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Notations and Background Notations

Backgroud

e [ is a discrete group, e is the identity element of I'.
e L(I') is the group von Neumann algebra of T
e Cy(IN) is the space of functions on I' vanishing at infinity.

e By(I') is the set of Herz-Schur multipliers on T'. In fact, Bx(I')
is a unital Banach algebra when equipped with the Herz-Schur
norm || - || ,.

e M is a von Neumann algebra.
e 7 is a faithful normal tracial state on M.

e Lo(M, ) is the GNS-space associated to 7 with the Hilbert
norm || - ||2.-.

e Mgl is the W*-crossed product of the W*-dynamical
system (M, T, 3), where (3 is an action of I on M.
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Notations and Background Notations

Backgroud

e idy; is the identity map of M.
e Suppose that T : M — M is a normal completely bounded
map and there exists K > 0 such that || T(a)||2, < K||al|2,- for

every a € M. Then T can be extended to a bounded operator
on Lo(M, ) with norm at most K. We say T is Ly,-compact if T
can be extended to a compact operator on Ly(M, 7).

e A completely positive map ¢ : M — M is a completely
bounded and ||®||q = || ()]

e A positive definite function is a Herz-Schur multiplier.
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Notations and Background Notations

Backgroud

Approximation theory is particularly important in group theory
and operator algebra theory.

There are many different approximation properties for groups
such as amenability, weak amenability, the Haagerup property,
property T and so on.

Definition

I" is amenable if there is a net {u, } ¢/ Of finitely supported
positive definite functions on I such that u,(g) — 1 for every
ger.
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Notations and Background Notations

Backgroud

Definition

I is weak amenabile if there is a constant C > 0 and a net
{Uqa}aey Of finitely supported functions in Bo(I') such that

(1). |luallg, < C, for every a € I,
(2). un(g) > 1asa— oo, foreveryger.

The Cowling-Haagerup constant A (M) is the infimum of all C
for which such a net {u, } exists. We set Agp(I') = oo if ' is not
weakly amenable.

Definition

I has the Haagerup property if there is a net {u, } .c/ of positive
definite functions in Cy(I') such that

(1). us(e) =1, forevery a € I,
(2). Us(g) > 1asa— oo, foreveryger.
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Notations and Background Notations

Backgroud

The following are relations between some approximation
properties for groups.
(1). T is amenable = T is weak amenable, but the converse is
not true (free groups);
(2). T is amenable = I has the Haagerup property, but the
converse is not true (free groups);
(3). weak amenability does not imply the Haagerup property
(see Sp(1, n)).
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Notations and Background Notations

Backgroud

There are also many different approximation properties for von
Neumann algebras such as semidiscreteness, W*CBAP
(weak* completely bounded approximation property), the
Haagerup property and so on.

Definition

We say M is semidiscrete if there exist contractive completely
positive maps ¢n : M — My (C) and ¢ : My (C) — M such
that in o o — idy in the point-ultraweak topology:

n(¢n o (@) — n(a)

for all a € M and all normal functionals n € M.
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Notations and Background Notations

Backgroud

Definition

We say M has the W* CBAP if there exists a constant C > 0
and a net of ultraweakly-continuous finite-rank completely
bounded maps ¢; : M — M such that o; — idy in the
point-ultraweak topology for all a € M and sup ||¢illep < C.

The Haagerup constant Ag,(M) is the infimum of all C for which
such a net {p;} exists. We set Agp(M) = oo if M does not have
the W*CBAP.

W*CBAP is weaker than semidiscreteness.

Q. Meng Weak Haagerup property of W*-crossed products



Notations and Background

Notations
Backgroud

Definition

M is said to have the Haagerup property if there is a net {®;} ¢/
of unital normal completely positive maps from M to itself
satisfying the following conditions:

(1) Tod; <7 foreachiec l;
(2) Foranyaec M, ||®j(a) — a2 =+ 0asi— oo;
(8) Each &, is Lo-compact.

The Haagerup property does not depend on the choice of the
faithful normal tracial state.
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Notations and Background Notations

Backgroud

The following are relations between approximation properties
for groups and approximation properties for von Neumann
algebras.
(1). T is amenable < L(I') is semidiscrete;
(2). T is weak amenable < L(I') has the W*CBAP, and
/\cb(r) = Acb(L(r))'
(8). T has the Haagerup property < L(I') has the Haagerup
property.
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Notations and Background

Notations
Backgroud

In order to study the relation between weak amenability and the
Haagerup property, Knudby introduced the weak Haagerup
property for discrete groups.

Definition

I has the weak Haagerup property if there is a constant C > 0

and a net {Uq }aes in Bo(I') N Co(IN) such that
(1). [uallB, < C, for every a € |,

(2). Un(g) —1as a— oo, foreveryger.

The weak Haagerup constant Ayy(I) is defined as the infimum
of those C for which such a net {u, }.¢; exists, and if no such
net exists we write Ayy(IN) = oc.
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Notations and Background Notations

Backgroud

In 2016, Knudby introduced the weak Haagerup property for
von Neumann algebras.

Definition

M has the weak Haagerup property if there is a constant C > 0
and a net { T, } e/ of normal completely bounded maps on M
such that

). I Tullep < C forevery o € |,
(2) (Ta(X),y) = (x, Ta(y)) for every x,y € M,
(3). each T, is Ly-compact,
(4). || Ta(x) — X||2+ — O for every x € M.

The weak Haagerup constant Ayy(M) is defined as the
infimum of those C for which such a net {u, }.¢; exists, and if
no such net exists we write Ay (M) = occ.
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Weak Haagerup property of W*-crossed products

The weak Haagerup property does not depend on the choice of
the faithful normal tracial state.

I has the weak Haagerup property < L(I') has the weak
Haagerup property.

Motivated by the above results, we study the weak Haagerup
property of W*-crossed products.
First, we have the following result.

If Mx gl has the weak Haagerup property, then both M and I
have the weak Haagerup property and

AWH(M) < /\WH(M>_45F), AWH(F) < /\WH(M>_45F).
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Weak Haagerup property of W*-crossed products

In general, the weak Haagerup property of M and I does not
imply that of M sI". For example, both groups 72 and SL(2, Z)
enjoy the Haagerup property and hence also the weak
Haagerup property, but Z? x SL(2,Z) does not have the weak
Haagerup property.

Next, we show that if ' be a amenable group, then the weak
Haagerup property of M implies that of Mgl

LetT be an amenable group. If M has the weak Haagerup
property, then Mx gl has the weak Haagerup property and

Awr(M>gT) = Awr(M).
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Weak Haagerup property of W*-crossed products

Finally, we give a condition under which the weak Haagerup
property of M and I implies that of Ml

Theorem

LetT be a countable group. Then the following statements are
equivalent:
(1). T has the weak Haagerup property and M has the weak
Haagerup property with the approximating maps
Ti : M — M satisfying Tio Bt = Bto T; forallt € T.
(2). Mgl has the weak Haagerup property and the
approximating maps ®; : Mxgl — Mgl satisfy
Eodjofix)=ptoEodi(x) foralltel and x € M.
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