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Abstract

In this dissertation we first consider a parallel linear model with correlated
dual responses on a symmetric compact design region and construct locally
optimal designs for estimating the location-shift parameter. These locally
optimal designs are variant under linear transformation of the design space
and depend on the correlation between the dual responses in an interesting
and sensitive way.

Subsequently, minimax and maximin efficient designs for estimating the
location-shift parameter are derived. A comparison of the behavior of effi-
ciencies between the minimax and maximin efficient designs relative to locally
optimal designs is also provided. Both minimax or maximin efficient designs
have advantage in terms of estimating efficiencies in different situations.

Thirdly, we consider a linear regression model with a one-dimensional
control variable z and an m-dimensional response variable y = (y1, -, Ym)-
The components of y are correlated with a known covariance matrix. The
calibration problem discussed here is based on the assumed regression model.
It is of interest to obtain a suitable estimation of the corresponding = for a
given target T = (T3, - -+, T},) on the expected responses. Due to the fact that
there is more than one target value to be achieved in the multiresponse case,
the m expected responses may meet their target values at different respective
control values. Consideration includes the deviation of the expected response
E(y;) from its corresponding target value 7; for each component and the op-
timal value of calibration point x, say xg, is considered to be the one which

minimizes the weighted sum of squares of such deviations within the range of



x. The objective of this study is to find a locally optimal design for estimat-
ing xo, which minimizes the mean square error of the difference between x
and its estimator. It shows the optimality criterion is approximately equiva-
lent to a c-criterion under certain conditions and explicit solutions with dual

responses under linear and quadratic polynomial regressions are obtained.

Key words and phrases: Approximate design; Bioassay; C-criterion; Clas-
sical estimator; Efficiency; Equivalence theorem; Locally optimal design;
Location-shift parameter; Maximin efficient design; Minimax design; Mul-

tivariate calibration; Prediction; Relative potency; Scalar optimal design.
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Introduction

In this dissertation optimal designs for calibrations in multiresponse regres-
sion models are our primary goal of investigation. The calibration problem
has a long history receiving significant attention in statistics and other sci-
entific disciplines. Both the design and analysis aspects of the calibration
problem are of interest to experimenters and statisticians. The well-known
problem of calibration is making inference about an unknown control value
from a single observed response. A natural estimate of the control value is
given by solving the regression function, which is called the classical estimate.
In the past numerous literatures have focused on calibration problems, but
not much have been investigated concerning optimality of designs. In this
work, we consider a linear regression model with a one-dimensional control
variable and a multi-dimensional response variable. The responses are con-
sidered to be correlated with a known covariance matrix. We are interested
in making inverse prediction of the model for a given target on the expected

responses. In order to find an efficient design for making accurate prediction,



the optimality criterion has been chosen to minimize the mean square error
of the difference between the control value and its estimator in this work.

At first we consider a bioassay experiment that measures a response from
different doses of the standard and test preparations. There are many liter-
atures in bioassays, see for example, Govindrajulu [19] and Kshirsagar and
Yuan [25]. Design papers for general bioassays are relatively scarce and they
include Buonaccorsi [7], Finney [17], Kshirsagar and Yuan [25], and Smith
and Ridout [33]. As is often the case in bioassay experiments, the expected
responses for the standard and test preparations are assumed to be simple
linear parallel models relative to the logarithm of the dosage, see Finney [17]
for example. Chai et al [8] and Kshirsagar and Yuan [25] were one of the
few who addressed specific design issues for parallel line bioassays. Their
interest, however, was on incomplete block designs, which is not the focus
here.

The interest here is in estimating the potency of the test preparation
relative to the standard, which by definition is the amount of the standard
equivalent in effect to one unit of the test. This parameter is important be-
cause it is widely used to measure the location-shift between the standard
and test preparations in parallel line assays. We follow Kiefer and Wol-
fowitz’s [22] approach and focus on continuous designs. A continuous design
is a probability measure with finite number of support points on a given
compact design space. A main advantage of continuous designs is that they
can be readily verified if they are optimum among all designs defined on the

design space using equivalence theorems. Details of the continuous design



framework and equivalence theorems are discussed in design monographs, see
Fedorov [15] or Pukelsheim [30], for example.

We proposes optimal designs for the parallel line bioassay experiment
when the responses from the standard and test preparations may be corre-
lated. Such assumptions are realistic if observations come from each litter or
observations are made from the same subjects under two experimental con-
ditions. We provide closed form formulae of optimal designs for estimating
the relative potency. Since some type of prior information concerning the
relative potency is needed for the experiment designs, the optimal designs
are called locally optimal designs.

To put the robustness of the designs into consideration to overcome the
problem that the locally optimal designs depend on the unknown relative
potency which may be quite sensitive if the prior knowledge departure from
the true value is to consider other types of design criterion such as the mini-
max and maximin efficient criteria. The maximin efficient criterion has been
introduced by Miiller [27]. There have been some research related to min-
imax and maximin efficient designs, see for example, Dette and Sahm [14],
Dette and Biedermann [12] and Dette and Melas [13], where their interests
were mainly in nonlinear regression models with single response.

In this dissertation, closed form formulae for minimax and maximin effi-
cient designs are provided for estimating the relative potency. A necessary
and sufficient condition for the minimax design has been presented by Fe-
dorov [16] with only an indication of the proof. A modified general equiva-

lence theorem using a directional derivative approach can be found in Miiller



and Pazman [28]. The candidate designs are verified to be optimal through
the corresponding equivalence theorem. A comparison of the efficiencies be-
tween minimax and maximin efficient designs is also provided.

Moreover, in drug-testing experiments a suitable design for dose-finding
when both efficacy and toxicity responses are available is also arresting. We
thus consider the calibration problem of a linear regression model with one
control variable and multi-response variables. The responses are considered
to be correlated with a known covariance matrix. It is of interest to obtain a
suitable estimation of the corresponding control value for a given target on
the expected responses.

Concerning the single response calibration problem, Ott and Myers [29],
along with providing corresponding design problems, have discussed the es-
timation of the independent variable in a regression situation for a measured
value of the dependent variable. Buonaccorsi [6] has examined the effects of
the choice of designs on calibration in a simple linear regression model. Bar-
low, Mensing and Smiriga [2] have computed the optimal Bayes design for a
calibration model. Bai and Huang [1] have discussed a consistent estimator
for locating the maximizer of a non-parametric regression function.

Beside the single response calibration problem, the multiresponse calibra-
tion problem also arises in many applications. In Brown [5] the problem of
calibration making inferences about an unknown explanatory variable from a
single random observed response vector has been discussed. An example for
determining the viscosity of the paint samples by using two measurements on

certain optical properties of the samples have been described. In Chang et al.



[9] a real example concerning production of the shadow mask which affects
the quality of screen image in a monitor or TV set is described, where one of
the criteria to determine the fitness of a produced mask depends on whether
two response variables, the size of the hole and the depth of the hole, meet
the target values. It is of interest to find the optimal setting of the line speed,
the input variable x. We therefore investigate in general the calibration de-
sign problems for multiresponse-univariate polynomial regression models in
this dissertation.

In the following, Chapter 2 centers around the locally optimal designs
for estimating the location-shift parameter of parallel models with dual re-
sponses. Minimax and maximin efficient designs for estimating the location-
shift parameter in the previous chapter are studied in Chapter 3. In Chapter
4, results are presented for designing experiments in the estimation of control
values for given target responses. An example discussed in Brown [5] is used

to illustrate the procedure to exhibit the optimal calibration design.



Optimal Designs for Estimating
the Location-shift Parameter of

Parallel Models with

Correlated Responses

This chapter considers a parallel linear model with correlated dual responses
on a symmetric compact design region and construct locally optimal designs
for estimating the location-shift parameter. The D-optimal designs for the
additive model are invariant under linear transformation of the design space
but locally optimal designs for estimating the location shift do not share this
property. The latter optimal designs depend on the correlation between the

dual responses in an interesting and sensitive way.



2.1. INTRODUCTION

Key words and phrases: Approximate design; Bioassay; Locally optimal de-

sign; Location-shift parameter; potency.

2.1 Introduction

Consider a bioassay experiment that measures a response from different doses
of the standard and test preparations. The interest is in estimating the
potency of the test preparation relative to the standard, which by defini-
tion is the amount of the standard equivalent in effect to one unit of the
test. Specifically, suppose that the dose interval of interest is [a,b] and a
dose from this interval is administered to an experimental unit. The re-
sponse y at this dose level, d, is measured and its expectation under the
standard preparation is E(y1|d) = Fi(d),¥d € [a,b], where F| is some
known functional with unknown parameters. Suppose, as is often the case
in bioassay experiments, the expected response for the test preparation is
E(ys|d) = F5(d) = Fi(7d), ¥d € |a,b], and T is an unknown constant repre-
senting the relative potency between the standard and test preparations.

It is common practice to assume the regression function Fj(d) is linearly

related to x = log(d), see Finney [17] for example. This implies

E(y1|d) = F(d) =0+ 6log(d) =0+ bhx

E(y|d) = F(rd) = 6y + 61(log(d) + log(7)) = b + b1(z — 1),

where p = —log(7). Therefore, these two simple linear models are parallel

with common slope 6;. The covariance matrix between the two responses
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from the standard and test preparations is

Cov(ys, o) = £ = 0*(1 — p) Lo + o),

where Iy is the 2 x 2 identity matrix and J; is a 2 x 2 matrix of one’s,
and there is no loss in generality to assume that o?=1. We also assume
throughout that all models in the paper satisfy the parallelism assumption.
Some test procedures for testing the hypothesis of parallelism are given in
Smith and Choi [34].

There is much research in bioassays, see for example, Govindrajulu [19]
and Kshirsagar and Yuan [25]. Design papers for general bioassays are rel-
atively scarce and they include Buonaccorsi [7], Finney [17], Kshirsagar and
Yuan [25], and Smith and Ridout [33]. Chai et al [8] and Kshirsagar and
Yuan [25] were one of the few who addressed specific design issues for paral-
lel line bioassays. Their interest, however, was on incomplete block designs,
which is not the focus here.

This paper proposes optimal designs for a parallel line bioassay experi-
ment when the responses from the standard and test preparations may be
correlated. Such assumptions are realistic if observations come from each
litter or observations are made from the same subjects under two experi-
mental conditions. We provide closed form formulae for optimal designs for
estimating the relative potency.

