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Abstract The famous work of Murray and von Neumann about decomposing W ∗-
algebras into different types (which is known as the classification theory of W ∗-algebras)
is based on the study of projections in W ∗-algebras. Different from W ∗-algebras (which
are generated by projections), a C∗-algebra may contain no non-zero projection. There-
fore, we cannot transport the classification theory of Murray and von Neumann directly
to C∗-algebras. In our recent works, we have developed two classifying (or decomposi-
tion) schemes of C∗-algebras using the properties of their open projections and prop-
erties of their positive elements, respectively. In this note, after a briefing of our two
classifying schemes of C∗-algebras, we introduce a more general classification framework
that, on top of giving many other possible schemes, can be used to obtain, compare
and refine the two classification schemes mentioned above.
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1 W ∗- 012 Murray–von Neumann 3456

�
 (�) Banach∗-�� A�7� ‖a∗a‖ = ‖a‖2 (8�� a ∈ A),9�:�
 Hilbert

�� H, ��
� A � B(H) � (��) �∗- ;��� (������)∗- ���� (��� [12,

�� 2.3.20]). ��, � A � C∗- ��. ���
 C∗- �� M ���
 Banach �� M∗ �

���, � M = (M∗)∗, 9�:�
� M ���
 B(H) ��∗- �∗- ;����∗- ��∗- ��

�� (��� [12, �� 4.2.5]). ��, � M � W ∗- ��. <��, �
 C∗- �� A ����

�� A∗∗ ����
 W ∗- ��.

Murray � von Neumann : 1930 ��� �!��� W ∗- ���"�#= (��� [17],

�$�� [11, 16]). ��%��
 W ∗- �� M >�����?,  M "! �& I'& II �&

III ��∗ �� �@�. !"="(##.

$ p, q, r � M >���, �: M >%$�7� p = p∗ = p2 �A%. ���� r �7
pr = r, 9� r � p �;��, �&� r ≤ p. ���: M >�A% v, &) v∗v = p � vv∗ = q,

9� p � q Murray–von Neumann *', �&� p ∼ q. ��, '� v �+,�(A. ���� q

B p �;��*', � q ∼ r ≤ p,  &C� q � p. )!D* p � q � q � p +(- p ∼ q. *

'.) ∼  M >���" *'�, /8,�*'� [p], & c(p) := supq∈[p] q, �� c(p) �

p �>*01. )!D* c(p) ��
>*��, � c(p) �: M �>* Z(M) -��� (./2

+, 8,�
 x ∈ M , � c(p)x = xc(p)).

,�3 M -���>, 8+,- ≤ �0.A%, ��0.��. /01, p � M >�0
.���42�� pMp = Cp. ��3�, �� q ∼ p, 9 q '� M >�0.��. )�, E�
514�� W ∗- ��6�778�0.��.

=�0.��� “(9”, ,��2 M �3.��: �� pMp �3.� W ∗- ;��, 9�
p �3.��. /01, p �3.���42�� pMp = Z(M)p, ÆF5:8 p �:��!
c(p) �>*01���>�0.G (�� [11, 419, 420 6]). : M = B(H) �, Z(M) = C. �
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!, 3.��9�0.��. �� M >,
A:��� p BC6�
A:�3.�� q, 9�
M �;9�'< I � W ∗- ��.

�$�D, �
 W ∗- �� M :I)+E=�>FA:�3.��. 8�,�?�G�2�
;��: �� p C6�
�<J@*'�K;�� q, � p ∼ q � p, � p � M >�=;��.

HC, ��

p ∼ q ≤ p =⇒ p = q,

9� p � M >��;��. 3�3.�����;��. �� p ��;��A q � p, 9 q '

��;��.

�2 M >�LI�;>*��
zf := sup{p ∈ M : p � M >��;�>*��}.

�� zf = 1, � M ��;. �� zf = 0, � M �K=;. :K=;� W ∗- ��>�,
A:>
*��B�=;��. ���� p EC6>FA:��;��, 9� p �J=;��. ,��2

M >�LIJ=;>*��
z3 := sup{p ∈ M : p � M >�J=;�>*��}.

�� z3 = 0, � M �K�;. ��, : M >�,
A:>*���C6�
�;;��. ��

z3 = 1, 9� M �J=;'< III � W ∗- ��. 
 M B�>FA:�3.��, �A�K�;

�, 9� M � II � W ∗- ��.

L?�G, 
 M � I � W ∗- ��, A M ����;� (>�, ���K=;�), 9� M

� If � (>�, I∞ �). 
 M � II � W ∗- ��, A M ����;� (>�, ���K=;
�), 9� M � IIf � (>�, II∞ �).

