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Abstract

We determine the simple modules of the algebra L'(SL2(R)) up to
equivalence

and we show that these modules are the finite rank sub-modules of
the LP-principal series and of the discrete series representations of
SL>(R)
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Elementary definitions

Let A be a Banach algebra

Let X be a complex vector space. We denote by L(X) the algebra of
linear endomorphisms of the vector X.

We say that X is an A-module or left A-module, if there exists a
non-trivial algebra homomorphism T : A — L(X).



If X is equipped with a norm ||||x then we say that the A-module (T, X)
is bounded, if there exists a constant C > 0 such that

la- x|lx < Cllallallx[lx; a € A, x € X.



If X is equipped with a norm ||||x then we say that the A-module (T, X)
is bounded, if there exists a constant C > 0 such that

la- x|lx < Cllallallx[lx; a € A, x € X.

We say that the bounded A-module (T, X) is a Banach module, if X is a
Banach space.
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We say that the A-module (T, X) is simple, if X # {0} and if the only
A-invariant subspaces of X are the two trivial ones, namely X and {0}.
We say that the Banach A-module (T, X) is irreducible, if the only
A-invariant closed subspaces of X are the two trivial ones, namely X and
{0}.

Let (T, X) be an A-module. Let 0 # x € X. The annihilator A, of x in
A is the left ideal

Ac:={ac A a x=0}



A left ideal I of the algebra A is called modular, if there exists u € A,
such that
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which means that the subspace A - x is equal to X itself. Then the A
modules (T, X) and A/A, are equivalent.
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1. Let (T, X) be an A-module. Let x # 0 be a cyclic vector of X,
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annihilator A, of x is a maximal modular left ideal of A.



A left ideal I of the algebra A is called modular, if there exists u € A,
such that

a-u—aclacA

The element u € A'is called a (right) modular unit (for I) .

Proposition

1. Let (T, X) be an A-module. Let x # 0 be a cyclic vector of X,
which means that the subspace A - x is equal to X itself. Then the A
modules (T, X) and A/A, are equivalent.

2. Let (T, X) be an A-module. Then T is simple if and only if every
x # 0 in X is a cyclic vector.

3. If (T, X) is a simple A-module, then for every x # 0 in X the
annihilator A, of x is a maximal modular left ideal of A.

4. If | is a maximal modular left ideal of A, then the left A-module A/l
is simple.



Remark

Two simple A-modules (T, X) and (T’, X’) are equivalent, if and only
if there exists x € X and x’ € X’ such that the annihilator ideals A,
and A, coincide.
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A fundamental property of simple modules

Theorem
Let A be a Banach algebra and let | be a proper maximal modular left

ideal of A. Then | is closed in A.
Corollary

Let (T, X) be a simple A-module. Then there exists a norm ||||x on X,
such that (T(X, ||||x) is Banach A-module.
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Let A be a Banach algebra and a € A. Take any 0 # A € C. Then

A € o(a) if and only there exists a simple module (T, X) of A and an
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Simple modules and the spectrum

Theorem

Let A be a Banach algebra and a € A. Take any 0 # A € C. Then

A € o(a) if and only there exists a simple module (T, X) of A and an
element x # 0 in X such that

a-xX = AX.

Definition

Let A be an involutive Banach algebra. We say that A is symmetric
or hermitian if the spectrum oa(a) C R for any a = a*.

It is wellknown that A is symmetric if and only if every simple module
(T, X) of A is unitarizable, which means that (T, X) is equivalent to a
submodule of an irreducible representation.

Example

Let G be a locally compact nilpotent or compactly generated group of
polynomial growth. Then L!(G) is symmetric.
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Construction of simple modules

Definition
Let A be a Banach algebra and let (T, X) be a Banach module. We
denote by I?” the ideal of A defined by
Ifin.— {a € A; the operator T(a) € B(X) has finite rank}.
Let also X" be the (A)-invariant subspace of X given by
X .= {span(T(a)(X));a € i,

We have the following method to obtain simple modules

Theorem

Let A be a Banach algebra and let (T, X) be an irreducible Banach
module. Suppose that the finite rank subspace X' is different from {0}.
Then X" is the unique simple submodule of (T, X).
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An example: The Heisenberg group

Let H, = R?" x R with the multiplication
1
(X7y>t)(xlay/7t/) = (X+X/7}/+}//7t+t/+§(x'y/_xl')’))7

where x -y = x3y1 + - - - + X,¥n denotes the Euclidean scalar product on
R".