We follow Kiefer and Wolfowitz’s [22] approach and focus on continuous
designs. A continuous design £ is a probability measure with finite number
of support points on a given compact design space. If the design has all its

mass at the point x, we denote the design by dy. A generic design on m



2.2. LOCATION-SHIFT PARAMETER

points is denoted by £ = wydx, + Walx, + - - - + W 0x,,, Where each x; in the
design space is weighted w; > 0, and > " w; = 1. A main advantage of
continuous designs is that they can be readily verified if they are optimum
within all designs on the design space X using equivalence theorems. Details
of the continuous design framework and equivalence theorems are discussed
in design monographs, see Fedorov [15] or Pukelsheim [30], for example.

In the next section we discuss optimal designs for estimating the logarithm
of the relative potency. This parameter is important because it is widely used
to measure the location-shift between the standard and test preparations in

parallel line assays. Section 2.3 provides an application and a discussion.

2.2 Location-shift parameter

Throughout we focus on the parallel model with dose as the control variable
and the dose level x; for the standard preparation and the dose level x5 for

the test preparation may be different,

E(y1|x1) = o1 + 0121 2.1)

E(ya|xe) = Op2 + 0129 = Op1 + 01 (22 — ).

We assume that after appropriate scaling, z; € A; = [—1,1], i = 1,2.
When p = 0, the two responses are uncorrelated and they do not have to be
observed in pairs. We may thus relax our designs to include different number
of observations, say ni,no for the two responses respectively. In this case,

different designs, & and &, can be assigned to each response. Designs ¢ for
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such a setup can be expressed as

§ = pi&1 + p2o, (2.2)

where p; = ny/n,py = ny/n,n = ny + no, and &,i = 1,2, represents the
design for the ith response on [—1,1].

If the dual responses from different preparations are observed in paired
for different doses. The dual responses are assumed to be correlated, that is
p # 0. We have for design point x = (z1,29) € X = X; x Xp = [—1,1]%2 A

design in this case is denoted by

€= Z w;by, | (2.3)

where x; € X.
In this section, we consider optimal designs for estimating the location-
shift parameter p in model (2.1). The location-shift parameter p can be

expressed as

b =0 UG S
/‘6_7 —_ j—

0 LY B
Where ‘9 = (001 002 61),, ll = (1 -1 0),7l2 = (O O ].),, 51 =
110 and By = 156.
Let fi(zy) = (1 0 =) and fo(zs) = (0 1 ), the information

matrix for design &; is
M) = [ Bl il deia,

i =1,2. When p = 0, we measure the worth of a design ¢ as defined in (2.2)

by its information matrix

M(&) = piMi(&1) + paMa(Er)

10



2.2. LOCATION-SHIFT PARAMETER

b1 0 bic1
= 0 P2 pady ) (2'4)

pici padi  picy + pads
where ¢; = le x1'd&,, d; = fX2 xo'dEs, i =1, 2.

When p # 0, the regression function F(x) of § is F(x) = (I, X)',
where matrix X = (21 7). The information matrix of a design as defined

in (2.3) is

M(E) = [ PO Py de(), 25)
X
where Y is the covariance matrix for the dual responses. It is straightforward

to verify that
1 —p c1 — pdy

—p 1 dy — pcy , (2.6)

c1—pdy dy—per e+ dy — 2py
where ¢; = fXxﬁdf, d; = fXxédﬁ,i =1,2,and v = fXxIxQdf.

Letting 3 = (81 (2) and L' = (I; Iy), we have the covariance matrix

of the estimator of 3 as follows

. (liM(S)‘lll BM(E) ™

Cov(f) ~
M)~ 1M(E) ™
By McDonald and Studden [26], the approximate variance of the ratio of

) = LM(g)7'L,

the two estimated parameters is
Var(B1/62) & (hi ha) LM(E)™'L' (hy hy)',

where h; = 0h/0B;,i = 1,2, with h(By, B2) = (1/2. In our case, we have

Var(6./ ) ﬁig(l BB IME) L (1 /s
1, 1
- ﬁ%CM(g) c,

11



2.2. LOCATION-SHIFT PARAMETER

with ¢ = (1 —1 —pu)". This means that the best design for estimating
1 is a locally c-optimal design. Here and throughout the rest of the paper,
we construct locally c-optimal designs on the design space X. This means
that the dosage levels for both preparations have to be on the logarithmic
scale and appropriately standardized. Optimal designs for estimating p on
other design spaces will have to be reconstructed because, unlike D-optimal
designs, these designs are not invariant under linear transformation on the
design space.

Theorems 2.2.1 and 2.2.2 below present locally optimal designs for es-
timating p when the two responses are uncorrelated. Recall that ¢; =
[y, @'d6y and d; = [, 2'd&,. Many of the optimal designs found in the fol-
lowing are by first restricting attention to a subclass of designs and among
these designs, find the smallest non-trivial lower bound for the determinant
of the inverse of the information matrix, or the variance of the estimate of
interest. The optimal design is then found by constructing a design that

attains the lower bound.

Theorem 2.2.1 Suppose model (2.1) holds, p = 0, |u| < 2 and & and &
are two designs supported on {—1,1}. The design £* = %ff + %55 15 a locally

optimal design for estimating p provided di — ¢; = pu.

Proof. When p = 0, a direct calculation shows
P1 0 p1c1
M(€) = 0 b2 pady

pici padi picy + pads

12



2.2. LOCATION-SHIFT PARAMETER

Recalling that ¢ = (1, —1, —p)’, we have

- 1 1 (M — (dl - Cl))2
cME)le=—4+—+ . 2.7
(©) P11 Do PiC2 + Pady — p1ct — podi (27)

For any two designs & and £ on [—1, 1], we have |d; —¢;| < 2 and pil—l—p% > 4.
This means that from (2.7), we can find a design £* such that p; = p, = 3

and pu =d; — c;.

Theorem 2.2.2 Suppose model (2.1) holds, p = 0 and |u| > 2. If designs

& and & are supported on {—1,1} and if & = p1& + pa&5 satisfies: (i)

1 _
o <p1<l

ﬁ, and (i1) —pcipy = pdipy = 1, where py = 1 — py, then &*

s a locally optimal design for estimating p. Moreover, CTM(S*)’lc = 1.

Proof. It is straightforward to verify from (2.7) that

1 1 — (dy — c1))?
C/M(f)ilc > (:U’ ( ; 1))2 :
p1 P2 1 —pici — padi

with equality if the design ¢ is supported on {—1,1}. In particular, equality

is attained for the optimal designs &} and &;. For ﬁ <ppr<1l-— ‘—i‘, define

1 1 (M— (dl —01))2
h(pi,c1,dy) = —+ —+ .
(1, e1, 1) p1 pa 1 —pict —pad?

If we take partial derivatives of the function A with respect to ¢; and d; and

set them equal to 0, we have

p=[di(pier + padi) — 1]/ (pie1) = [1 = ci(prcr + pady)]/ (p2dy).

It follows that pic; + pady = (picy + padi)(pici + p2d?) and because pic? +

p2d? # 1, we must have pic; + pad; = 0. By assumption, it follows that

13
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—upicr = 1 = ppody and the optimal design &* satisfies ¢ M(£*)"lc =

—1 1 _ 2
h(pla upL’ @) = p.

Example 2. Suppose model (2.1) holds, p = 0 and p = 3. If we take an
equal number of observations from the test and standard preparations, i.e.
P =Dpy = %, and use designs & = %5,1 + %51 for the standard preparation,
& = éci_l—i-%él for the test preparation, we have é <pr < %, = —%,dl = %,
and condition (ii) of the theorem holds. It follows that the average of these
two designs, i.e. the design equally supported at +1 is locally optimal for

estimating u.

Table 2.1 and Table 2.2 display selected optimal designs constructed from
Theorems 2.2.1 and 2.2.2. For example, in Table 2.1, the third row shows
that when p = —0.5, the designs for the two preparations are £ = §; and
& = 0.256_; + 0.756;. In addition, they have the property that d; — ¢, =
0.5 —1 = —0.5 = p and consequently, the design £* = %fi‘ + %55 is locally
optimal for estimating u. Alternatively, if we take £ = 0.750_1 + 0.256; and
&5 = 0_1 as shown in the fourth row, the design {* = %Ef + %S also satisfies
dy —c¢p = —1 —(—0.5) = —0.5 = p and hence is also locally optimal for

estimating u.

The next three results concern correlated responses from the test and

standard preparations with p # 0 and |p| < 1.

14



2.2. LOCATION-SHIFT PARAMETER

Table 2.1: The optimal design £* for model (2.1) with ¥ = 5 and a given p,

|l < 2.

Design points of £ Design points of &;

p -1 1 ~1 1

—0.5 0.000 0.500 0.125 0.375

0.375 0.125 0.500 0.000

0.0  0.500 0.000 0.500 0.000

0.000 0.500 0.000 0.500

0.5 0.500 0.000 0.375 0.125

0.125 0.375 0.000 0.500

1.0 0.500 0.000 0.250 0.250

0.250 0.250 0.000 0.500

1.5 0.500 0.000 0.125 0.375

0.375 0.125 0.000 0.500

2.0 0.500 0.000 0.000 0.500

0.500 0.000 0.000 0.500

Theorem 2.2.3 Suppose model (2.1) holds, 0 < |p| < 1 and |u| < 2. If a
design £ satisfies dy — c¢; = p, € is a locally optimal design for estimating

L.

Proof. From (2.6), it is straightforward to calculate that

(1—=p*)(p— (dy — 1))
Co+dy —2py — & —d3 + 2c1dyp’

IME) te=2(1—p)+ (2.8)

15
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Table 2.2: The optimal design £* for model (2.1) with ¥ = 5 and a given g,

|l > 2.

Design points of £ Design points of &;

p -1 1 ~1 1

2.5 0.500 0.100 0.000 0.400

0.400 0.000 0.100 0.500

3.0 0.500 0.167 0.000 0.333

0.333 0.000 0.167 0.500

4.0 0.500 0.250 0.000 0.250

0.250 0.000 0.250 0.500

5.0 0.500 0.300 0.000 0.200

0.200 0.000 0.300 0.500

If || <2, we observe that
(e + dy — 2vp) — (] + df — 2c1d1p)
= /(x1 )X (2 x0) dE—(c1 d))S (e dy)
_ /(551 )87 (5 ) dE >0,
where &; = z; — [ 2;d€,i = 1,2. It follows that ¢/ M(§)~'e > 2(1 — p), and

equality holds if d; — ¢; = p. The desired result follows.