Murray� von Neumann C? If �'I∞ �'IIf �'II∞ �� III� W ∗-��?@��M�
"�. DE�+, �M� W ∗- �� M N)!"! !1N���∗�� �@�. /01, 
$

z1 := sup{z ∈ M : z � M >&) Mz � I � W ∗- ���>*��},
�A z2 := 1− z1 − z3, 9 M3 = z3M � M �LI III ��∗- �� , M1f = zfz1M �LI If �

�∗- �� , M1∞ = (1 − zf)z1M �LI I∞ ��∗- �� , M2f = zfz1M �LI IIf ��∗- �

� , M2∞ = (1 − zf)z2M �LI II∞ ��∗- �� , /A

M = M1f ⊕ M1∞ ⊕ M2f ⊕ M2∞ ⊕ M3

(�� [13, �� 6.1.9]). ��, ,�'OO M1 := M1f ⊕ M1∞ �LI I �� ∗- �� , /

M2 := M2f ⊕M2∞ �LI II ��∗- �� . ��, P8 W ∗- ���FAB)!BQ"R�2 If
�'I∞ �'IIf �'II∞ �� III � W ∗- ��G)�D*.

H8 W ∗- ���"��I� S, J�CD+7 C∗- ��=-�E�"�. �/, F8�
M C∗- ��KT778���, E+@LGP Murray � von Neumann �UV.

� [18] C? C∗- �� A :M��� A∗∗ -�N��G)-�� Murray–von Neumann

"�. N���WOLHF Akemann :� [1] >�IJ. $ p � A∗∗ >���. ���: A >
(X1K�QA%L {ai}i∈I �∗- MP8 p, 9� p � A �N��; ��� 1 − p � A ���
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�. : X ��
Q+R� Hausdorff ���, C∗- �� A := C0(X) �N����>8 X �

NS (BQMNRY�ZO). �M/P, BQ>

p �→ her(p) := pA∗∗p ∩ A,

,�OO C∗- �� A �N����>8 A �)[ C∗- ;��; �Q)[ C∗- ;��, �S A

� C∗- ;�� B �7 BAB ⊆ B (�� [2–5, 7, 22, 23, 25]). �T"!�I')O, C∗- ��>
�,�
A%UV:FN���Æ �R��C>.

W�UX, S� Cuntz � Pedersen �TY�UV [6], \�=G:� [20] >, C? C∗- ��

>�QA%?@W�T Murray–von Neumann U�"�.

<��, :� [8, 9, 26] >, Elliott �����]Z� Elliott EÆ[ (<C6 C∗- ���

K- �I�M\V��), �AWX%$)!?�EÆ[G=�M]Y�)"^( C∗- ����

�. ÆT"��IB Murray � von Neumann �"�'!^B\�=G:� [18] � [20] >�X
I�"�BE�Z.

\�& 2 _##� [18] � [20] >�`[ Murray–von Neumann U�"��I. & 3 _\

-�
_]�"�a�. BQ�_]a�, )!)�L8�. C∗- ��� Murray–von Neumann

U�"��"!�I. ,�CD�_]�"�a�, �M�`Æ�NT"��I, �U8J�
C∗- ���La��!.

2 C∗- 01VWX2 Murray–von Neumann 3456
2.1 YZ[\]&'

2C?N��G="�, ^H_2�2N��1�*'.). :��>, `b:N��1�
a��TE��*'.) [14, 21, 24], /:� [19] >'XI�NTb��*'.)�b�. \�

=G:� [18] >, c?�!"�*'.).

^_ 2.1 $ p, q ∈ A∗∗ � A �N��. ���: A∗∗ >+,�(A v, &)

p = vv∗, q = v∗v, v∗ her(p)v = her(q) ^ v her(q)v∗ = her(p),

9� p � q ��*', �&� p ∼sp q. ��, �)[ C∗- ;�� her(p) � her(q) �����.

*d�, �����)[ C∗- ;����� ∗- �����.

)!D* (�� [18, FA 2.7 (a)]): p ∼sp q :Ac:�:+"�(A w ∈ A∗∗, &) p =

ww∗, �A

{w∗rw : r �.8 p �N��} = {s : s �.8 q �N��}.
./2+, p � q ��*':Ac:�: A∗∗ �+"�(A, <���-�� p �;N��B�
� q �;N��� Murray–von Neumann *'�.

^_ 2.2 $ p, q � C∗- �� A �N��, A p ≤ q (� pq = p).

(a) p : q >��C, p̄q, �S%$ her(q) ����>, C6 p �L.��
.

(b) �� p̄q = q, 9� p : q >cd.

(c) �� her(p) �3.� C∗- ��, 9� p �3.��.

(d) �� A �>�5 p .�N�� r, s, �

s ∼sp r ≤ s =⇒ r̄s = s,
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9� p � C∗- �;��.

<��, p : q >cd*'8 her(p) � her(q) �\`)[ C∗- ;��; �T�, 8>�
her(q) �A:)[ C∗- ;�� D, � her(p) · D �= (0) (�� [28]).

^_ 2.3 $ A � C∗- ��.

• �� A∗∗ �(eA 1 � C∗- �;�, 9� A � C∗- �;.

• �� A �,�
A:N��UC6�
A: C∗- �;N��, 9� A � C∗- K�;.