For every A € R*, there exists an irreducible unitary representation 7y of
H, on the Hilbert space H, = L?(R"), which is given by the formula

7TA(X,}/, t)f(s) — e727ri/\t727ri%x-y+27ri)\s~y€(s o X),

scR" ¢ € L2(R"),(x,y,t) € Hy.



For every A € R*, there exists an irreducible unitary representation 7y of
H, on the Hilbert space H, = L?(R"), which is given by the formula

7TA(X,}/, t)f(s) — e727ri/\t727ri%x-y+27ri)\s~y€(s o X),

seR" €€ [2(R"),(x,y,t) € Hp.

For F € L(H,) the operator mx(F) is a kernel operator with kernel
function Fy given by

A
(s+1t),A),s,t eR".

Fa(s,t) = F?3(s—t, 3



Take any &,n € L2(R) and let P¢,, be the rank one operator

Pen(e) = (p.n)-& @ € L*(Hy).



Take any &,n € L2(R) and let P¢,, be the rank one operator

Pey(p) = {p)-& ¢ € L2(Hy).
If now 7\(F) = P¢,, for some F € L}(H,), then

st 2(s0).0) = &slD)s t e R

Hence



Take any &,n € L2(R) and let P¢,, be the rank one operator

Peu(p) = (p.m)-& o€ L2(Hn).
If now 7\(F) = P¢,, for some F € L}(H,), then

~ A
F2’3(5 - t7 75(5 + t)7 )‘) - g(s)n(t)7sa te R2n'
Hence
. i A" 2 A
Py = 0 G suer

Hence 7y admits finite rank operator and fixing a Schwartz function n we
have that

P = e e LR [0 €) 7 (u)|dus < o

R2n
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The use of idempotent multipliers

Proposition

Let A be a Banach algebra and take a multiplier p of A, such that
p*> = p. Let (T, X) be a simple A-module such that X,, :== T(p)X # {0}.

a) Then (T|x,, X,) is a simple (pAp)-module.
b) Take0# y € X,. The ideal A, C A is then given by

Ay, ={a€ A| T(pAap)y = {0}}.

c) Let (T, X) and (T',X") be two simple A-modules. Let’s assume
that there is a (pAp)-linear isomorphism

® X, — X,

i.e. such that
®(T(pap)pv) = T'(pap)®(pv).

Then there is a unique extension of ® to an A-linear isomorphism
between X and X'.



Proposition

a) Assume that (S,Y') is a simple (pAp)-module. Then A/A, is a
simple A-module, where

A, ={a€ A| S(pAap)y = 0}.



Proposition

a) Assume that (S,Y') is a simple (pAp)-module. Then A/A, is a
simple A-module, where

A, ={a€ A| S(pAap)y = 0}.

b) The simple (pAp)-module (S,Y) is equivalent to
(Ll(p-asa,), p-AlAy).
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Let x, = x be the character of K corresponding to a fixed irreducible
representation p of K of dimension d,, i.e. x(k) = x,(k) = d, tr p(k),
k € K. Normalize the Haar measure dk of K so that [, dk = 1. The
operator 7(x) in B(X) is a projection, since x * x = x.
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Semi-simple Lie groups

Suppose that G is a connected non compact semi-simple Lie group with
finite center, and let K be a maximal compact subgroup of G.

Definition

Let x, = x be the character of K corresponding to a fixed irreducible
representation p of K of dimension d,, i.e. x(k) = x,(k) = d, tr p(k),
k € K. Normalize the Haar measure dk of K so that [, dk = 1. The
operator 7(x) in B(X) is a projection, since x * x = x. Hence its range
X, is a closed L'(K)-invariant subspace of X.

