(B)x, ®(A)y)  (by (4.9))
= (1(B)®(In)z, 7(A)®(Ln)y) = (w(A)* 7 (B)®(I)z, D(In)y),
for all z,y in C" and A, B in M,,. Hence,
m(A*B) = n(A)*n(B) forall A, B¢€ M,.

Therefore, m : M,, — M, is an algebra x-homomorphism. It then follows from Theorem 3.3
that there exist an integer k£ and a unitary matrix .S in M, such that

I, ® A 0 "
7T(A)ZS< kO Or—kn>s‘

By construction,

I, ®A 0
0 O'r—kn

Setting T' = S*®(1,,), we complete the proof. |

D(A) = m(A)D(I,) = S ( ) S*®(I,) forall A€ M,.

The following can be considered as an enhanced version of a special case of the general
results about orthogonality preserving linear maps of JB*-triples discussed in, e.g., [4]. When
® is surjective, it is also discussed in [23] (see also [12, Theorem 2.2]), which applies indeed for
general C*-algebras.
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Theorem 4.8. Let ® : M,, — M, be a complex linear map preserving double orthogonality,
1.€.,

P(A)®(B)* =®(B)"®(A) =0 whenever A,B € M, satisfy AB* = B*A = 0.
Suppose that ®(1,) is a self-adjoint matriz in M, of rank s. Then there are nonnegative integers

ki, ko such that s = nk where k = k1 + ko, and there is a unitary S in M,, and invertible self-
adjoint matrices Ry in My, , Ra in My, such that

Ri®A 0 0
P(A) =S 0 Ry A" 0 S*  forall A € M,. (4.10)
0 0 Orfnk

Proof. Let P, be orthogonal projections in M,. By the double orthogonality preserving
property of ®, we have

Putting P = I,, — @), we have
(@(Ln)" = (Q))2(Q) = 2(Q)(®(In)" — B(Q)") = 0.

Since ®(1,)* = ®(1,), we have

(1,)2(Q) = 2(Q)"2(Q) = (Q)"®(In),

P(Q)2(In) = 2(Q)2(Q)" = &(In)(Q)". (4.11)
Hence

(1) 2(Q) = D([)2(Q)"(In) = (Q)D(I)*.

Write the self-adjoint matrix ®(I,) = ®(I,)+ — ®(I,)- as the orthogonal difference of its
positive and negative parts. The fact that ®(Q) commutes with ®(1,,)? = ®(1,,)2 + ®(I,)%
implies that ®(Q) commutes with both ®(I,,); and ®([,)_, and thus also with ®(I,,). By
Lemma 2.1(f), ®(I,,) commutes with ®(A) for any A in M,. It follows from (4.11) that both
the left and right support projections of ®(Q) is dominated by the support projection of the
self-adjoint ®(7,,). Thus, it is also true for ®(A) for any A in M,,.

Choose a unitary matrix S; from M, such that S}®(I,,)S1 = D1 ®0,_s, where D; is an s X s
invertible diagonal matrix with all nonzero (real) eigenvalues on the diagonal. From above we
see that S7®(A)S = ®1(A) & 0, for a linear map ®; : M,, — M. Clearly, ®; also preserves
double orthogonality and ®4(I,,) = D;. Moreover,

Dl(I)l(A) = (I)1<A)D1 for all A€ M,,.
Let m: M,, — M, be defined by
m(A) = D{'®(A)  for all A€ M,.

It is clear that 7 preserves double orthogonality. Therefore, 7 satisfies (4.11) as ® does. Since
m(I,) = I, we have

m(Q) = m(Q)*'m(Q) = =(Q)"
for every projection @ in M,,. Therefore, m sends projections to projections. By Lemma 2.2(b),
7 is a unital Jordan *-homomorphism from M,, into M.
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It follows from Theorem 4.4 that there are nonnegative integers k1, ko such that s = nk where
k = k1 + ko, and there is a unitary Uy in M, such that

w(A) =U; (Iklgiw‘l L (S@At> U forall A€ M,.
2
Let
S=95 < 01 Ir_nk> and R = U1 D U;.
Then

B(A) = S <‘I’1éA) 8> St = S (% 8) (”(OA) 8) s;

I, ® A 0 0 .
:51<D1 0)<U1 0) 0 L, A" 0 (U1 O)Si*

0 0 0 Irfnk 0 0 Or—nk 0 Irfnk
Iy ®A 0 0
:S<§ 00 > 0 I,®A" 0 |
r—nk 0 O Orfnk;

Moreover, by construction the self-adjoint matrix R satisfies

R< 0 Ik2®At>_< 0 I, ® A R forall Ae M,.