• �� A �,�
A:>*N��UC6�
A:3.N��, 9� A � A �.

• �� AB�A:�3.N��, d� A�,�
A:>*N��C6�
A: C∗-�;N

��, 9� A � B �.

• �� A B�A:� C∗- �;N��, 9� A � C �.

a% 2.4 [18] $ A � C∗- ��.

(a) A � C∗- �;:Ac: A �,�
A:)[ C∗- ;�� B /P, E� B �\`)
[ C∗- ;��e�)+� B ����.

(b) A� C∗- K�;:Ac: A�,�
A:)[ C∗- ;��UC6�
A: C∗- �;)

[ C∗- ;��.

(c) A � A �:Ac: A �,�
A:�� UC6�
A:�3.)[ C∗- ;��.

(d) A � B �:Ac: A B�>FA:�3.)[ C∗- ;��, A A �,�
A:��

 UC6�
A: C∗- �;)[ C∗- ;��.

(e) A � C �:Ac: A B�>FA:� C∗- �;)[ C∗- ;��.

^b 2.5 [18] $ A � C∗- ��.

(i) "R�:c A �LI A �, B �, C �� C∗- K�;�)[ C∗- ;�� JA, JB, JC �

Jsf. /01, <�� A >�� .

(ii) JA, JB � JC ``fg (� JAJB = JBJC = JCJA = {0}), A JA + JB + JC � A �\

`�� .

(iii) JA + JB � Jsf �\`�� .

(v) ef C∗- �� A,B �f Morita *', <G A � B �\`�� . 
 A � A � (< B

�< C �), 9 B '�; HCg�.

(vi) : M � W ∗- ���, JM
A = M1, JM

B = M2 � JM
C = M3.

�!, C?N��?@� C∗- ��"�� W ∗- ��� Murray–von Neumann "��(9.

d 2.6 [18] (1) ��=gh�( C∗- �� A =�e0�\V, 9 A � B �. NR�, 
 Γ

�=g;9h, AMh C∗- �� C∗
r (Γ) �(�, 9 C∗

r (Γ) � B �.

(2) h� K (H) i, ,�
(� AF - ��U� B �.

2.2 YZfgh&'
H8 C∗- �� A �N���MBE: A >, &)<��i=)+Ejk3, \�=G:

� [20] >'S�� Cuntz � Pedersen :� [6] >Nl�#=, �C? A >�QA%?@"�.

8 x ∈ A+, ��)[ C∗- ;�� her(x) = xAx �3.�, 9� x � A �3.QA (�
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� [23, 191 6]). 8QA% x, y ∈ A+, Cuntz � Pedersen :� [6] >�a��"�*'.):

x ∼ y ⇐⇒�: A >�-i {zk}k∈N, &)

x =
∑∞

k=1
z∗kzk ^ y =

∑∞
k=1

zkz∗k m��MP.

��8�� y ∈ A+, �

x ∼ y ≤ x =⇒ y = x,

9� x � A ��;QA.

8�
 W ∗- ��>��� p, )!D* p �: Murray–von Neumann �aC"�;��
�:Ac: p �: Cuntz–Pedersen �aC"�;�QA [20].

^_ 2.7 $ A � C∗- ��.

• 
 A >�,�
A:�QAB��;�, 9� A ��;; 
 A >�,�
A:�QAUI
8�
A:��;QA, 9� A �K�; (�� [6, 140 6]).

• 
 A B�>FA:��;�� , 9� A �\`=;.

• 
A>�,�
A:�QAUI8�
A:�3.QA, 9�A�;9(�� [24,�a 2.1]).

• 
 A EC6A:�3.QA, A�K�;, 9� A � II � (�� [6, 149 6]).

• 
 A EC6A:��;QA, 9� A � III � (�� [6, 149 6]).

F�a3�: �;� C∗- ��� C∗- ;��'��;�.

a% 2.8 [18, 20] (a) �
 I �� C∗- ����;9�, �A�: �
;9 C∗- �� A � I

� C∗- ��:Ac:�� A �E)iZO π, n C∗- �� A/ ker π U�;9�.

(b) �
 C∗- �� A �K�;�:Ac: A �,�
A:)[ C∗- ;��UC6�
A
:��;)[ C∗- ;��.

(c) �
 C∗- �� A �;9�:Ac: A �,�
A:�� UC6�
A:�3.)[

C∗- ;��.

(d) �
 C∗- �� A � II �:Ac: A B�>FA:�3.)[ C∗- ;��, A A �,

�
A:�� UC6�
A:��;)[ C∗- ;��.

(e) �
 C∗- �� A � III �:Ac: A B�>FA:��;)[ C∗- ;��.

<��, E���;9 C∗- ��B� I ��. j� B(�2) ��
;9/A I �� C∗- ��.

^b 2.9 [20] (1) ef C∗- �� A � B f Morita *', <G A � B �\`�� . 
 A

�;9 (F<� II �, III �, K�;), 9 B '�; HCg�.