We say that the representation (m, X) is admissible (for K) if for every
character x of K the subspace X, is finite dimensional.



Let =(K) be the set of all the irreducible characters of K. Notice that
the sum Zx = X, is direct and that the Banach space X is the closure

of > Xy



Let =(K) be the set of all the irreducible characters of K. Notice that
the sum Zx = X, is direct and that the Banach space X is the closure

of > Xy

Definition
For every character x of K, let Li = [}(G), be the closed involutive
subalgebra of L1(G) defined by

LYG)y == x * L}(G) xx.
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Proposition
Let (w,X) be a bounded Banach irreducible representation of the non
compact linear semi-simple Lie group G.
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simple submodule of .
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Proposition
Let (w,X) be a bounded Banach irreducible representation of the non
compact linear semi-simple Lie group G.

1. If w is admissible, then the dense submodule Xz, of 7 is the unique
simple submodule of .

2. If T admits a simple submodule Xy, then w is admissible with
dim(Xy) < d? for all x € Z(K).

Proposition

Let G be a connected linear semi-simple Lie group and let (7, X) be an
irreducible bounded admissible Banach representation of G. Then, for
every element D in the center of the enveloping algebra U(g) of G, the
operator dm(D) on X*° is a multiple of the identity.



Remark
Let (m, X) be a simple L*(G) module such that m(x) # 0 for some
character x of K. Let x € X,, and choose a vector & in the anti-dual

space X' of X such that ({,x) =1 and (&, ker(m(x))) = {0} . Then we
obtain a coefficient

C:,&(g) = <£,7T(g)X>, g e G,

which has the following property.
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Remark

Let (m, X) be a simple L*(G) module such that m(x) # 0 for some
character x of K. Let x € X,, and choose a vector & in the anti-dual
space X' of X such that ({,x) =1 and (&, ker(m(x))) = {0} . Then we
obtain a coefficient

cre(g) = (& m(g)x), g€G,
which has the following property.
Proposition

1. For every central element D € U(g), we have that D x c] . = Ac];
for some A € C.

2. Two simple L*(G)-modules (7, X,) and (n’, X") are equivalent if
and only if there exists a coefficient c7 . # 0 of w and a coefficient

' o
¢y ¢ Of T such that ¢, o, = ¢ .



Induced representation

Definition
Let H be a closed subgroup of a locally compact group G. Let
E(G/H) be defined by

E(G/H) = {£:G—C¢(gh) = Anc(h)s(g), Vg€ G, heH,
¢ is continuous with compact support modulo H}



Induced representation

Definition
Let H be a closed subgroup of a locally compact group G. Let
E(G/H) be defined by

E(G/H) = {£:G = Cé(gh)=Anc(h)é(g), Vee G heH,

¢ is continuous with compact support modulo H}

Proposition

Let H be a closed subgroup of a locally compact group G. There exists a
unique (up to multiplication by a positive constant) G-invariant positive
linear functional, denoted by

K)dan(x) = § klx)dx

G/H

k — ,uG7H(k) = %
G/H

on the space £(G/H). We have that

(0.1) /Gk(t)dt:ji/H(/H K(th) Do r(h)dh)dE, Yk € C(G).



Definition
Let H be a closed subgroup of a locally compact group G. Let (T, X)
be an isometric Banach space representation of H. Let p € [1, o0].



Definition
Let H be a closed subgroup of a locally compact group G. Let (T, X)
be an isometric Banach space representation of H. Let p € [1, o0].

Define the space of mappings

EP(G/H, T)
by
EP(G/H,T) = {€:G— X; &(gh) = AR (M)T(h 1)),
g€ G heH,

¢ is continuous with compact support modulo H}.



We remark that the space EP(G/H, T) is left translation invariant and
that for £ € EP(G/H, T) the function

x = [lECI% = qe(x), x € G,

is continuous with compact support modulo H and satisfies the relation



We remark that the space EP(G/H, T) is left translation invariant and
that for £ € EP(G/H, T) the function
x = €)% =2 ge(x), x € G,

is continuous with compact support modulo H and satisfies the relation

Q5(Xh) = AH7G(h)q5(X),X S G, he H,

and so q¢ € £(G/H). We can thus define a norm on £(G/H, p) by

p._ P .
[z ﬁ @55



Definition

LP(G/H, T) = €P(G/H, T)"".



