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Baire Class Functions

X Polish space (separable and completely metrizable).

Definition.

f: X — R is said to be Baire Class 1 if it is a pointwise limit of a
sequence of continuous functions.

& > 1 countable ordinal

Definition.

f: X = R is said to be Baire Class & if it is a pointwise limit of a
sequence of Baire Class ( functions where { < &
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Ordinal Ranks

Settings:
@ X Polish space
@ £ > 1 countable ordinal
© B = {f: X = R:f Baire Class ¢}

Definition.
p: B¢ — wy ordinal rank

Purpose: measure complexity
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Equivalent Definitions of Baire Class 1 functions

X Polish

f : X — R is Baire Class 1 if it satisfies one of the following.
Q f|F has a point of continuity for every non-empty closed subset
F C X (oscillation rank)

@ f is a pointwise limit of continuous functions
(convergence rank)

@ (V) is F, for every open U C X (separation rank)

(1) & (2): Baire
(2) & (3): Lebesgue, Hausdorff and Banach
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Oscillation Rank

Recall: 3 : B — w1 ordinal rank
f : X — R is a Baire Class 1 function and € > 0. Recall that

osco(f,x) = inf sup  |f(y) — f(2)|

x€U v zeUNDe

U open
D% =X
D' = {x € X : osco(f,x) > ¢} (e-discontinuities)
D? = {x € D' : osc;(f,x) > ¢} (limit points of e- discontinuities)
D3 = {x € D?: osco(f,x) > ¢} (limit points of D?)
Dw - ﬂio:]_Dn
B(f,e) = min{n: D" =0} B(f) =sup{B(f,e) : e > 0}
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Picture of D% sets
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Examples of 8

Recall that
B(f,e) = min{n : D" = (} B(f) =sup{B(f,e) : e > 0}
Examples
@ f is continuous = S(f) =1
Q@ X=R
A= {0} = B(xa) =2
a-muJ {3} = Bea) = 3
n=1
A={0}U VDA IW) 2 g —a
YU (afefara)) =

@ f is Baire Class 1 = B(f) < wy
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Convergence Rank ~

Assume that (f,)qen sequence of functions on X and € > 0

NUC,((fp),x) = inf inf sup{|fm(y)—7a(y)| : y € UND%* n,m > N}
xeU NeN

U open
D° = X
D! = {x € X : NUCy((f,),x) >} (non e-uniformly convergent)
D? = {x € D' : NUCy((f,),x) > ¢}
D3 = {x € D* : NUG((f,),x) > ¢}

D¥ =5, D"
1((fn), €) = min{n : D" = 0}

v(f) = min{supy((fs), €) : f, continuous, f, — f pointwise}
e>0
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Examples of ~

NUCu((fn),x) = inf inf sup{|fm(y)—1fa(y)| : y € UND*, n,m > N}
ngéjen NeN

@ f is continuous = (f) =1
@ A={0} = v(xa) =22 (8(f) = ~(f))
© f is Baire Class 1 = (f) < wy
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Generalized 35 and 75 Ranks

Recall: F,(7) is a collection of all F, sets with respect to 7
(X,7) is a Polish space, f : X — R Baire Class 2 function
Define

Tf72 = {’7'/ . T, iS POlISh , T g T/ Q fo’(T)> f S %1(7—/)}

Definition (Elekes, Kiss, Vidnyanszky 16’).

B5(f) = min{ B (f) : e Tro}
Y3 (f) = min{v/(f) : 7" € Tro}

where B,/(f) and ~,.(f) are B(f) and v(f) in 7’ topology.

[ MARTON ELEKES, VIKTOR KISS AND ZOLTAN
VIDNYANSZKY, Ranks on the Baire class ¢ functions, Trans.
Amer. Math. Soc. 368(2016), 8111-8143.
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Kuratowski's Theorem

Tro= {7 :7"is Polish ,7 C 7' C F,(7),f € Bi(7')}# 07

Theorem (Kuratowski).