(2) �� A �;9 (<G� II �, III �, K�;) � C∗- ��, 9 A �>FA:)[ C∗- ;
����.

(3) �
 C∗- �� A � III �:Ac:�� A �A:)[ C∗- ;��U�\`=;.

8 C∗- �� A �;S X, &

X⊥ := {a ∈ A : aX = {0} = Xa}.
3�, X⊥ � A �)[ C∗- ;��. �A, 
 J � A �� , 9 J⊥ '� A �� .

^b 2.10 [20] $ A,B � C∗- ��.
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(a) "R�:c A �LI;9, K�;, II �� III ��)[ C∗- ;�� Ad, Asf, AII � AIII.

/01, Ad, Asf, AII � AIII U� A �� , /A Ad, AII � AIII ``fg, ^ AIII ∩ Asf = {0}.
(b) Ad + AII + AIII � A �\`�� ; W�UX, Ad + AII � Asf �\`�� .

(c) : A/Ad >B�A:�3.QA, A/(AII + AIII)⊥⊥ �;9�, A/AIII �K�;�, /A

A/Asf � III �.

(d) 
 A K�;, 9 A/AII ;9, A A/Ad � II �.

(e) 
 B � A �)[ C∗- ;��, 9 Bd = Ad ∩ B, Bsf = Asf ∩ B, BII = AII ∩ B ^

BIII = AIII ∩ B.

(f) "R�:c A �LI�;�� Af �LI\`=;�� A∞. ��, Af ∩A∞ = {0},
/A Af + A∞ � A �\`�� .

(g) A/Af �\`=;�, / A/A∞ ��;�.

(h) 
 A ;9'K�;'<� II �, 9 A/Af � A/A∞ '�Z.

(i) Ad,f := Ad ∩ Af � AII,f := AII ∩ Af "R� A �LI�;;9�� �LI�; II ��

� .

(j) Ad,∞ := Ad ∩ A∞ � AII,∞ := AII ∩ A∞ "R� A �LI\`=;;9�� �LI\
`=; II ��� .

(k) Ad,f + Ad,∞ + AII,f + AII,∞ + AIII � A �\`�� .

(l) 
 A � W ∗- ��, 9 Ad = A1, AII = A2, Ad,f = A1f, Ad,∞ = A1∞, AII,f = A2f,

AII,∞ = A2∞ � AIII = A3.

!", �=�oU J⊥ �� � A �Qj� . Ekl-, W ∗- ���� �Qj� :A
c:<��∗- �� (:�, : W ∗- ���I>��2�� BbBef��∗- ��). W�UX,

�
 C∗- �� A �% (9�+, (0) � A �%� ) :Ac: A EC6>FAmk�Qj� .

p�, >8 W ∗- ���I>� “p;”, % C∗- ��)!l � C∗- ��>Ln\���.

a% 2.11 [20] >F% C∗- ����!"qG>���: �;;9, \`=;;9, �; II

�, \`=; II �, < III �.

d 2.12 [20] (1) �;;9�% C∗- ����oj��.

(2) \`=;�;9% C∗- ����C6�
��8 K (H) �\`�� , M> H ��


=gh� Hilbert ��.

(3) 8)�� ICC h Γ, <�h C∗- �� C∗
r (Γ) ��; II �% C∗- ��.

(4) ���
E=�\V�( AF - �� A E ∗- ��8>F K (H), 9 A �\`=;;9
II ��% C∗- ��.

(5) Calkin ��� III ��% C∗- ��.


,�51!1`T"�UV, 9�
^b 2.13 [18, 20] $ A � C∗- ��.

(i) A � A �:Ac: A ;9.

(ii) 
 A �K�;, 9 A � C∗- K�;.

(iii) 
 A � II �, 9 A � B �.

(v) 
 A � C �, 9 A � III �.
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�pq�k, ,�EOO B�� C∗-���l�� II�; ./2+, ,�ED�C?N��

�C?QA%G C∗- ��?@"��llm.

3 mn234op
\_ \-�
_]�"�a�, <+?G�-!1`T"�Un. ,�'rC?<WXÆ

`
Un�*'�.

ef P ��
.8 C∗- ����?. ��,�
=��? P � C∗- �����)[ C∗-

;��'=��? P, 9,�+ P �)[r�.

�2�i.8 C∗- ���)[r��? {P1, . . . ,Pn}. ��8>� k = 2, . . . , n, �?
Pk−1 Uf8�? Pk, �Amk C∗- �� (0) �7�? P1, 9�Æi�?�5k. ��, $�

? P0 �: “o C∗- ���h�� 0” (� A �7 P0 :Ac: A = (0)). qG, '$�? Pn+1

�!"�
pKFA: “o C∗- ��C6:A”.

^_ 3.1 f {P1, . . . ,Pn} ��i5k�)[r��?, / A ��
 C∗- ��. 8
k = 1, . . . , n + 1, ef A B�>F�7�? Pk−1 �A:)[ C∗- ;��, �A A �>FA:

�� UC6�
�7�? Pk �A:)[ C∗- ;��, 9� A � T P
k �.