Definition
LP(G/H, T) = EP(G/H, T) .

Since the left translation is isometric on EP(G/H, T), we obtain an
isometric action of G on the Banach space LP(G/H, T).



Definition
LP(G/H, T) = EP(G/H, T) .
Since the left translation is isometric on EP(G/H, T), we obtain an

isometric action of G on the Banach space LP(G/H, T).
We denote this action by 77, = ind§(T, p), where

(0.2) 77 p(t)E(s) := £(t71s),£ € LP(G/H, T),s, t € G.
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The group G = SL,(R)

In the following we consider the linear group

(03) G =SL®R)={g= (j 2) € My(R),ad — be =1}

The torus

cosf) sinf
(04) K= {k‘g - ( —sinf cosf >’06R}

maximal subgroup. '
Characters x;, with | € Z, are of the form x/(kg) := e, 0 € R.
Let / denote the 2 x 2 identity matrix. We set P := MAN C G, where

M = {£l},

{a,—((; rgl)’ r>0},

A



Modular function:

X

(0.5) AAN(< 6 S )):r—2, reR:, xeR.
Definition: p: A — R%
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Modular function:

X

(0.5) AAN(< 6 S )):r—2, reR:, xeR.
Definition: p: A — R%

pla;) ==r, r>0.

Let g = k(g)a(g)v(g) (Iwasawa decomposition) g = < i Z ) €G.

Then

ro= Va+¢c?

a
cos = ——
Va2 + c?
) c
sinf = —

VaZ+c2'
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For 7 € R, let 0, 1 be the character of P = MAN defined by

Nra(mayn) = os(m)r~™, reR:.

where

(0.6) ox(el) = {i ::izi— .

Let p € [1,00[. Define the space LP(G/P,n; 1) as the completion of the
space

C(G/P,n-.p)
= {f:G — C,f smooth, f(gma,n) = oy (m)r 5+ f(g)
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Similarly, for p = oo, we let
Tk
C¥(G/P,nr)
= {f:G — C,f smooth ,f(gma,n) = o+(m)r '"f(g)
forallge G,me M, a, € A, ne N}.



Similarly, for p = oo, we let
Tk
C¥(G/P,nr)
= {f:G — C,f smooth ,f(gma,n) = o+(m)r '"f(g)
forallge G,me M, a, € A, ne N}.

The Banach space L>°(G/P, 1, +) is by definition the closure for the
infinity norm [|f || := supycx |f(k)| of the space C>%.



Definition
Let

2
si=—+it—1€C
p

Definition
Let for s € [-1,1] + iR

7P, = me s = indS(n,.2, p)

be the induced representation for P = MAN and the character 7, +,
which acts by left translation on the space LP(G/P, 7, +).



For the composition series of 7% ., consider for / € Z the function x?
defined by

X2 (kan) == x_i(K)-(a)A40 (an), ke K,acA neN



For the composition series of 7% ., consider for | € Z the function Xf,/
defined by
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functions xﬁy,, | € 2Z + 1, form a total subset of Lﬁﬁ.



For the composition series of 7% ., consider for / € Z the function x?
defined by

X2 (kan) == x_i(K)-(a)A40 (an), ke K,acA neN

Then the functions X% ,, I € 2Z, form a total subset of L? . and the
functions xﬁy,, | € 2Z + 1, form a total subset of Lﬁﬁ. The matrices

(1 =i L (1 (0 1
e=(La) o= h) w=(5%0)

form a basis for the complexification gc := sl,(C) of the Lie algebra
g :=shL(R) of G.