Theorem 2.2.4 Suppose model (2.1) holds, 0 < p < 1 and |u| > 2. The

design & = (% + ,%)5(1,*1) + (% — i)5(,171) is a locally optimal design for

estimating (.
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2.2. LOCATION-SHIFT PARAMETER

Proof. From the general expression of ¢ M(£)~'c in (2.8), we have

(b —(d —a))?
2 —2py— 2 —d3+2cidip

= 2(1—p)+ (1 —pHg(cr,di, ),

M@ e = 21 —p)+(1—p?)

with equality if £ is supported on (—1,—1), (=1,1), (1,—1), and (1,1). Now
we want to find designs with ¢y, d; that minimize g(c;,dy, ). For fixed v and
p, we first take partial derivatives of g(cy,dy,7y) with respect to ¢, d;, and

set them to 0. A straightforward argument shows the optimal design must

have ¢; = —d;. Under this constraint, let
(p —2d,)?

h(d = g(—dy,d = 2.9
and one may directly verify that dj = 2/5(1; Jfg)) minimizes the function h(dy,~)
?h _ (14p)*pt 4—p2(14-p)
because o8 = (l_m)Q(_ZlJfélpgﬂﬂJrWQ) > 0 when v > —1 > %_ Hence
with the additional condition that v = —1, h(dj,v) attains its minimum

value. Consequently, the locally optimal design for estimating u is &* =
(1/2+1/p)0q,—1y + (1/2 = 1/p)0(—1,1) because it has the property that ¢; =

—dy = —-2/pand v = —1.

The next result allows us to construct locally optimal design when |u| > 2
and —1 < p < 0. The proof is more complicated and is deferred to the Ap-

pendix.

Theorem 2.2.5 Suppose model (2.1) holds, =1 < p <0 and |u| > 2. Con-

sider a design of the form £ = wid(—1,—1) + wad(—1,1) + W30(1,—1) + Wad(1,1)-
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The design £ 1s a locally optimal design for estimating p if

(1) w=wy = W}Q_%), wy = 1—=2w; andwz = 0 provided 2 < u < 2—2/p,
(i) wy = wy = m, wy =0 and w3 = 1 — 2wy provided —2 4+ 2/p <

< _27
(iii) wy = wy = 1/2 and wy = w3 = 0 provided |u| > 2 —2/p.

Note that the optimal design has at most three design points in each case.

2.3 An application and discussions

Darby [11] analyzed a data set on the assay of the antibiotic tobramycin
where the same levels of dose were used in both the standard and test prepa-
rations. The range of the variable x (logdose) in the study was between —1.8
and —3, which is not symmetric about 0. However, the c-optimal design on
the interval [—3, —1.8] for estimating u can still be found by applying results
in Section 2.2. In Theorem 2.2.1, we have shown that if the first moments
c1 and d; of the design satisfy dy — ¢; = u, then the design is optimal for
estimating p. In this assay, one may verify that ¢; and d; are both inside the
range [—3, —1.8]; in fact, —1.2 < d; — ¢; < 1.2. If it is known from prior ex-
perience that the location-shift parameter u is approximately zero, we would
be interested in designs such that the design points on the test and standard

preparations are the same and that d; — ¢; = 0 approximately. Such designs
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2.3. AN APPLICATION AND DISCUSSIONS

are optimal or nearly optimal for estimating g by Theorem 2.2.1. More-
over, as long as yu is inside the interval [—1.2,1.2], any design that satisfies
dy—cy = pis c-optimal. If p # 0 and p exceeds the maximum possible values
of d; — ¢1, the design problem will have to be specifically worked out. This
is a drawback of designs that lack invariance property under a linear change
of the design space. D-optimal designs have the invariance property and so
they can be constructed on any interval once the optimal design is worked
out on the interval [—1, 1].

We note that the information matrices for the optimal designs in Theo-
rem 2.2.3 are actually non-singular even though they have only two support
points. This is because under the given bivariate structure, both responses
were observed at two levels -1 and 1 of the dose variables x; and x5 and the
common slope parameter for the parallel model can be estimated with in-
formation from both responses. The nonsingularity of the other information
matrices of the optimal designs could be similarly explained.

There are other design issues for the parallel line model not yet addressed
here. First, we focused only on symmetrical design spaces; occasionally a
non-symmetrical design space is used, see Kent-Jones and Meiklejohn [21] for
example. Second, we have assumed the variances of the responses from both
preparations are equal. If these variances are unequal, the locally optimal de-
signs found here may not apply. Moreover if the assumption of parallelism of
the two regression functions needs to be examined beforehand, the T-optimal
design criterion for discriminating between two rival multiresponse models

used in Ucinski and Bogacka [35] may also be considered. Although under
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our model, the results are relatively simple and therefore are not discussed
further here. Third, if the researcher is primarily interested to estimate u
but would also like to have information for the remaining parameters, or con-
cerned with both discrimination of models and estimation at the same time,
multiple objective designs may be considered, see Cook and Wong [10] and
the many references in Wong [37] for more details. Finally, optimal designs
for estimating the relative potencies with more than two responses will be

discussed in the future.

2.4 Appendix

2.4.1 Proof of Theorem 2.2.5

The following Lemmas are needed for the proof of Theorem 2.2.5, which
deals with the case when the dual responses are negatively correlated and
4 is large in magnitude. It is helpful to recall from Theorem 2.2.4 that an
optimal design for estimating p on X must satisfy ¢; = —d;. Accordingly,

we focus on designs of the form, § = wi6(—1, 1)+ wad(—1,1)+ w301, —1) FwW1(1,1)-

Lemma 2.4.1. Suppose model (2.1) holds, —1 < p < 0 and p > 2. If the de-

sign § = w10(—1,—1) +W20(—1,1) +wW30(1,—1)+w1d(1,1) satisfies wo+ws = o, where

2—2p
ptup—4p’

a is a fixed constant, and 0 < a < the design £ = wid(—1,-1) +

ad(—1,1) + w111y with wy = (1 — a)/2 minimizes ¢" M(£) te.

Proof. Since « is fixed, we have d; = a —2w3 and v = 1 — 2a.. The function
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h(dy,7) in (2.9) can be rewritten as

hi(ws; ) = h(a—2ws, 1 —2a)

B (1 — 2a + 4ws)?
2-2p(1 —2a) —2(1 + p)(a — 2w3)?’ (2.10)

It is easy to verify that the derivative of hy(ws; a) is

h (ws; @)
2(p + dws — 20)(2 — ap + 2pws — 2p + 4ap — aup + 2pwsp)
(—1+ a? — daws + 4w3 + p — 2ap + a?p — dawsp + dw3p)?
2(p —2a)(2 — ap — 2p + dap — aup)
(—1+ a? — daws + 4w2 + p — 2ap + a?p — dawsp + dwip)?
> 0 (2.11)

>

2-2 N e o
for 0 < ws < aand 0 < a < ==, Thus Ay (ws; @) is increasing in [0, o

and the minimum of A (ws; o) occurs when ws = 0.

Lemma 2.4.2. Suppose model (2.1) holds, —1 < p < 0 and p > 2. Suppose

§ = w10(—1,-1) + wad(—1,1) + wid(1,1) satisfies 0 < wy < Mf;;ip and wy =
(i) If2 < p < 2—2/p, the design £* with wy = Wjﬁp) and wy = Zi;igi

minimizes ¢/ M () e.

(ii) If p > 2 —2/p, the design &* with w; = 1/2 and wy = 0 minimizes
dM(¢) e

Proof. Consider the design { = wid(—1,—1) + w20 (—1,1) +w1d(1,1) With d; = wy

and 7 = 1 — 2w,. The function h(dy,~y) in (2.9) becomes

h2(w2) = h(wg, 1-— 211}2)

— (1 — 2wy)?
~ 2= 2p(1 = 2wy) — 2(1 + p)uw? (2.12)
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and it is straightforward to verify that wj = ﬁr;ip:;i is a critical number

2—2p
? ptpp—4p

of ha(wsy) in interval [0 ] such that the second derivative hy(w3) =

(n=2p+pp)*
(1=2)(2+n—2p+up

) is positive. The first part of the theorem is proved. The
second part of the theorem follows because when > 2 —2/p, the derivative

,—2=20_] Therefore, wi = 0 minimizes
pHtpp—4p

of ha(wy) is positive for all wy € [0

hg (wg)

Lemma 2.4.3. Suppose model (2.1) holds, —1 < p < 0 and p > 2.

Suppose the design { = wid(_1,—1) + w2d(—1,1) + w3d(1,—1) + Ww10(1,1) satisfies

wo+ws = «, « is a fixed constant and uf;:p274p < a < 1. Then the design £* =

w(l+p)a—dpa—2+2p
2u(1+p)

w15(,1,,1) + (C( — w§)(5(,1,1) + w§5(17,1) -+ w15(171) with ’LU§ =

and w; = (1 — «)/2 minimizes ¢/ M (&) e,

2—2p

on the deriv-
ptpp—4p

Proof. Direct calculus shows that the restriction o >
ative of hy(ws; ) in (2.11) implies that

wt = Mt pla—dpa—2+2p
’ 2u(1 + p)

and satisfies h; (w; ) = 0 and

o (whs 0) 4pt(1+p)°
L (1 —p+2ap)*(p? +4p — Bap + p?p — 4)

> 0.

The lemma is proved.