:"�>, 
 A � C∗- �� D �\`�� , 9� D � A �\`sr. W�UX, 
� A

�Mn C∗- �� B �nst�^��
Qj� (9�+, =�oU J⊥ �� ), 9� B � A

�Qjn��.

>?�E8:� [20] >5>�FA�D*UV, )!)�!"��.

^b 3.2 $ {Pk}k=1,...,n ��i�. C∗- ���5k)[r��?. $ A ��
 C∗- �

�, ^ k ∈ {1, . . . , n + 1}.
(a) �� A >,�
A:�� UC6�
�7�?Pk �A:)[ C∗- ;��, 9 A >

,�
A:)[ C∗- ;��UC6�
�7�? Pk �A:)[ C∗- ;��.

(b) �� A f Morita *'8��
 T P
k � C∗- ��, 9 A '� T P

k ��.

(c) T P
k � C∗- ���)[ C∗- ;��'� T P

k �.

(d) �� A ��
 T P
k � C∗- ���\`sr, 9 A '� T P

k �. NR�, 
 A � T P
k

�, 9<�q;�� M(A) �<�(er�� A1 (: A B�(eA�) B� T P
k ��.

(e) �:c A >LI� T P
k �)[ C∗- ;�� JA

T P
k

, <��'� A �� .

(f) JA
T P

1
, . . . , JA

T P
n+1
``fg, / JA

T P
1

+ · · · + JA
T P

n+1
� A �\`�� .

(g)�� A�,�
A:�� UC6�
�7�?Pk�A:)[ C∗-;��,9 A/JA
T P

k

�,�
A:�� UC6�
�7�? Pk−1 �A:)[ C∗- ;��.

(h) T P
k � C∗- �� A �Qjn�� B '� T P

k ��.

(i) JA
T P

k

�Qj� .

(j) A/(JA
T P

k

)⊥ � T P
k � C∗- ��. L?�G, 
�
 T P

k � C∗- �� B � A �Qjn
��, 9>�nst Q : A → B  rbQnst q : A → A/(JA

T P
k

)⊥ G"!.

(k) �� A �% C∗- ��, 9 A tu��� T P
j �, M> j = 1, . . . , n + 1.

!1���D*, _2?�!"FA (�� [20, I� 3.2] �D*, ^� [20, <u 2.3 (c), (d)
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�FA 2.1 (c)]).

a% 3.3 ef A � B �`
� C∗- ��.

(1) f P ��
)[r���?. 
 A � B f Morita *', / A C6�
A:�)[

C∗- ;���7�? P, 9 B 'C6�
A:�)[ C∗- ;���7�? P.

(2)
 B � A�)[ C∗-;��,�AF B �Æ ��� 9� A,9 A� B �f Morita

*'�.

(3) 
 A � B f Morita *', 9�:� A ����� � B ����� ���>,

&)8,
 A ��� I, C∗- �� I �BC>� B >��� �f Morita *'�.

(4) 
 B � A �)[ C∗- ;��, / I � J � A ��� �7 B ⊆ I + J , 9 B ∩ I �= (0)

< B ∩ J �= (0).

!1FA� (3) � (4) �s�tO�v�, / (2) �D*_2BQ�2�;S AB ⊆ A =�
Hilbert B- w. I8 (1) �D*, 9_2?�N��B)[ C∗- ;�����>.), �!"

Peligrad � Zsidó ���:

^b 3.4 (�� [24, �� 1.9]) 
 A ��
 C∗- ��, / p, q � A �A:N��, +u�
N�� e0, e1, f0, f1, �7

e0, e1 ≤ p, f0, f1 ≤ q, e0e1 = 0, f0f1 = 0,

e0 + e1
p = p, f0 + f1

q
= q, c(e0)c(f0) = 0, �A her(e1) ∼= her(f1).

x<�, :� [24, �� 1.9] >, Ls�
�?M0� e1 ∼PZ f1, :> ∼PZ �� [24] >�a
�*'.) ("�r�XI), dF8 ∼PZ 5 ∼sp f, F�))

her(e1) ∼= her(f1).

�� 3.2 �D*TY�":

(a) �+"�D*�FA 3.3 (a) � (b) �-.

(b) �+")FFA 3.3 (a) � (c) y).

(c) �+")��a� (a) )�.

(d) �+"@L��a/G.

(e) BQN���)[ C∗- ;�����>, �FA 3.3 (d), )!D*�� T P
k ��� 

C�����C JA
T P

k

'��
 T P
k � C∗- ��. BQ (b) �FA 3.3 (b), )O JA

T P
k

C6��

T P
k �)[ C∗- ;��.