We know from [La85], VI.5, that we have

(0.7) der,i( W)Xi,/ =l Xﬁ,n
_ 2 .
de,i(E )Xﬁ,/ = (; +IT — /)Xﬁ,/—z»

2
drl J(ET)NXE, = (;+/T+/>Xf_’,+2.
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We know from [La85], VI.5, that we have

(0.7) der,i( W)Xi,/ = il Xﬁ,n
_ 2
drl ((E7)XE, = (E +IT — /)Xﬁ,/—z»
2
dﬁf,i(EJr)X?/ = (; +’T+/>X¢,/+2-

These relations hold true for the case p = co by setting 2/p := 0.

The formulas (0.7) show that the representations 7% | are irreducible if

% + it & Z. For % + iT € Z we have special cases.
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The discrete series.
For><—<a b)eG, let
c d

(08) a(x) = (atd—ictib), B(x)=(c+b—iatid).

Let s be now an integer > 2. Then for r € N:={0,1,...} the functions
&, =a S""B" are in L2(G) and the closed subspace L2(G) they
generate in L?(G) is invariant under left translation by G.

The restriction of the left regular representation to L2 , (G) defines a
unitary representation of G which we denote by 75, which is irreducible.
The vectors &, are the eigenvectors for K with eigenvalue xx42, (see
[La85], IX,2).

If we take the subspaces L2(G) := L2 (G) with s € —N and s < -2,
which are also invariant by left translation, then we obtain another family
of irreducible subrepresentations of the left regular representation.

We denote them by 7.

The K-eigenvalues of the spanning functions &, are again the characters
& s o, reN, s <=2
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A list of simple module

Proposition
1)Ifs:=2+ir—1¢Z, pe€[l,00], then to (p,T) correspond two
simple L*(G)-modules: ((x£ )™ (L2 ,)) and ((«2 _)f" (L7 _)fm).
2) To (p,7) = (00, 0), there correspond 4 simple L'(G)-modules:

> ((mge )™, (Lg2)™),

> the trivial one dimensional module f € L'(G) — [ f(g) dg,

» the module ((7r6’7°+7+)ﬁ", (L87°+7+)ﬁ"), where

Lg%, + = span{xgy; | € 2N} mod CxgY

» and the module ((7r8f+’7)f"", (Lge, _)f™), where

sy

Lg%, — = span{xg ;| € —2N} mod CxgY-
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3) To (p,7) = (2,0) there correspond three simple L!(G)-modules:

> (7)™, (13..)™),

> the module (73 _ )™, (L5 _ ,)™), where
L3 _ , =span{x3,;/ €1+2N}.
> and the module ((73 _ )™, (L3 _ _)""), where
L5 _ _ =span{x%:/ € —1—2N}.
4) To (p,7) = (1,0) there correspond three simple L!(G)-modules:

- () (L ™),
> the module ((m5 )™, (Lg 4 )™), where

Lc1),+,+ = span{xa,; I € 2N"}.
> and the module ((w§ )™, (L§ , _)™), where
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3) To (p,7) = (2,0) there correspond three simple L!(G)-modules:

> (7)™, (13..)™),

> the module ((7r§7_7+)ﬁ”, (LS7_,+)ﬁ"), where
15—, =span{xg i/ € 1+ 2N}.
> and the module ((73 _ )™, (L3 _ _)""), where
L5 _ _ =span{x%:/ € —1—2N}.
4) To (p,7) = (1,0) there correspond three simple L!(G)-modules:

- () (L ™),
> the module ((m5 )™, (Lg 4 )™), where

Lc1),+,+ = span{xa,; I € 2N"}.
> and the module ((w§ )™, (L§ , _)™), where
Ly . =span{xgy;/ € —2N*}.

5) For every s € N, s>2ors e —N,s < -2, we have the simple
LY(G)-modules (7fin, (L2(G))f") inside L?(G).

S
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Some coefficients

Questions:
When is 7Tf equivalent to 7
Are there other simple modules7

f/n 7

Let us compute some coefficients of these representations. Let p € [1, 0]
and choose g € [1,00[ such that £ + ¢ = 1. We indicate by (-,-) the
duality relation between LP and L9.