Proof of Theorem 2.2.5 Consider 4 > 2. By Lemmas 2.4.1 to 2.4.3,

we only need to show that hy(wj; @) in (2.10) and he(w}) in (2.12) satisfy

hi(w3; @) > ho(w3) for all o in the range - f;;_p 5 < a < 1. Additional
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calculation shows that if 2 < pu <2 —2/p,

hi(ws; @) — hy(w;)
—4+p2+4p—8ap+puPp 1
— (i =2)2+p—2p+

> (n=2)p*(2+p—2p+ pup)/(2(1 = p*)) > 0,

and if p > 2 —2/p, we have

ha(w3; @) — ha(ws)

—4 4 p® +4p — 8ap + p?p u?
20 +p)(1—p+20p)  2—2p

2(=pp+p—1)

T a-parp

Hence inequality hj(wj; ) > he(wj) holds for g > 2. Thus parts (i) and
(ii) of the theorem are proved. The remaining parts of the theorem can be

proved analogously by considering the case when p is less than —2.
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Minimax and Maximin
Efficient Designs for Estimating
the Location-shift Parameter of

Parallel Models with Dual

Response

In this chapter minimax designs and maximin efficient designs for estimating
the location-shift parameter of a parallel linear model with correlated dual
responses over a symmetric compact design region are derived. A compari-
son of the behavior of efficiencies between the minimax and maximin efficient
designs relative to locally optimal designs is also provided. Both minimax or

maximin efficient designs have advantage in terms of estimating efficiencies
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3.1. INTRODUCTION

in different situations.

Key words and phrases: Bioassay; Efficiency; Equivalence theorem; Locally
optimal design; Location-shift parameter; Maximin efficient design; Minimax

design; Relative potency.

3.1 Introduction

Consider a bioassay experiment designed to estimate the relative potency of
a test preparation relative to a standard. By definition, the relative potency
is the amount of the standard equivalent of one effective unit. In a bioassay
experiment, suppose that a dose of a standard preparation is chosen and ad-
ministered to an experimental unit and the response y; at this dose level, d,
is measured. In the bioassay, a commonly used function to describe the rela-
tion between the dose and the expected response is E(Y|d) = 6y + 6, log(d).
The expected response for the test preparation is E(Ys|d) = 6y + 6, log(7d),
where 7, which represents the relative potency is unknown. Finney [17] and
Brown [4] have provided a more detailed description.

Let x; = log(d;) € X; C R, i = 1,2, be the dosage levels for the standard
and the test preparations on logarithmic scale respectively, the expected

responses can be expressed as

E(Yi|dy) = 61 + 0121;

E(Yaldy) = 0oz + 0122 = 001 + 01 (22 — 1), (3.1)

where © = —log(7) € B C R denotes the location-shift parameter. In such
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3.1. INTRODUCTION

a design, if all the responses are uncorrelated, we may assign a p; proportion
of responses to the standard preparation and a py proportion to the test, in
which case, a design point is denoted by x, x € X3 UX;. On the other hand,
if dual responses are observed from two preparations with different doses
d; and ds, a design point is denoted by x = (x1,22), x € X} x Xy, If the
dual responses are correlated, then the covariance matrix between the dual
responses is denoted by ¥ = Cov(Y1,Ys) = 0%((1 — p)I + pJs), where I, is
the 2 x 2 identity matrix and Js is a 2 X 2 matrix of one’s, and without loss
of generality, assume that o?=1. Throughout, we assume that X; = [—1,1],
i = 1,2 and the unknown parameter vector 6 = (61, 6oz, 61).

The form of the dose-response relationship assumed above has been dis-
cussed by Finney [17] and Gaines Das [18] with further discussions of the
statistical issues concerning the design and analysis of parallel line assays.
Huang et al. [20] discussed the situation where the design aspects under
the assumptions that the dual responses may be correlated, and provided
locally optimal designs for estimating the location-shift parameter y. An op-
timal design is called "locally optimal”, when some type of prior information
concerning the parameter values is needed for the design of an experiment.
Other types of design criterion such as the maximin efficient criterion has
been introduced by Miiller [27], which put the robustness of the designs into
consideration to overcome the p-dependence of the locally optimal design.
There has been some research related to minimax and maximin efficient de-
signs, see for example, Dette and Sahm [14], Dette and Biedermann [12] and

Dette and Melas [13], where their interest was mainly in nonlinear regression
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models with single response. In this work, closed form formulae for two types
of optimal designs are provided for estimating p: the minimax design and
the maximin efficient design. The interesting point of this work is that both
minimax and maximin efficient designs do not depend on the specific value
of the correlation coefficient p, when p is positive, but they are highly de-
pendent on p, when p is negative. Even more, the maximin efficient designs
do not depend on the range of i when the responses are uncorrelated or the
dual responses are positively correlated. The efficiency performances of the
two designs relative to the locally optimal design also appear in an attractive
manner.

In the next section, we introduce the definitions of the minimax and
maximin efficient designs, and the corresponding equivalence theorem. A
necessary and sufficient condition for the minimax design has been presented
by Fedorov [16] with only an indication of the proof. Wong [36] provided a
unified approach for the construction of minimax design. A modified general
equivalence theorem using a directional derivative approach can be found in
Miiller and Pdzman [28]. Sections 3.3 and 3.4 give the minimax and maximin
efficient designs for various ranges of possible values for the unknown para-
meter respectively. A comparison of the efficiencies between the two designs

is also provided in Section 3.4. Section 3.5 ends with discussion.

3.2 Preliminaries

A design measure ¢ with finite support points on a compact design space

T is denoted by & = > 7", w;d,, where 0y, denotes the one-point measure
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on t;, each t; € 7 is weighted w; > 0 and ) ", w; = 1. Let = be the
set of all possible designs on 7. When designs are chosen by the criterion,
U(v,€£) : 'xE — R, which under circumstances depends on some parameter
v, and if (v, &) is a convex criterion for all v € T', then an optimal design
should minimize the maximum with respect to v. The definition of a minimax

design is given below.

Definition 3.2.1 £* is a minimazx design with respect to V(v,§) in = if and
only if & € argmin{max,er ¥(7,§);€ € Z}.

As shown by Huang et al. [20], an optimal design for minimizing the
asymptotic variance of the estimate of the location-shift parameter p in model
(3.1) depends on the unknown parameter u, and only a locally optimal design

can be found. In this particular case, set

W(p, &) = () M(€)~ e(p) (3.2)

to be the asymptotic variance of the estimate of p with ¢(u) = (1, -1, —p)’,
i € B. A minimax design minimizes the maximum of the asymptotic vari-
ance.

When the experimental responses are uncorrelated, that is p = 0, two dif-
ferent designs, & and &, can be assigned to each response. In this case, design
¢ can be expressed as £ = p1&y + p2&a, where each p; > 0, and p; +py = 1.
We measure information on @ contained in & by its information matrix

M(&) = piMi(&) + p2Ma(&)
b1 0 pica
= 0 P2 Pady (3.3)
pic1 padi  pice + pads
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where M; (&) = [y filw:) fiz:)'d&s, i = 1,2, fi(z1) = (1 0 @), fa(zg) =
(0 1 x) and ¢; = le x1'd€y, di = fxg x9'd€y, 1 = 1,2. The asymptotic
variance of the estimate of u is

() M) o) = L 4 L =)y

. 3.4
PL P2 pica+ pads — prci? — p2d12 (3.4)

The responses from different preparations are observed in pairs for differ-
ent doses d; and dy. The dual responses are then assumed to be correlated,
that is p # 0. A design in this case is denoted by £ = Y 7" | w;dx,, X; € X1 X Xa.
The information matrix of design & is M (§) = fX1><X2 F(x)X7 F(x)'d€, where
F(x)= (I, X)), matrix X = (z; ). That is

1 —p c1 — pdy

B) - 1 dy — pcy )
cp—pdy dy—per e+ dy—2py
recall ¢; = [\ #1'dS, di = [y 5, #2'd€, i = 1,2, and the variance of y is
c(p) M)~ e(p)

= 2(1-p)+

(U )
ca+dy — 207 — 12 — dy* + 2c1dyp

A straightforward extension of the equivalence theorem for minimax designs
in Miiller and Pdzman [28] is described below, when responses are observed

in pairs from model (3.1) with correlation coefficient p # 0.

Theorem 3.2.1 Let M(£*) be regular and

A = argmax,cp c(u) M() " e(p)

be a finite set. If \: A — [0, 1] with 3° .\ M) =1, and if

c(p) M(E7) M (0) M(€7) "e(p)
2T e ey

HEA
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for all x = (x1,72) € X1 X Xy, then £ is a minimaz design in =. The

converse is true if B is compact.

When p = 0, apply the inequality (3.6) with the asymptotic variance in
(3.4) and the information matrix in (3.3) for all x =z € &} U X,.

An alternative concept to the minimax design is the maximin efficient de-
sign introduced by Miiller [27]. This design maximizes the minimum relative

efficiency with respect to the locally optimal design.

Definition 3.2.2 Let £ € argmin{c(u) M ()™ c(n);€ € Z} denote the lo-
cally optimal design for p € B. The efficiency of design & relative to design
£ is defined as ®(u, §) = Wm Then a design measure n* is called

mazimin efficient for g in = if and only if n* € argmax{min,cp P(u,&);& €

—_
—
— .

In Definition 3.2.2, it can be seen that a maximin efficient design n* is
also minimax in terms of the weighted variances, (see Miiller and Pdzman

28]), since
€ argmax{min &(u, §);§ € Z}
) 75 € _‘}

(v
= ar mln max C(M ( ) ( )
= e VA€ o)

= arg min{max ®
pneB

;{ € B}

Denoting T (u, &) = % and knowing that it is an convex cri-
terion, by the equivalence theorem of minimax design presented by Miiller
and Pdzman [28] we obtain the equivalence theorem for p # 0 described as

follows.
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Theorem 3.2.2 Let M(n*) be regular and

() TM (")~ e(p)
c(p) M (&)~ e(p)

be a finite set. If \: A — [0, 1] with 3° .\ M) =1, and if

A = argmax

c(pt) M (")~ M (0x) M (") " e(pe)
2 T ey <

(3.7)

HEA
for all x = (x1,23) € X} X Xy, then n* is a mazimin efficient design in =.

The converse is true if B is compact.

When p = 0, the results may be obtained by applying the inequality (3.7)
with the asymptotic variance in (3.4) and the information matrix in (3.3) for

alx =z € X, U AXs.

3.3 Minimax designs

In this section we assume that the location-shift parameter p is located on
interval [—b, b] or [0,b], b > 0. If prior experience cannot be used to indicate
the sign of p clearly, then the symmetrical interval [—b,b] can be considered
for p1. The minimax designs are presented below for cases for u € [—b, b] or

0, b] respectively.

Theorem 3.3.1 Suppose model (3.1) holds and p € [—b,b]. The design £*
is a minimazx design for u if (i) & = %ff + %f;, & =& = %(5,1 + %51
provided p = 0; (i) & = %5(_171) + %5(1,_1) provided 0 < p < 1; (iii) & =

%5(_17_1) + %6(171) provided —1 < p < 0.
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When g € [0,b], b > 0, the minimax designs described below are found
by first restricting attention to a subclass of designs and finding the designs

that minimize the largest upper bound for the variance of the estimate.