Assume that
© (X, 1) Polish space
Q@ Ac F,(1)NGs(1)

Then there is a Polish topology 7’ such that
Q@ 7 C 7 CFy(7)

Q@ A is clopen in T’

Recall that
Q@ F,(7) is a collection of all F, sets with respect to 7
@ G;(7) is a collection of all Gy sets with respect to
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lved Problems

For any f, g € B,
Q (5 ~ 75 (essentially equivalent) if
Ba(f) S 72(f) and 25(f) < Ba(F)
@ (35 is essentially multiplicative if

B> (fg) < max{5(f), 3>(g)}

Problem (Elekes, Kiss, Vidnyanszky 16’).

Q 55 ~n; on'By?
@ Are the ranks 35 and v5 essentially multiplicative?

[ MARrRTON ELEKES, VIKTOR KISS AND ZOLTAN
VIDNYANSZKY, Ranks on the Baire class ¢ functions, Trans.
Amer. Math. Soc. 368(2016), 8111-8143.
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Main Results

Main results

Theorem (Leung, N., Tang 18’).
B3 ~ 75 on B>

Theorem (Leung, N., Tang 18’).

Both 35 and ~y; are not essentially multiplicative.
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Motivation: 35 = ~; on B,

Recall that 85 ~ 75 if

P2 (f) S 2(f) and 25(F) < Ba(F)

Corollary (Elekes, Kiss, Vidnyanszky 16’).

B35 <5 on By

Proposition (Elekes, Kiss, Vidnyanszky 16°).

If (fa)nen is a sequence of Baire Class 1 functions converging
uniformly to f, then ~(f) < sup, v(fp).
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Key Proposition: 85 ~ ~; on B,

0

D
Proposition (Leung, Tang 03’). D

D

Assume that \
@ X Polish space 54 |
@ F C X closed subset
© f: X — R Baire Class 1 D
Q>0 P
Then there exists g : F\ DY(f,e,F) =+ R  Trick: Partition of unity
such that

© g is continuous

Q |f(x) —g(x)| < e forall
x € F\ D!(f,e,F)

Hong-Wai Ng
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Key Proposition: 85 ~ ~; on B,

Assume that
Q@ f: X — R Baire Class 1
Q>0
Then there exists g : X — R such that

© g is Baire Class 1

Q@ 1(g) < B(f)
O |f(x)—g(x)| <eforall x e X

Trick: For each 'piece’, perform 'gluing’ to obtain g.
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Main Result: 85 ~ ~5 on ‘B,

g Baire Class 1, |f — g| < e on X and y(g) < B(f)

Theorem (Leung, N., Tang 18’).
B3 = 5 on By
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Motivation: /35 is not essentially multiplicative

Recall: 35 is essentially multiplicative if for any f, g € 9B,

P> (fg) < max{5(f), B>(g)}

Theorem (Elekes, Kiss, Vidnyanszky 16’).
B3 is unbounded on the set of characteristics functions.

Recall: 35 : By — wy

Hong-Wai Ng
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Key Propositions: (35 is not essentially multiplicative

Proposition.

Let (X, T) be an uncountable Polish space. Then there exists a
subset A C X such that xa € B2(7) and w < f3(xa) < w + 2.
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Key Propositions: (35 is not essentially multiplicative

Assume that
@ (X, 1) Polish space
@ 7’ is a Polish topology on X such that 7 C 7/ C F,(7)
© xa € Bi1(7') such that f./(xa) <w -2
Then there exist
@ Polish topology 7" on X such that 7' C 7" C F,(7)

@ function g : X — N such that B (é—*‘) <w and B,»(g) < 2.

Main trick: F,(7) has generalized reduction property.
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Main result

Theorem (Leung, N., Tang 18’).

B3 is not essentially multiplicative. Particularly, if (X, 7) is an
uncountable Polish space, then there exist

O f € Bo(7) such that B5(f) < w and
Q g € Bo(7) such that B3(g) <w

but 55(fg) > w.

Theorem (Leung, N., Tang 18’).

5 is not essentially multiplicative.
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Open Problem

(X, 7) uncountable Polish space

Assume that
Q@ ( > 1 ordinal
Then
@ ( countable ordinal = there exists xa € B¢(T) such that
¢ < Bilxa) < C+2.
@ ( limit ordinal = there exists f € B¢(7) such that ¢ (f) = C.
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Open Problem

Problem.
Assume that

© (X, 1) be an uncountable Polish space
@ ¢ > 2 be a countable ordinal.

Is it true that for any nonzero countable ordinal (, there exists
f € Be(r) such that BE(f) = (7
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