(f) E�� JA
T P

j
C��``fg�)��a@L)�. �2D*&�
FA, H�2 A �

�
>��A:�� I, �$

m := max
{
k ∈ {0, . . . , n} : I EC6�
�7 Pk �A:)[ C∗- ;��}

, (3.1)

9 I ��C6�
�7 Pm+1 �A:)[ C∗- ;�� B. 
 J �F B �Æ ��� , ,�

� (b) �FA 3.3 (b) )O J ⊆ JA
T P

m+1
, p/ B ⊆ I ∩ JA

T P
m+1

.

(g) $ τ : A → A/JA
T P

k

�nst, � I � A/JA
T P

k

��
�� , /Af I ′ := τ−1(I). 


I ′ EC6>F�7�? Pk−1 �A:)[ C∗- ;��, 9�qfO I ′ ⊆ JA
T P

k

�)-�"zt:

I = τ(I ′) = (0). p�, I ′ C6�
A:�'�7�? Pk−1 �)[ C∗- ;�� B. F8 JA
T P

k

�
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T P
k ��, ,�OO B ∩ JA

T P
k

= (0). �!, τ(B) ∼= B � I -�7�? Pk−1 �A:)[ C∗-

;��.

(h) $ Q : A → B �nst, 9�qf, �: A ��
�� J �7 ker Q = J⊥. � (c) �

(d), )O M(J) '� T P
k �. 
 θ : A → M(J) �%uv�st, 9 ker θ = ker Q. F�)O,

B ∼= A/ ker θ )!l�� J �\`sr. p/� (d), )O B '� T P
k ��.

(i) f Ik :=
∑

j �=k JA
T P

j
. � (f) O JA

T P
k

⊆ I⊥k . HQG, ,� rD* I⊥k � T P
k �� (p

/ I⊥k ⊆ JA
T P

k

). /01, ef�: I⊥k �A:)[ C∗- ;�� B, <EC6>F�7 Pk �A:

)[ C∗- ;��. ��, �:L.�M� m ∈ {k + 1, . . . , n + 1}, &) B C6�
�7 Pm �

A:)[ C∗- ;�� D. 3O D � T P
m �, d�B D ⊆ I⊥k zt. 5E�, 
 I⊥k C6�
�

7�? Pk−1 �A:)[ C∗- ;��, 'r)-zt.

(j) 
 θ : A → M(JA
T P

k

) �%uv�st, 9 ker θ = (JA
T P

k

)⊥. p�, A/(JA
T P

k

)⊥ )!l 

� JA
T P

k

�\`sr. � (d) )O A/(JA
T P

k

)⊥ � T P
k ��. W�UX, �qf)O�: A ��

� J �7 ker Q = J⊥. B!1D*5v, vQ� A � M(J) �uvst, B )!l � J �

\`sr. �/, (c) ww,� J '� T P
k ��; '9�+, J ⊆ JA

T P
k

. �!, ,�OO�: ∗- �

V ϕ : A/(JA
T P

k

)⊥ → B, &) Q = ϕ ◦ q.

(k) p�% C∗- ��B�Amk�Qj� , Æ+"� (i) )!@L)�. Dx.

8�
 C∗- �� A, & Sk � A ����7 Pk ��� �w �Sm, �$

AnPk
:= {x ∈ A : 8�� I ∈ Sk, � xI = (0)} !^ APk

:= A⊥
nPk

,

9 AnPk
� A -LI�H Pk �� ; :�, H Pk ��T�+, AnPk

EC6>F�7 Pk �

A:�� . F8 AnPk
�Qj� (<��, AnPk

= (
∑

I∈Sk
I)⊥), � AnPk

= A⊥
Pk

. 8
�� l ∈ {k + 1, . . . , n + 1}, 3O JA

T P
l

⊆ AnPk
. W�UX, 8>� j ∈ {1, . . . , k}, k3l

- JA
T P

j
∩ AnPk

�LI� T P
j �H Pk �� , �A JA

T P
j

∩ AnPk
� JA

T P
j

∩ APk
B�Qj

� (F8 I⊥ ∩ J⊥ = (I + J)⊥). p�, �
% C∗- ����lm8��
 JA
T P

j
∩ AnPk

<

JA
T P

j
∩ APk

, M> k ∈ {1, . . . , n + 1} � j ∈ {1, . . . , k}.
x:, ef8��
y�� k0 ∈ {1, . . . , n}, !"/; {:

�? Pk0 :\`sr�>�� C∗- ��@�"�z.