Theorem 3.3.2 Suppose model (3.1) holds with p =0, p € [0,b] and & is
a design supported on X;, i = 1,2. The design & = %ff + %f; 1S a minimax
design for if (i) & = (5+§)0-1+ (53— §)0 and & = (5 — )01 + (5 +5)d
provided 0 < b < 2v2; (1) & = (3 + )01+ (2 —1)6 and & = (3 — 1)1+

(3 + )61 provided b > 2v/2.

The next two results concern correlated responses from the standard and

test preparations where p # 0 and |p| < 1.

Theorem 3.3.3 Suppose model (3.1) holds with 0 < p < 1 and p € [0,b].
The design & is a minimaz design for pu if (i) & = (3+2)01,0+(G—2)0q,-1)

provided 0 < b < 2v/2; (ii) & = (34+2)0(_1,1)+ (2 —1)8(1,-1) provided b > 2V/2.

Theorem 3.3.4 Suppose model (3.1) holds with —1 < p < 0 and u € [0, b].
The design £ = w10(—1,—1) + wad(—1,1) +w10(1,1) @5 a minimaz design for ji if
(i) wy = % — g, Wy = g provided 0 < b < 3”17 eri*PQ;

.. B h—2 __ 2—2p+bp : 3pt+1/84p _ 2.
(i1) wy = g W2 = 5 opris provided T, < b<2 &

(i) wy = 5, wy = 0 provided b > 2 — %.

All the results described above are proved by similar arguments and there-
fore only the proof of Theorem 3.3.4 is provided and is deferred to the Ap-

pendix A.
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3.4. MAXIMIN EFFICIENT DESIGNS
3.4 Maximin efficient designs

In this section, we investigate the maximin efficient designs and compare the
efficiencies with the minimax designs obtained in section 3.3. From Definition

3.2.2, it can easily be seen that a maximin efficient design n* satisfies
0" € argmin{max (s, €)'},
pneB

therefore it is also minimax in terms of the weighted variances, i.e. the in-
verse of efficiencies with respect to the locally optimal design. Under various
conditions of p and b, the maximin efficient designs are derived and presented
as follows. For the corresponding locally optimal designs ¢ under different
p and  values, the values of W(yu, &) as defined in (3.2) are listed in Table
3.1.

In the case of u € [—b,b], we obtain that the maximin efficient designs

are the same as the minimax designs.

Theorem 3.4.1 Suppose model (3.1) holds with jn € [—b,b]. The designs £*

in Theorem 3.3.1 are maximin efficient designs for .

When 0 < p <2, W(y, &) is a constant equals to 4 provided p = 0 and to
2(1—p) provided p # 0, therefore, the maximin efficient designs are the same
as the minimax design provided p € [0,b] and 0 < b < 2. Those minimax
designs can be found in Theorems 3.3.2 to 3.3.4. When b > 2, the maximin
efficient designs are different from the minimax designs and are presented in

the following theorems.
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Table 3.1: The values of W(u,&") = c(u) M (&)~ c(u) for the corresponding

M

locally optimal designs & under different p values

p I (&)
p=0 ul <2 4
|ul > 2 p?
0<p<l1 lul <2 2(1—-p)
|ul > 2 (1= p)p?/2
—1<p<0 ul <2 2(1-p)

2<|ul <22 (1=p)(|ul+[ulp—2p)%/2

ul >2-2 (0* + pPp +4 —4p) /2

Theorem 3.4.2 Suppose model (3.1) holds with i € [0,b], b > 2. The design
n* is a mazimin efficient design for p if (i) n* = $ni + 305, f = 36_1 + 161
and n; = i(;—l + %51 provided p = 0; (ii) n* = %5(,1,1) + i5(17,1) provided

0<p<l.

When p > 0 and b > 2, the maximin efficient designs are not dependent on

p and b. This property is invariant when —1 < p < 0 provided 2 < b < 2— %.

Theorem 3.4.3 Suppose model (3.1) holds for —1 < p < 0 and p € [0,b).

The design n* = w10(—1,—1) +Ww20(—1,1) +w10(1,1) 18 @ maximin efficient design

o . .. b—2)2(1—
for pif (i) wy = i, Wy = % provided 2 < b < 2—%; (i) wy = 4(b2(_2b332£2+i)_4p),

wy = 1 — 2w, provided b > 2 — %.
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The proof of Theorem 3.4.1 is provided and is deferred to the Appendix
B. The others are proved by similar arguments. Tables 3.2 and 3.3 display
the efficiencies of the minimax designs £* and the maximin efficient designs n*
relative to locally optimal designs under various conditions. A comparison of
the behavior of the efficiencies between a minimax design {* and a maximin
efficient design n*, where p = 0.2, and pu € [0, 8] is shown, for example, in
Fig. 3.1. It is evident that the efficiencies of £* and n* are quite different.
The lower bound of the efficiencies of n* is higher than £* since the maximin
efficient criterion is to maximize the minimum efficiency. Nevertheless, the
efficiencies of £* are higher than n* and approximates to 1 when u tends to
0 or b. From Tables 3.2 and 3.3 and Fig. 3.1, an experimenter may need to

decide which optimal criterion to use.

3.5 Discussions

Under a situation in which observations are made for the same subject with
k experimental periods, it is of interest to simultaneously estimate the cor-
responding relative potency for each period. We may then generalize the
parallel model for k responses, £ > 3. In this case, assume that the covari-
ance matrix of k responses is Xy = (1 — p)Ij, + pJi. The expected responses

for design points x; = (z1,---,21)7 € X} X -+ x &) can be expressed as
E(}/z’xz> = Op; + O12; = 01 + 91(.%1 — qu), 1=1,-- .’k’

where iy = 0, u; € B, i = 2,---, k are the location-shift parameters for

each period. The information matrix for the unknown parameter vector 0, =
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Table 3.2: Efficiencies of the minimax design &* relative to the locally optimal

design for parameter p provided p € [0, 0] under different p values

p b i efficiency of &*
0<p<l1 0<b<2v2 0<p<? TP
2<p<h T
b> 22 0<pu<?2 %
2<p<h TSt
—1<p<0 0<b< %?7 0<pu<? T e
2<HSb et
%?7 <b<2-2/p O<p=<2 8p*(ujgﬁi(;;)i(?i*2§)2(l+ﬁ) f
2<usb St
b>2—2/p 0<pu<?2 T
2<p<2-2/p =
2-2/p<p<b 1

* b—2
Tt = 2b—4p+2bp
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Table 3.3: Efficiencies of the maximin efficienct design n* relative to the

locally optimal design for parameter p provided p € [0, ] under different p

values
P b 1 efficiency of n*
0<p<l1 0<b<?2 0<p<2 TS
b> 2 0<pu<2 ST
2<p<h T
—1<p<O 0<b<2 0<p<2 4(4—b,fi;g)ﬁi:i;;lppjﬁzntﬁp)
2<b=<2-2/p O<ps2 DR/ 37)
2<psh T e 7
b>2-2/p 0<p<? Qo ew) tt

2<u<2-2/p

2-2/p<p<b

(1—2)2 (1+p)+8w* (u—2p+pp)

dw* (1—w* —w*p) (u—2p+pp)*
(1—2)2(1+p)+-8w* (u—2p+pp)

dw* (1—w* —w*p) (44-p> —4p+1° p)

(1=p)(1—2)% (1+p)+8w* (u—2p+pp))
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0. 95
0.9

0. 85
0. 8 — Py, €)
0.75
0.7 - B, 1)
0. 65

Figure 3.1: Plots of ®(u,&*) versus ®(u,n*) for p = 0.2 and p € [0, §]

(Bo1, -+, Ook, 1) of design & becomes My, (£) = fX1><---><Xk F(xk)ZglF(xk)Tdé.
Take the mean dispersion of the estimates of the location-shift parameters

as the criterion
U(u, &) = tr{C(u) M(£)~'C(u)},

where matrix C(u) = (1,_; — Ir_1 —uw)?, 1, is a (k — 1)-dimensional
vector of one’s and u = (uy -+ )7 is the location-shift parameter vector.
Provided that p = 0 and p; € [=b,b], b > 0,7 =2, -+ k, the minimax design
&* assigns the same design with the same weights to the test preparation at

different periods, that is

L VE—T1-1, k- 1-vVEk-1,

where f = %(5,1 + %(51, for each 7. In the other cases, closed form formulae for
optimal designs are not easy to find. Wong [36] provided an approach for the
construction of minimax variance optimal designs. It would be interesting

to know how the optimal designs would behave. For example, when k = 3,

38



3.6. APPENDIX

p=0and uy, ps € [0,b], after some numerical computations it is found that
when 0 < b < 2.714, the minimax design is £* = (v2—1)&+>27_,(1— ?) b
where & = (5 +2)01+ (53— 2)d1 and & = & = (5 — )01 + (3 + L)or.
Compared with the minimax design for dual responses, the design for the
test preparation is simply replicated at later & — 1 periods. The number of
the periods and the endpoint of the range of y will affect only the weighting
at its support points.

In this work, it is noteworthy that one of the characteristics of these op-
timal designs is that with a positive p, the optimal designs are supported
on points (—1,1) and (1,—1) and with a negative p, the design points are
(—=1,—1) and (1,1) and (—1,1). It seems when the two responses are posi-
tively correlated, the optimal designs choose end points with opposite signs,
and vice versa for responses with a negative correlation.

Lastly, it is observed that the minimax and maximin efficient designs are
invariant with scale changes on the design regions &}, ¢« = 1,2 and the range
of pu simultaneously, that is, if X, i = 1,2 is extended to [—a, a] and the range

of p is [—ab, ab] or [0, ab], then the optimal designs are invariant, except the

design points are changed to the corresponding new vertices.

3.6 Appendix

3.6.1 Proof of Theorem 3.3.4

To recall from Huang et al. [20] that when —1 < p < 0, an optimal design for

estimating p must satisfy ¢; = —d;. Accordingly, we focus on designs of the
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form, § = wid(—1,—1) +w2d(—1,1) +w3d(1,—1) +wid(1,1). The asymptotic variance

AP 2d1)” ey = S, T1220E.

in (3.5) becomes ¥(u, &) = 2(1—p)+ 2072 (14p)"

To find the minimax design, the process is divided into two parts.