Let s+1:= % +it € [-1,1] 4+ /R and let | € Z. We obtain the
coefficient c;; of the representation 7rf7i by

(0.9) cs.i(8) = (7P (&)x7 1 X7.)), 8 €G-



For r € R% we then have that

) = [ 2 N ) e
/2 1 2/p+iT
= 2/ = ) (costp + isinp)!
—m/2 r2 Sin2’(/} + co’sfiij)
: i g
o ( cos v ny rsin 1) : ) 27¢
r\/r2 sin? ¢ + <5¥ \/r2 sin® ¢ + <5 ¢ d



Furthermore, we have

(0.10) cs.i(kgk’) = xa(K)xi(k)cs.i(g), g€ G, kK €K,



Furthermore, we have

(0.10) cs.i(kgk’) = xa(K)xi(k)cs.i(g), g€ G, kK €K,

Hence ¢ is K-invariant.



The characters of the algebra L}(G),

Let / € Z. To simplify the notation, we write L}(G); for the subalgebra
LYG)y, =X, * LN(G) X = x— * L}(G) x x— of L}(G).



The characters of the algebra L}(G),

Let / € Z. To simplify the notation, we write L}(G); for the subalgebra
LY(G)y, =X, * LY(G) x X, = x—i * L}(G) * x—; of L}(G). It consists of all
integrable functions f for which

(0.11) X xf=Ff="Ffx¥,.



The characters of the algebra L}(G),
Let / € Z. To simplify the notation, we write L}(G); for the subalgebra
LY(G)y, =X, * LY(G) x X, = x—i * L}(G) * x—; of L}(G). It consists of all
integrable functions f for which

(0.11) X xf=Ff="Ffx¥,.

Another description is
(0.12)
LYG), = {f € L*(G), f(kek') = xi(kk')f(g), g € G, k. K' € K}.



The characters of the algebra L}(G),

Let / € Z. To simplify the notation, we write L}(G); for the subalgebra
LY(G)y, =X, * LY(G) x X, = x—i * L}(G) * x—; of L}(G). It consists of all
integrable functions f for which

(0.11) X xf=Ff="Ffx¥,.

Another description is
(0.12)
LYG), = {f € L*(G), f(kek') = xi(kk')f(g), g € G, k. K' € K}.

Obviously, the elements f of L1(G), have the following invariance
property :

(0.13) f(kek ) =f(g), ge€G,keK.



The characters of the algebra L}(G),

Let / € Z. To simplify the notation, we write L}(G); for the subalgebra
LY(G)y, =X, * LY(G) x X, = x—i * L}(G) * x—; of L}(G). It consists of all
integrable functions f for which

(0.11) X xf=Ff="Ffx¥,.

Another description is
(0.12)
LYG), = {f € L*(G), f(kek') = xi(kk')f(g), g € G, k. K' € K}.

Obviously, the elements f of L1(G), have the following invariance
property :

(0.13) f(kek ) =f(g), ge€G,keK.

Proposition
The algebras L*(G),,| € Z, are commutative.



The characters of the algebra L}(G),
Let / € Z. To simplify the notation, we write L}(G); for the subalgebra
LY(G)y, =X, * LY(G) x X, = x—i * L}(G) * x—; of L}(G). It consists of all
integrable functions f for which

(0.11) X xf=Ff="Ffx¥,.

Another description is
(0.12)
LYG), = {f € L*(G), f(kek') = xi(kk')f(g), g € G, k. K' € K}.

Obviously, the elements f of L1(G), have the following invariance
property :

(0.13) f(kek ) =f(g), ge€G,keK.

Proposition
The algebras L*(G),,| € Z, are commutative.

Hence the simple L}(G)-modules are now determined by the characters
of the abelian algebras L*(G),, | € Z.
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Lemma
Let ¢ be an I-spherical function. Then

o(kgk') = xi(kk")d(g)
for all g € G and k, k' € K. Consequently,

o(k) = xi(k) forallke K,
o(l) = 1.