8 I, J ∈ Sk0 , p�

(I ∩ J)⊥ ∩ I + I ∩ J + (I ∩ J)⊥ ∩ J

� I + J �\`� (F8FA 3.3 (d)), �!, �ef)O I + J ∈ Sk0 . q?�G, �2 A -�

x0I�'̀ `fg�'�7�? Pk0 ��� {Ij}j∈I, �$ I :=
⊕

j∈I Ij . 
 θ : A → M(I)

�%uv�st, 9Ekl- ker θ = AnPk0
. p�, A/AnPk0

)!l � I �\`sr. !1

.8 Pk0 �efww,� A/AnPk0
�7�? Pk0 . qG, F8 APk0

= A⊥
nPk0

)!l �

A/AnPk0
��� , ,�OO APk0

� A �LI�'�7 Pk0 ��� , �A�

APk0
=

∑
I∈Sk0

I.
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1X�XIEd�-& 2 _>� Af � A∞, 'ww,�: �
 C∗- �� A ��C6�


LI3.�� , ��
LIH3.�� , /<��@�� A �\`� (`p�, C∗- ��

�3.�'�:\`sr�>�� C∗- ��@�"�z�). /01, Ekl-)[ C∗- ;��
{xy − yx : x, y ∈ A}⊥ M0��
� , �A� A �LI3.�� , �/ A �LIH3.��
 9� {xy − yx : x, y ∈ A}⊥⊥.

BQc|5k�)[r��?i, !1�_]"�a�\{P8 C∗- ��"�Un. �/,

8E���?i, ��)+)�5��Un�. !", ,� ��=�|G��[.

ef {Pk}k=1,...,n � {P ′
k}k=1,...,n �`
�. C∗- ���5k)[r��?i. ��8

�� k = 1, . . . , n, ,�
�7�? Pk �A: C∗- ��UC6�
�7�? P ′
k �A:)[

C∗- ;��, �AHCg�, 9�Æ`i�?)[*'.

a% 3.5 f {Pk}k=1,...,n � {P ′
k}k=1,...,n �`i�. C∗- ���5k)[r��?, 9

Æ`i�?�)[*'�:Ac: T P
k � C∗- ��Ulm8 T P′

k � C∗- �� (8�� k =

1, . . . , n + 1).

yz 4,��d��. x:ef�� T P
k �� C∗- ��lm8 T P′

k �� C∗- �� (

8�� k = 1, . . . , n + 1). ���� C∗- �� A �7�? Pk, 98>� l > k, � JA
T P

l

= {0}
(M> JA

T P
l

��� 3.2 (e) >�� ); p/�:c�
 1 ≤ j ≤ k, &) JA
T P′

j

= JA
T P

j
�= {0} (F

8�� 3.2 (f)). p�, A ��C6�
�7�? P ′
j �A:)[ C∗- ;�� B. F8�? P ′

j

5�? P ′
k f, B '�7�? P ′

k. qF��, )!)�Æ`i�?�)[*'�. Dx.

:& 2 _>XIQ`[E�� C∗- ��"�Un, <�B�1X�_]a��Nj. /0

1, 
& PAb ��?: “o C∗- ���3.�”, / PCfin � PFin "R��?: “o C∗- ���

C∗- �;�” � “ o C∗- ����;�”, 9 {PAb,PCfin} � {PAb,PFin} �`i5k�)[
r��?, <�"R`Æ"�Un {A,B,C} � {;9, II, III}. ��� 2.13 O, II � C∗- ����

B ��, / C � C∗- ���� III ��, /FA 3.5 ww,�, 
,
A:� C∗- �; C∗- ��

BC6�
A:��; C∗- )[;��, <*'�,


,
A:� C∗- �; C∗- ��BC6�
A:�;QA,

9"�Un {A,B,C} � {;9, II, III} /01�5��.

!1�?� C∗-�;�?�F C∗-���N��1���*'G�a�. :��>, }�W

�$�a:N��1�*'.). j�, 1�{\�, Peligrad � Zsidó :� [24, �a 1.1] >, �

-*'.) ∼PZ. x:�Y�"Æ�a:

p ∼PZ q ⇔ �: A >�+,�(A v, &)

p = vv∗, q = v∗v, v∗ her(p) ⊆ A ^ v her(q) ⊆ A.

Ekl-, 8 A �N�� p, q, �

p ∼PZ q =⇒ p ∼sp q.

�/, 8�$ C∗- ��, ∼PZ � ∼sp �E5� (�� [19, �� 5.3]). :� [21, FA 4.3] ��

[19, FA 3.1] >, 8 ∼PZ ��y�~}.

BQ ∼PZ )!�a C∗- ���W�T�;�. 
8,� C∗- �� A �N�� r, s, �

s ∼PZ r ≤ s =⇒ r̄s = s,
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9� A � PZ- �; (9�+, : C∗- �;���a>, 3 ∼sp ~� ∼PZ). �1X�51, OO
C∗- �; C∗- ����� PZ- �;�. "X, �- PZ- �; C∗- ����
*'~}.

a% 3.6 f A ��
 C∗- ��. 8 y ∈ A, & her(y) := y∗Ay.

(a) ef A � PZ- �;. 8�� a ∈ A+, 
 x ∈ her(a) �7 x∗x = a, 9 her(a) �z�

 R := {y ∈ her(a) : x∗y = 0} *8 {0}.
(b) �� A )", 9 (a) >�&�/2*'8 A � PZ- �;�.

yz (a) : a = 0 �, vId�. : a �= 0 �, )!ef ‖a‖ = 1. $ q, r � A �N��, &

) her(q) = her(a) ^ her(r) = her(x∗) ⊆ her(a) (x<�: x∗ ∈ her(a)). �� x = ua1/2 � x �

0"!, 9 u∗u = q, �A

her(r) = uher(q)u∗, uher(q) ⊆ xAa1/2 ⊆ her(a)

^

u∗ her(r) ⊆ a1/2Ax∗ ⊆ her(a).