Part (I) Consider B =1[0,b], 0 < b < 4.

(1) Let £ € Zy = {¢] 2 < dy <1}, we have
arg max Wy, §) = {0}

The design & = (%—2)5(,17,1) —1—35(,171)%—(% - %)5(171) is a minimax

1 n = ; * 16(1—p)(2—2p+b,
design in =y with W) = G

(2) Let £ € Z5={¢] — 1 <d; <%}, we have
argmax U(u, §) = {b}-

(i) if 0 < b < VO the design
1 b

1 b (0
&= (5= g1+ 7o + (5 = g)duy

is a minimax design in =, with

o 16(1=p)(2—2p+Dbp) |
(p, &) = (4—0)(4+b—4p+bp)’

(b) if P52 < < 4, the design

e = b—2 +2—2p+bp
3T 2b—dp+2bp TV T b —2p+bp MY
b—2

5
20— 4p + 2bp

is a minimax design in Zp with U(p, &) = 5(1—p)(b—2p+bp)?.
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We observe from the above that when 3p+lv+8+p <b<d4, ¥(pl)is

less than W(u, &), Tt follows that £ is a minimax design in = provided
/ 2 /
0<b< % and &3 is a minimax design in = provided p+1 +i+p

b < 4.

Part (II) Consider B = [0,b], b > 4. The minimax designs can be found by

using the similar technic as in part (I). We have argmax,cp V(p, &) =

{b}.

. . . _ 2-2

(1) ifd<b<2— %, the design & = %jﬁé(_lv_l) + 3= 2Zj:b55 1+
%Tﬁé(m) is a minimax design in =,

(2) ifb>2— 2 , the design & = 56(—1,-1)+ 3 5 1,1y is a minimax design

in E with U(p, &) = (44 0> — 4p + b%p).

Combining the results in Part (I) and (II), we obtain the minimax de-
signs described in theorem 3.3.4. This candidate design can be verified

to be the minimax design through equivalence theorem 4.1, as shown

in the following. If 0 < b < 22FVH2 VSJFPQ, we have A = {0,b}. Take

1+p

Ab) = i and A(0) = 1— A(b),

() M(E) M (eqay ) M(E) ()
2 A\m) W, €°)

HEA

1
(A=) (4+b—4p+bp)(2—2p+bp))
(32 — 4b* + b*2? + b%23 — 64p + 32bp — bPp + 2721 p

+b%23p — 20%29p — 20711 79p + b2wp + 32p — 32bp?

+120%p% — b2p? + 20%21 p* — 2b%10p” — 20721 79p%)
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32— 20— 64p+ 32bp — bp + 32° — 32bp® + 10Kp — by
- (4=0b)(4+b—4p+bp)(2 —2p+bp)
= 17

V (21, x2) € Xy X Xy. The others results are proved by similar arguments

and are omitted here.

3.6.2 Proof of Theorem 3.4.1
Throughout, we denote that I4(u) = 1, if p € A and Ia(u) =0, if u ¢ A,
and verify the candidate designs to be maximin efficient through inequality
(3.7).
(1) Consider p =0,

i) if b <2, then W(y, %) =4 is a constant and

n* € argmin{max Y (u,&);£ € =}
neB
U(p,¢€)
4

arg mm{rl?eaé( ;£ ez}
= argmin{max ¥(u,§);¢ € =}
neB
which implies a minimax design is a maximin efficient design for
p € [=b,b, b<2.
ii) if b > 2, the minimax design is £&* = & + 1&, with & = & =

%5_1 + %61, we obtain that W(u,*) = p? + 4, then

1 1
T, &) = (1 + (G Lu<y (1) + Ef{mm}(u))a
and A = {—2,2}.

Consider the one-point measures ¢0,, with x; € X; on the first
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regression of the parallel model, it yields that

c(p) M(E7) ™" M (84, ) M (€)™ ()

= ((17 _17 _:U’)M(f*)_l(lv 07 xl)T)2

SO )C(M)’M(S*)”M(%)M(f*)*lc(u)

i () TM(E)Te(p)
. 1(21[’1 + 2)2 + (21[’1 — 2)2 < 1
2 (22 +4) =

Vr; € AX;. Similar result can be obtained when the one-point
measures 0,, with zo € Xy on the second regression of the parallel

model is taken. The desired result follows.

(2) Consider 0 < p < 1,

i) if b < 2, then W(y, ) = 2(1 — p) is a constant which implies a
minimax design is a maximin efficient design for p € [—b, b}, b < 2,
as in (1)(i) of the proof of Theorem 3.4.1.

ii) if b > 2, the minimax design is £* = %5(_171) + %(5(17_1), we obtain

that U(u, &) = (1 —p)(2 + p?/2), and

() = (1= PR+ /2 s Lien )

ml{lubn(u)},
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and A = {—2,2}. Take A(—2) = A\(2) = 3, then

c(p) M (€)™ M (8w 00)) M (E°) " He(p)

2 AN e et

(1—p)(a? + 22 — 2pz129 +2p +2) /(1 + p) <1
(1—p)(2+22/2) T

V(zq,x9) € X1 X Xy. Hence, £* is maximin efficient.

(3) Consider —1 < p < 0, the minimax design is {* = %5(_17_1) + %5(171), we

obtain that W(u,&*) =2(1 — p) + (1 + p)u?/2, and

T &) = R0—p)+ 1+ ﬂ“ﬁ Lz (1)
1
(1—p)(|p| — 20+ |M|p)2/2]{2<\u\§272/p}(/‘)
1
+ 20—p)+ (1 4+ p)MQ/QI\ub%?/p(M)}

(1) If b <2, £* is maximin efficient.

(if) If b > 2, then A = {—2,2}. Taking A(—2) = A\(2) = 3, we obtain

that

Z /\(M) C(N)/M(g*)ilM(5(x1,x2))M(€*>ilc(ﬂ)

et ()M (&)~ e(p)

2+ a2 + 22— dp+ 23p — 20139p + 22p + 2p? — 2117907
4(1—p)

< 1.

Inequality (3.7) holds V(xy,z5) € X} x X3. Hence, £ is maximin

efficient.
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Optimal Designs for
Calibrations in
Multiresponse-univariate

Regression Models

This chapter considers a linear regression model with a one-dimensional con-
trol variable z and an m-dimensional response variable y = (y1,- -, Ym)-
The components of y are correlated with a known covariance matrix. The
calibration problem discussed here is based on the assumed regression model.
This is of interest to obtain a suitable estimation of the corresponding z for
a given target T = (T1,---,T,,) on the expected responses. Due to the fact
that there is more than one target value to be achieved in the multiresponse

case, the m expected responses may meet their target values at different re-
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spective control values. Consideration includes the deviation of the expected
response FE(y;) from its corresponding target value T; for each component
and defines the optimal value of calibration point x, say xg, to be the one
which minimizes the weighted sum of squares of such deviations within the
range of x. The objective of this study is to find a locally optimal design
for estimating xy, which minimizes the mean square error of the difference
between xy and its estimator. It shows the optimality criterion is equivalent
to a c-criterion under certain conditions and explicit solutions with dual re-

sponses under linear and quadratic polynomial regressions are obtained.

Key words and phrases: c-criterion, classical estimator, equivalence theorem,
locally optimal design, multivariate calibration, prediction, scalar optimal

design.

4.1 Introduction

In this work, optimal designs for calibration in multiresponse models are in-
vestigated. The calibration problem has a long history receiving significant
attention in statistics and other scientific disciplines (particularly in ana-
lytical chemistry). Both the design and analysis aspects of the calibration
problem are of interest to experimenters and statisticians. But before stating
our objectives toward finding optimal designs for calibration in multiresponse
models, we first review the design problem for calibration in a single response

experiment with simple linear regression model.
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Consider an experiment with simple linear regression model,
E(Y) = po+ piz,

if n pairs of observations (x;,y;), i = 1,2,---,n, are obtained, the objective
of calibration is to estimate the corresponding control value x( to achieve a
given target value T'. There are two estimators for estimating x, the classical

estimator X, and the inverse estimator X; defined respectively as
Xe= (T —bo)/br,
where by and b; are the least square estimators of 3y and (3, respectively, and
Xr=c+dT,

where d = >0 (2 — 2)(yi — 9)1/ Doy (vi — 9)?] and ¢ = & — dy.

Ott and Myers [29], along with providing corresponding design problems,
have discussed the estimation of the independent variable in a regression
situation for a measured value of the dependent variable. Krutchkoff [24]
and Shukla [31] have compared the efficiencies of the classical and inverse
estimators based on the mean square errors (MSE). Berkson [3] has given an
expression for MSE when n is very large and showed that in some situations
the asymptotic MSE of the classical estimator is smaller than the inverse
estimator. Buonaccorsi [6] has examined the effects of the choice of designs
on calibration in a simple linear regression model again. Barlow, Mensing
and Smiriga [2] have computed the optimal Bayes design for a calibration
model. Bai and Huang [1] have discussed a consistent estimator for locating

the maximizer of a non-parametric regression function.
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Beside the single response calibration problem, the multiresponse calibra-
tion problem also arises in many applications. In Brown [5] the problem of
calibration making inferences about an unknown explanatory variable from a
single random observed response vector has been discussed. An example for
determining the viscosity of the paint samples by using two measurements on
certain optical properties of the samples have been described. In Chang et al.
[9] a real example concerning production of the shadow mask which affects
the quality of screen image in a monitor or TV set is described, where one of
the criteria to determine the fitness of a produced mask depends on whether
two response variables, the size of the hole and the depth of the hole, meet
the target values. It is of interest to find the optimal setting of the line speed,
the input variable x. We therefore investigate in general the calibration de-
sign problems for multiresponse-univariate polynomial regression models in
this work.