Proposition
Integration against the I-spherical functions gives the characters of the
commutative convolution algebra

Cei(G) = X;*C(G)xX,
= {f € C(G),f(kgk') = xi(kk")f(g) for all g € G and k, k' € K}



The following proposition is standard knowledge.
Proposition

1. The subspace

LOO(G)/ = {¢ € LOO(G),(b(kgk/) = X/(kk/)(b(g)v k, K e K,g € G}

of L>°(G) represents the algebraic dual space of the Banach space
LY(G),.

2. The characters of the commutative Banach algebra L'(G), are given
by the bounded I-spherical functions.
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A family of characters

We now define for s € C and | € Z the functions

(0.15) psi(karn) = r N (k), ke K, reR%, neN.
Notice that for all g € G, r € RY and k € K, we have

(016) ps,/(kgar) = r_(5+1)x,(k)p57/(g) :

Definition
For s € C and / € Z we define the function ¢, : G — C by

017)  6ui(g) = /K (Kpsi(g k) dk, g e G

Lemma
The function ¢s; is an I-spherical function.
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By Lemma 31 and Proposition 29, each function ¢s ; determines by
integration on G a character of the commutative algebra C. (G).

For their explicit expression, observe that because of Lemma 27 and the
decomposition G = KAK of G, the functions ¢ are uniquely
determined by their restriction to A. Remarking that the function

&+ xi(ky)ps.i(a; tky) is m-periodic, we get:

B

dsi(a;) = 2/_ (cosz/J—&-isinw)'ps,/(a,_lkw)g—w

s

NERS

1

2 (costp + isine)!
/— (\/r2sin21/)+c°f#)s+1

( cos 1 Iy rsiny )*’ dy
I - .
r\/r2 sin? ¢ + Lfi 2 \/r2 sin® ¢ + Lfi v 2m

(0.18)

ol




Proposition
LetseCandl €Z.
1. For any s € C and | € Z we have that

¢57/ = d)—s,l-

G = ¢si,s+1e[-1,1]+IR.



Koornwinder's list

Proposition
Let | € Z. Every bounded I-spherical function is of the form ¢ for some
seC.
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Behaviour at infinity

We must study lim,_, ¢s (r). Starting from the expression (0.18) of
@s.1, we get for a, € A

2
1 . > il arctan( %) _—ilarctan(v 1+‘;7 5 1
bsa) = =r 1/ ettt (LEE) T (L) g
—00 r4

Hence, if Re s > 1, we see that

. (,bs,l(ar) 1 > —ilarctan(v z
R R ()(v2+1) .

lim —/——— =

and if Re s < —1 then

lim M == /OO ei/arctan(v)( 21 ) 2 dv.
—o0 vi+1

[Ey

r—0 rstl ™



Therefore, if Re(s) > 1, a necessary condition for ¢ ; to be bounded is
that the number

s+1

> : 1 =
R —ilarctan(v
(0.19) ls,) == / e ( >(V2 — 1) dv

is equal to 0 and



Therefore, if Re(s) > 1, a necessary condition for ¢ ; to be bounded is
that the number

1 s+1

R > —ilarctan(v 2
(0.19) o) = [me ( >(V2 +1) dv

is equal to 0 and
similarly for Re s < —1 the number

>~ ilarctan(v) 1 %ﬂ
(0.20) o) = /_OO e (V2 - 1) dv

must be 0.



Proposition

For every s € C\ Z with Re(s) > 1 or Re(s) < —1, the integral Is is
nonzero. In particular the functions ¢s; are not bounded if Re(s) > 1 or
Re(s) < —1 and s ¢ Z.



We can now formulate the main theorem.

Theorem
Every simple module of the Banach algebra L*(SL,(R)) is equivalent to
one of the simple modules listed in Proposition 24. Two simple modules

with the parameters (s,¢) resp. (s',€’) are equivalent if and only ife = &’
ands' =s ors’ = —s.
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Mautner's group, a question
Let # €e R\ Q. Let

M=My, = RxC?
(t,uv)-(E, V) = (t+t), e utd, e v+ V)

Proposition
The group M is connected and has polynomial growth. Hence L1(M) is
symmetric, every simple module is unitarizable.

Remark
Mautner’s group is not type I.

Question: What is Simple(M)?



Thank you
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