8�, q ∼PZ r ≤ q. ef R �= {0}, 9 B := R ∩ R∗ � her(a) �A:)[ C∗- ;��, �7
her(x∗) · B = {0}. p�, r̄q �= q. dÆB A � PZ- �;�efzt.

(b) ef (a) >�� {, d�: A �N�� q, r, �7 q ∼PZ r ≤ q � r̄q �= q. F8 A )

", �!�:c a, b ∈ her(q)+, &)

‖a‖ = ‖b‖ = 1, her(q) = her(a) ^ her(r) = her(b)

(�� [15, �� 3.2.5]). p� r, q =� her(a) �N���7 r ∼PZ q, �!, �� [21, FA 4.3],

)!u� x ∈ her(a), &) x∗x = a � xx∗ = b. Æ� r̄q � q, ���: her(q) �A:)[ C∗-

;�� B �7 her(r) ·B = {0}. ��, |->� y ∈ B \ {0}, � b1/2y = 0. �!, y ∈ R. dÆB
R = {0} zt. Dx.


�a�? PPZfin �: o C∗- ��� PZ- �;, 9 {PAb,PPZfin} �5k�)[r��?
i, /BQ1Y�_]"�a�, �)���E B ���?, ,��C� B′ �. 3O B′ ��8
`G� B �. B1�5E, ,�)!{:

�l,
A:� PZ- �; C∗- ��BC6�
A:�;QA?


�{A�QX��n, 9 B′ �, B �� II �|G5�.

Ls, ')!C?!1�_]a�Gyr& 2 _>�`["�Un. !"9��
yr�j

;. �a�? PFd �: o C∗- ���3.��A�;h�, 98 ∗ = Fin,Cfin,PZfin, )[r

���?i {PFd,PAb,P∗} '�5k�. C?Æ�i�?, )!)� A � (9�+, ;9�) �

y": Amp �� Anfd �. vD�+, �
 C∗- ��� Amp �:Ac:<�,
A:�� UC

6�
A:��;h3.)[ C∗- ;��. /<� Anfd �, :Ac:<� A �, �A<B�A

:��;h3.)[ C∗- ;��.

Ekl-, �
 C∗- ��� Amp �:Ac:<�,
A:�� I UC6�
 “0.�

�”; 9�+, �:�
�� p ∈ I, �7 pIp = Cp. p�, I �� C∗- ��E��� Amp �. �"

Xj; 3.7 (a), ,�'O Amp � C∗- ��E��� I ��. W�UX, �;h C∗- ��� I �/

A Anfd ��, /"Xj; 3.7 (b), 9��
 Anfd �/A I �� C∗- ��.
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:,�
 C∗- �� A 1, B�:LI� Amp ��� Amp �LI� Anfd ��� Anfd,

�7
Amp ∩ Anfd = (0),

&) Amp + Anfd � Ad �\`�� .

f B ��
 Amp � C∗- ��, E � B -�x0I�'̀ `Q3� “0.��” (``Q3
��T�+, 8>� p, q ∈ E , � pq = 0), / F � E -��A��;;S��}. 8 F ∈ F,

,�OO
BF :=

( ∑
p∈F

p

)
B

( ∑
p∈F

p

)

��;h C∗- ��. qG, )[ C∗- ;��
B0 :=

⋃
F∈F

BF

)!~ Hilbert ��1�R�;��� C∗- ��@�. F8 B � Amp �, B0 ��� B �\

`)[ C∗- ;��. )�, �MG+, B0 �= B.

W�UX, F8�? PFd :>� C∗- ��@�1E�z, p�, E���:LI�'�7
PFd ��� (�"Xj; 3.7 (c)). d�1X�XI, ���:LI�H PFd �� .

d 3.7 (a) 
 {Hi}i∈I ��x Hilbert ��, A :=
⊕

i∈I K (Hi), / B �>�� C∗- ��

�7 A ⊆ B ⊆ M(A), 9 B � Amp �. NR�, �� A �% C∗- ��B� Amp ��.

(b) A := C
(
[0, 1];B(�2)

)
��
A I ��;9 C∗- �� (`p�, A �n�� B(�2) E� I

��, /A A � C
(
[0, 1];K (�2)

)
�\`sr). f p ∈ A ��
A:��, 9FY� t �→ ‖p(t)‖

����, ,�OO ‖p(t)‖ = 1 (t ∈ [0, 1]). p�, pAp E)+��
�h Banach ��, �/ p

E� “0.��”. Æ+* A ��
 Anfd � C∗- ��.

(c) 
 A = c0, 9*dE�: A �LI�'�7 PFd ��� .
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