In the next section, we introduce scalar optimal design for multiresponse
linear regression model. In Section 4.3, by using the classical estimator, the
optimal designs for calibrations in various models with dual responses and
with uncorrelated or correlated responses are presented respectively. An ex-
ample has been given in Section 4.4 for illustration of how to obtain the
optimal designs by the related theorems. Section 4.5 concludes with discus-

sions.
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REGRESSION MODEL

4.2 Scalar optimal design for multiresponse

linear regression model

4.2.1 Preliminaries

Consider a linear regression model with a one-dimensional control variable
x and an m-dimensional response variable Y (z) = (Y1(x),- -, Y.(z)). With

X = [a, b] being the design space, we consider the following setting:
d
ElY;(z)] = Zﬁz’j a?, 1<i<m, (4.1)
j=0

where 3, 1 = 1,2,---,m, j = 0,1,---,d, are unknown parameters. Let X

be the covariance matrix of Y (z), 3 be the parameter vector,

ﬂ = (ﬂiaﬁéa s 7ﬂ;n>/ with ﬂ: = (ﬂiOaﬁila s 7ﬂid>7

and b be the Gauss-Markov estimator of 3. Let ¢ = (¢, c), -+, ¢! ) denote a
coefficient vector with ¢, = (¢, -+, ,¢ia),i = 1,2,---,m. A design problem
for an arbitrary linear function of the regression coefficients, ¢/, is to find
a design on X which minimizes the variance of ¢’b, the design is called a
scalar optimal design or c-optimal design.

Let & = Y ,_, pidy, be a design that the measurements are taken at point
tr € X with weight p, >0, k=1,2,---,nand ) ;_, p = 1. Some notations
for model (4.1) under design ¢ are established in the following:

Let I,,, be the m-dimensional identity matrix and

X=1,®f(x) with f(z)=(1,2,---,27), (4.2)
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where I, ® f(z) denotes the right direct product of I, with f(z). The

information matrix of b under design ¢ is expressed as

M(£) = /X Xyl Xde. (4.3)

Let A(z) be the information matrix of a one-point measure J,. From
the equivalence theorem for scalar optimality in Pukelsheim ([30], p.52), it

is known that a design £* is c-optimal if and only if

_ SME) T A@M(E) e
=y = b

Ve e X,

and U(z) attains the maximum value 1 at each support point of £*. For
any dth-degree polynomial regression model, the corresponding ¥(x) is a
polynomial of order 2d. Therefore, for a c-optimal design, there may be at
most d + 1 points which may achieve the maximum value of ¥(z) including
the two endpoints on design space X (See e.g. Figure 4.1). Hence from now

on we will consider designs with exactly d+ 1 support points and denote the

support vector as t = (ty,te, -+, tqr1), where —1 =t; <ty < -+ <tg41 = 1.
0.8
o\é
0.4
0.2
1 0.5 0.5 i

Figure 4.1: Dependence of ¥(z) on z for a c-optimal design of a polynomial

regression model of degree 3.
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The following technique for finding a c-optimal design is due to Fedorov

[15], p.146. Let F'(t) be a square matrix of order d + 1,

F(t) = (£(t) £(t)) - £(tanr)), (4.4)

and F(z) be a square matrix obtained from F'(t) by deleting the kth column

f(tx) and replacing it by f(z). Then define the kth Lagrange interpolation

polynomial [ (z) with respect to nodes t1,ts, -, tq11 by
d+1
|Fr ()| T —t
le(z) = = , =1,2,---,d+1
=T 1=
i#k

It follows that the power basis 1, z, - - -, 2% is related to the basis [ (), ly(z), - - -,
lar1(x) and satisfies f(z) = F(t)l(x), where I(z) = (I1(x), lo(x), - -+, lgr1(x)).

Then matrix X in (4.2) can be expressed as
X = [,®(F(t)l(x))
= (In®@ F(t))(In @ U(z)) = Fi(t)(In @ I(x)),

where F(t) = I, ® F(t).

4.2.2 Scalar optimal design
(1) Scalar optimal design with uncorrelated responses

If the m responses are uncorrelated with equal variance, assuming that > =

I,,, then the information matrix in (4.3) turns to
M) = [ XXaE = FOL (10 )T @ U JaF )
= Fi(t)(Im ® P(£))Fi(t)', (4.5)

51



4.2. SCALAR OPTIMAL DESIGN FOR MULTIRESPONSE LINEAR
REGRESSION MODEL

where P(§) = [, l(x)l(x)d{ = diag(p1,p2, -, pat1), is a diagonal matrix
with diagonal entries py, k= 1,2,---,d+ 1.

The variance of ¢’b under design £ can be easily computed by using (4.5),
Var(c'b) = /M (&) e = tr(M(&) ted)

= tr([Ln ® P(&)[F1(t) e/ (Fy(t)) ™))

where tr denotes the trace of the matrix. Since the m responses are uncorre-
lated, we may divide the variance into m subvariances, so the variance takes

the following form

Var(c'b) = Ztr(P(E‘)*lF(t)*lCiC;(F(t)/)fl))

where F[;]l(t) is the kth row of F(t)~! and hy(t) = ZQI(F[;]I(‘L)CZ-)Q.
The variance is minimized when pp = Ay/hy(t), A is a constant such that
ZZE pr = 1. Then, a design £* is c-optimal if its support vector t* satisfies
d+1

t* € arg min vV hi(t) (4.6)
k=1

texd+l

and the corresponding weights are

* i (£7) —1.2.--- d+1.

Py = a1 o k=1,
k=1V hi, (t )
This nicely exhibits that the weights depend on the support t*, then the

optimal design problem is reduced to that of finding the optimal support

vector t*.
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(2) Scalar optimal design with correlated responses

If the m responses are correlated with covariance matrix 3 which is symmetric
positive definite, then there exists a symmetric positive definite matrix V' of
rank m such that V2 = ¥ or denotes as V = ¥2. Let X = XV !, then we

may rewrite XXX’ to the form X X’ and obtain that

X = In@Ft)In@l(2)(Viel)
= (V@ Ft)I,®(z))

= Fy(t)(In ©l(x))

where Fx(t) = V' @ F(t). A similar procedure as in subsection 4.2.2 (1)

yields

Var(e'b) = tr((In @ P(§) ") (Fx(t)'ec'(Fx(t)) ™))

m d+1

= oyl g o) (4.7)

i=1 k=1 Pk =1

E

where e;,(t) is the [(d+1)(i—1)+k]th diagonal element of Fx(t)'ec'(Fg(t))™!
and hg(t) = 327, ex(t). The scalar optimal design is reduced in a similar

way as in the uncorrelated case.

4.3 Optimal designs for calibrations

The calibration problem discussed here is based on the assumed regression
model (4.1). It is of interest to find a suitable estimation of the corresponding
control value x for a given target T = (77, - - -,T,,) on the expected responses.

Due to the fact that there is more than one target value to be achieved in the
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multiresponse case, and each response may meet its target value at different
control values, we therefore consider the deviation of the expected response
E(Y;(z)) from its corresponding target value T; for each component and
define the optimal value of calibration point, say xzy, to be the one which
minimizes the weighted sum of squares of such deviations within the range

of . More explicitly, with w; > 0 and > )" w; = 1, let

then
o € argmin Y(z).

The weights w;’s are chosen in a manner to reflect the impact of the deviation,

the technique, the price, or other considerations about the experiments.
The objective of this study is to find an optimal calibration design &*,

which minimizes the MSE on the difference between xy and its estimator zg.

That is, if = is the set of all feasible designs on X then
£ € arg rgnin E(&o — 20)%
€=

In the following, we will focus on dual responses regression models. We
assume that each target value is in the range of the corresponding regres-
sion function. If this is not the case, the outerpolation is used to find the
corresponding control value. If the optimal control value xq is outside of the
design region then the closest endpoint to z( is considered as the estimator

of xg.
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4.3.1 Simple linear regression model
(1) The optimal control value z

Consider an experiment performed at an x € X, assumed that the two re-

sponse variables are both with simple linear regression model,

E(Yi(x)) = Bio + P

(4.8)
E(Yy(x)) = Bao + .
Let s; € X denote the value such that
E(Yi(s:))) =T = Bio + Busi, i=1,2, (4.9)

then
Y(z) = sz’[ﬁil(ﬂ? - Si)]2 = Zwi 31(33 - Si)2
= (wiff +wf5)[r(z —s1)* + (1 —7r)(z = 52)%],  (4.10)

where r = w82, /(w183 + wo33,). Tt is clear that xy is the vertex of the

parabola in (4.10), that is
zo = ¢(B) =151+ (1 —1)sa.

(2) The coefficient vector c, .

To estimate xy, we use the Gauss-Markov estimator Zy = ¢(b). Using the
Taylor theorem and letting gzlﬁﬁ = a%gb(ﬁ), the approximation of the corre-

sponding MSE under design £ can be expressed as
(&0 — w0)” ~ M (€) "5 = ¢, . M(€) e,
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4.3. OPTIMAL DESIGNS FOR CALIBRATIONS

: .
where ¢, . = ¢3 = (clgl,wc/@,T) with

< o= = (g —l@r—Dsi+(2-2r)s]),  (411)

¢ .= = (=5 —E2rsi+(1-2r)s9]). (4.12)

Bg,T

See e.g. Silvey [32], p.57.

Note that s, sy depend on 77,75 according to the formula (4.9). Since
vector ¢, . contains the unknown parameter vector 3, therefore, the optimal
design obtained in the following is also called a locally c-optimal design.
The problem of choosing a design minimizing the MSE has now turned to

find a scalar optimal design.

(3) The optimal calibration design

From the property of a scalar optimal design, it holds that for the linear
regression model (4.8) the support vector of an optimal design is t* = (—1,1).

As defined in (4.4), we obtain

Lo 54
F(t*) = ( ) and F(t*)'= < ) : (4.13)
-1 1 :

Following from subsection 4.2.2 (1), we have the following Theorem.

N[ =

Theorem 4.3.1 Consider the linear regression model (4.8) with X2 = I, for
the given target expected response value T = (T1,T3), the optimal calibration
design is & = pid_y + psoy, with pi = Vhe(t*)/ (X, VIe(t?)), where
hi(t*) = Z?ZI(F[;]l(t*)cﬂi,T)Q, C, p 05 as in (4.11) and (4.12), and F[;]l(t*)

is the kth row of F(t*)™! in (4.18) with t* = (—1,1), i,k = 1,2.
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4.3. OPTIMAL DESIGNS FOR CALIBRATIONS

If the responses are correlated, let A = diag(\i, Ag), where \;, i = 1,2,
are the eigenvalues of >, and let () be the orthogonal matrix consisting of

the corresponding eigenvectors such that ¥ = QA(Q)’, then take matrix
V = [Uij]gxg = E% = QA%Q, (414)

Recalling formula (4.7) of Section 4.2.2(2), we have

Fo(t)'c,, = (VR@F(1)™) (c‘“ )

Cﬁg , T

1
V11 V12 )

= ® 11
V21 V22 -3 3

and obtain that fy(t) = Z?;l(F[;}l (t)w;)* with w; = vc, o +viac, . Then

[
~__—
N—
VR
(@] (@]

w )
v =
4 A
v

the optimal calibration design with correlated responses is obtained by re-

placing h(t) in Theorem 4.3.1 with Ay (t).