Thus

 (Ri®1, 0
R_( 0 R2®In>

for some self-adjoint invertible matrices Ry in M}, and Ry in My,. This establishes the assertion
(4.10). [

Denote by H,, the real linear space of self-adjoint matrices in M,,(C).

Theorem 4.9. Let ® : H, — M,(C) be a real linear map preserving zero products. Then

e there are nonnegative integers ki, ko such that s = n(ky + ko) is the rank of ®(I,,),
e there are invertible matrices S in M,(C), Ry in My, (C) and Ry in My, (C), and

e there is a real linear map ®¢ : H, — M,_s preserving zero Jordan products,

such that ® carries the form

Ri®A 0 0
A S 0 Ry ® A* 0 S1
0 0 Bo(A)

If the nilpotent part of ®(I,,) is zero, then
Bo(X)Bo(Y) + Bo(Y)Po(X) =0  for all X,Y € H,. (4.12)
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Furthermore, if ®(H,) C H,, i.e., ®(A)* = ®(A) for all A in Hy, then S can be chosen to be
unitary, R1 = R}, Ro = R5, and ® carries the form

Ri®A 0 0
A= S 0 Ry At 0] S*.
0 0 0

Proof. For any projection P in M,, we have P(I, — P) = (I, — P)P = 0, which implies
o(P)®(I, — P) = ®(I, — P)®(P) = 0. Hence,

By Lemma 2.1(f),

O(I,)P(A?) = B(A)? = ®(A*)®(I,) for all A € H,. (4.13)

We choose an invertible S from M, such that Sfqu(In)Sl = R® N, where R is an s X s
invertible matrix and N is an (r —s) x (r — s) nilpotent matrix. Replacing ®(-) with S;'®(-)S1,
we can assume that ®(I,) = R ® N. Note that N = 0,_s and we can choose S; to be unitary
and R = R* to be a real diagonal invertible matrix if ®(I,) is self-adjoint. Because every
self-adjoint matrix is the difference of two positive matrices, and positive matrices have positive
square roots, it follows from (4.13) that ®(I,,)®(A) = ®(A)®(I,) for all A in H,.

Arguing as in the proof of Theorem 3.1, we can write ®(A) = ®1(A) & Po(A), where @ :
H, — Mj is a zero product preserving real linear map such that R®;(A) = ®1(A)R for all A
in H,, and &y : H, — M,_; is a zero product real linear map into nilpotent matrices. When
®(H,) C H,, we see that ®( is the zero map. In general, if N = 0 then by (4.13) we establish
(4.12).

Consider the map ®2(-) = R71®1(:) = ®1(-)R~!. We see that ®5 is a unital zero product
preserving real linear map from H,, into M. It follows from (4.13) again that ®9 is a unital real
linear Jordan homomorphism. Extend ®5 to a complex linear map ®3 : M,, — M, by setting

‘1)3(14 + iB) = @Q(A) + Z"I’Q(B) forall A,B € H,.

Then ®3 is a unital complex linear Jordan homomorphism. It follows from Theorem 4.4 that
®3 assumes the form

A So[(Iy, ® A) @ (I, ® AM)]S5

for some invertible So in My and some nonnegative integers ki, ko such that s = n(ky + ko).
When ®, and thus ®,, sends into self-adjoint matrices, ®3 is a Jordan *-homomorphism, and

we can assume Sy is unitary.
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Consequently,
Iy, ® A 0 0
B(A) =S (RDI,_s)(Sa @ I_s) 0 L,®A" 0 | (Sytel_,)st
0 0 Do(A)
I, ® A 0 0
= S1(Se @ I,_s)(Sy RS2 @ I_y) 0 L,®A" 0 | (Sytel_y)st
0 0 Do(A)
I, ® A 0 0
= S(S;'RSy @ I,_) 0 L,®A* 0 |S!
0 0 Do(A)
I, ® A 0 0
= SR & I,_,) 0 L,®A* 0 |SL
0 0 Do(A)

Here, S = S1(S2 @ I,—s) is invertible in M, and R’ = S;lRSQ in M, satisfies

/Ik1®A 0 . Ik1®A 0 )
R( 0 Iy, @ AV — 0 Iy, © At R forall A€ H,.

Hence,

/ R1®In 0
R_< 0 R2®In>

for some invertible matrices Ry in My, and Ry in My,. When @ has self-adjoint images, we can

assume that S is unitary and R, Ry are self-adjoint. The assertions follow. [ |

Denote by Sy, (F) the set of n x n symmetric matrices in M, (F).

Theorem 4.10. Let ® : S,(C) — M, (C) be a zero product preserving complex linear map. The
following are equivalent.
(a) ®(A) is a (resp. symmetric) idempotent whenever A is a rank one idempotent in Sy (R).

(b) There is a nonnegative integer k and an invertible (resp. complex orthogonal) matrix S in

M, such that ® has the form

(I ®A 0
A 8 ( 0 ol )s

Proof. We verify the implication (a) == (b) only. By (a), ®(E;;) are all idempotents and
Q(E;)®(E;;) =01if i # j. Hence, ®(I,) = > ;" | ®(Ej;) is an idempotent. Assume S in M, (C)
is invertible and that S~'®(1,,)S = I ® 0,_,. As in the proof of Theorem 3.3, replacing ®()
with S~1®(-)S, we can assume that r = s, ®(I,,) = I, and

O(Eiy) =0, @ B Iy, ®O0py, & B0k, i=1,...,0.

Here, k1 + ko + -+ k, = s.
Let

B B
B = CI)(E12 + E21) = (Bi B;z) @ Oy,
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where B;; are k; x k; complex matrices for i, j = 1,2, and s’ = s — k; — kp. For any nonzero

1 1 -1
X1—<’1Y 1/,y>690n—2 and X2_<_/¥ 7)69071—2-

Because X1X5 = 0,,, we see that

real 7y, consider

0s = (@(vE11 + E2/v) + B)(®(E11 /v + vE22) — B)

(X )

[<’YI’“ L/ > @ 0y + B} [(I’“bh ’7?1@) P 0y — B]

= (5 D)oo (30 gl )eos (R h2) e
<181 [2) 60, B - ((7— 167)311 " _07)322) 0,

Since this is true for all nonzero real v, we see that B1; and Bsy are zero blocks. Because the
(1,1) and (2,2) blocks of B are zero, we get

B1oBoy = I, and  B21Big = Ii,.

Hence, k1 = k9 and By = Bl_Ql. Similarly, we get all k; = ko = -+ = k,,, and we set this
common value to be k. It follows s = nk.

Now, we may replace ® with the map (BfQ1 DI ® I_op)P(X)(B12® I ® I5_9p) so that Bia
is changed to I;. Consequently, we can assume

0 I
B = ®(E2 + Ey) = (Ik Ok> @ 0s_of.

In a similar manner, we can assume, up to similarity,
Q(Ej+Ejn)=(Eiyj+Ejn)®I;, forallj=1,...,n

Notice that all F;; + E;; with 4,5 = 2,...,n, are disjoint from FEj;. It follows that all
®(Eij) + ®(Ej;) are disjoint from ®(Ey1) = I ® 04—, for i,j = 2,...,n. Consequently, all
®(E;;) + P(Ej;) are contained in (0 &[5 ) Ms(0, @ I5—1). Therefore, ® induces a zero product
preserving complex linear map @' : S,,_1(C) — M,_j(C) such that condition (a) is satisfied.
Therefore, with an induction argument we can show that

@(EZ]—I—Eﬂ) = (EZ]—FEﬂ)@Ik foralli,j=1,...,n
After a permutation similarity, we can assume instead
(I)(Ez]+Eﬂ) :Ik®(EZJ+Eﬂ) foralli,j=1,...,n

Since {E;j + Ej; 14,5 =1,...,n} is a basis for S,,(C), we arrive at the asserted representation.
Finally, if ® sends rank one real symmetric idempotents to symmetric idempotents, the
matrix S above can be chosen to be complex orthogonal as in the proof of Theorem 3.3(c). B



28 LI, TSAI, WANG AND WONG

5. FUTURE PROJECTS
One can consider additive or linear maps ® : M,,(F) — M, (F) satisfying
®(A)-®(B) =0, whenever A, B e M,(F)satisfy A-B =0,

for different kinds of products (binary operations). For instance, one may consider the Jordan
product A-B = AB + BA, the Jordan triple product A - B = ABA, the Lie product A- B =
AB — BA, the skew product A-B = AB*, etc. We note that although some results about these
problems are known for the case when r < n, they are indeed challenging in general.

In particular, we are interested in characterizing the following additive/linear maps ® :
M, (F) — M,(FF) between matrix algebras. We hope their characterizations will be done in a
future project.

(1) ®(A)®(B) 4+ ®(B)P(A) = 0 whenever A, B € M, (F) satisfy AB+ BA = 0.
(2) ®(ABA) = 0 whenever A, B € M, (F) satisfty ABA = 0.
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