4.3.2 Quadratic regression model

In this subsection we consider the calibration problem of quadratic regression

model,

E(Yi(z)) = Pio + Puz + Prax;

E()/?(x)) - 520 + 5211' + 5221‘2.

(4.15)

Through this section, for convenience, we assume that G, > 0,7 = 1, 2.
That is geometrically, the two parabolas are concave up with corresponding
minimum point ¢; = —;1/(206:2), ¢ = 1,2, respectively. The other cases are

dealt in a same manner.

o7



4.3. OPTIMAL DESIGNS FOR CALIBRATIONS

(1) The optimal control value x

For the quadratic model (4.15), it is possible that within X there may be
more than one control value which may attain the same target value in each
response. We therefore divide the discussions into three cases to find out the

location of xg in order to decide the coefficient vector c.

Case 1: ¢, ¢ X.

If this is the case, then both of the regression functions are one-to-one
over the entire design interval X'. Each function will assign the target value

T; to the unique control value s; in X which satisfies
E(Yi(s;)) =T; = Bio + Basi + Biosi, i=1,2.
The optimal control value zy becomes
2
xg € arg glél/{/l (r) = arg grg)r(l{zl wilBin(x — 85) + Bin(2® — s1))*}.

Since v is a polynomial in x, the minimum point xq must be either a
critical point of ¥ or an endpoint of X. If x is a critical point, then there
exists a number r € (0,1) which can be expressed as a function of ( such
that

xo =181 + (1 —1)s9,

which is illustrated in a more detail in Appendix A.

Case 2: ¢; ¢ X and ¢ € X.
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4.3. OPTIMAL DESIGNS FOR CALIBRATIONS

In this case, the first quadratic function is one-to-one over X and will
assign the target value 77 to the unique control value s;. As for the second

function, assume that g, € (0, 1), we have the following two situations.

(i) If E(Ya(q2)) < Ty < E(Y>(1)), then the function may assign 75 to two
different control values sy and $y which satisty F(Y5(s)) = Ty, s = $9, 59
(see e.g. Figure 4.2). Setting & = {1, —1, s1, S92, $2, @2}, if the minimum
point xy is a critical point of ¢, then xy will be located between two
points T, To in ®, which is illustrated in more details in Appendix B.
Similarly as in Case 1, we can find a number r € (0,1) expressed as a

function of @ such that

.1170:7’.%14—(1—7’)572, .i'l,jfgeq).

(i) If E(Y2(1)) < Ta < E(Ya(—1)) or Ty = E(Y2(g2)) then the function
will assign T3 to one control value sy (see e.g. Figure 4.3). In a sim-

ilar manner as in (i), we have zg = r&; + (1 — r)Zy, 1,79 € & =

{17 _17 S1, SQ?QZ}'

0z S1 So1

Figure 4.2: The quadratic func- Figure 4.3: The quadratic func-

tion assigns T, to sy and Ss. tion assigns 715 to ss.
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4.3. OPTIMAL DESIGNS FOR CALIBRATIONS

Case 3: ¢1,q2 € X.

Similarly, the ith regression function may assign 7; to one or two con-
trol values s; and §;, i = 1,2. Then zg = rZ; + (1 — 7))y, T1,7y € & =

{17 _17 S1, §17 52, §27Q17q2}-

(2) The coefficient vector c, .

By the results obtained in subsection 4.3.2(1), let
O(B) =wg =ri1+ (1 =71)Tz, 21,22 € P,

and ¢(b) is used to estimate xy. Then the corresponding c vector for esti-
mating z can be expressed as c, . = (C;LT, C;%T ), with Com = Q.b/gi, i=1,2.
Though the explicit formula for xy is not easy to find, but when x, is a crit-

ical point then 9(x¢) = 1)(2)|s—s, = 0 defines z, implicitly as a function of

(. Using implicit differentiation,

Oz . _3¢($0)/3¢($0)
0B; B 0B; 0x¢ ’

Q.bﬁi - (416)

c, » can be obtained and is provided in Appendix C.

(3) The optimal calibration design

For a quadratic regression model, an optimal calibration design is with sup-
port vector t* = (—1,¢5,1). Now we have to determine the point ;.

It follows from (4.4),

1 1 1
Ft)=| -1 t, 1
1 1
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and
to—t3 t3—1 1—t,

1
Ft)'=—— 2 0 -2 4.17
—t2—ty 1—13 1+t

we obtain the following result from subsection 4.2.2(1).

Theorem 4.3.2 Consider the quadratic regression model (4.15) with ¥ =
I, for the given target expected response value T = (T,T3), the optimal

calibration design is £* = p1d_1 + p30; + p301, where

3
15 ' v hi(t
5 € argbg{u?’l); k(t),

with hy(t) = Z?ZI(F[;}I(t)cﬁi,T)Q, C, pri = 1,2, is defined as in (4.16) and

F[;]l(t) is the kth row of F(t) ™" in (4.17), and p = /i (6*)/ (X —y /1 (t)),
k=1,2,3.

If the responses are correlated, the optimal calibration design is obtained
by replacing hx(t*) in Theorem 4.3.2 with hy,(t*) = Z?:l(F[;]l (t*)u;)?, where

W; = 1€, 4+ ViaCy 4, and vy, 1, j = 1,2, are defined as in (4.14).

A special case of Theorem 4.3.2 is when the targets 77 and T, are the
extreme values of the corresponding regression models, the points of ex-

tremum are s; = —f;1/(20:2), i = 1,2. We obtain zq = rs; + (1 — r)sy with

r=(1+}¢ gjfj%)*l, wy is the corresponding weight for achieving the first
12

target value. A similar procedure will lead to the optimal design.

Corollary 1 Consider the dual responses quadratic regression model (4.15).

Let the target expected response value T; = B0 — %4 /(465), i = 1,2, be the
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extreme values of the two regression function respectively, then the optimal

calibration design is c-optimal with scalar vector ¢, . = (c;1 - ;2 . )/, where
o= (0 s Z(E1—r)(s2—s)+51)),
cr = (0 21522 %(%r(sl — 89) +59) ),

and s; = =1/ (28:2), i = 1,2.

4.4 An example

In this section an example discussed in Brown [5] is used to illustrate the
procedure to exhibit the optimal calibration design of the multiresponse-
univariate regression model. In this example, x is a scalar representing the
viscosity of the paint samples, x € X = [—1,1]. The response y = (y1,¥2)
is a bivariate observation vector consisting of two measurements on certain
optical properties of the samples: y; is the spectrometer measurements of
incident light and y- is the peak-height on a recording goniophotometer. We
apply data from Brown [5] to be our prior information for choosing optimal
calibration design in investigation. The sample covariance matrix for the

dual responses is

0.01 —-0.02 . 0.10 —-0.02
S = and V =52 = .
—0.02 1.51 —0.02 1.23

The correlation coefficient of the dual responses is p = —0.16. To standardize
. - L /L 1y _
the variation of the two responses, we choose w; = UH/(U11 + 022) = 0.99

and wy =1 —wy; = 0.01.

62



4.4. AN EXAMPLE

(1) Simple linear regression model

Following the procedure as in Brown [5], a linear regression model is fitted
first. Then for a given target T = (1.74,39.31), it can be seen that following

the procedure discussed in subsection 4.3.1, we have

(i) 2o = ¢(B) = rs1 + (1 —1)sz,

0.998% 1.74—B1g 39.31—Bag

where r = W, S1 = Bu1 and So = Bor

(ii) Applying the prior data g = (1.75,—0.13,37.94, —1.69) to formula

(4.11) and (4.12), we obtain that

C,p = (2.84,-2.96,0.37, ~0.06)".

(iii) By formulas extended from Theorem 4.3.2 for correlated responses,

2.84 0.37 0.28
w - 0.10( )_0.02( >:( )
—2.96 —0.06 —0.29
0.40
Uy = ( )?
—0.01

h(t) = Z(F[ﬁl(t)ui)QZZ((% —3) W)’ =012,
ho(t) = 0.04

This yields p* = v/0.12/(v/0.12 + v/0.04) = 0.63. Thus, the optimal

calibration design for target T = (1.74,39.31) is * = 0.630_1 + 0.370;.

Figure 4.4 is a plot of the posterior optimal weight pj of design point
—1 as a function of T} and T5. Note that the design concentrates mass at

high viscosity while the target values are both achieved at high viscosity,
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the converse is true, too. Figure 4.5 presents the efficiencies of the uniform
design &, with the least design points, &, = %(5,1 + %51, relative to the optimal

calibration design, where the efficiency is defined as

M) ey,

o M(&u)"te

efficiency of design &, =

5T

Note that the efficiency approaches to 1 while the viscosities of the two
targets are contrary, since in this situation an optimal calibration design
would distribute the supports approximately as an uniform design. Mean-
while, the closer to the endpoint —1 or 1 of the two viscosities are, the less

efficient the uniform design is.

Voo

Jos72%,
22

ot ZZZ

Vrsas.

217777

1777
777 7

eff. o Z

Figure 4.5: Plot of efficiency of
Figure 4.4: Plot of weight p} with

design &, = %(5,1 + %51 relative to
respect to 17 and T5.

the optimal calibration design.

(2) Quadratic regression model

The quadratic regression model is considered secondly as in Brown [5], the

optimal design for the same target T = (1.74,39.31) is obtained as follows.
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i) From the prior data § = (1.78, —0.13, —0.05,38.61, —1.69, —1.01)', we
( ) p /8 ( Y ) Y ) Y ) )

obtain the following prior information on the two curves

q1 q2 S1 S2 S9
—-1.30 —-0.83 0.28 —-0.75 -—0.92 '

The optimal control value is zyp = —0.07, which is located between s;

and so, hence we may express it as xg = 0.86s1 + 0.14s5.

(ii) Applying the prior data [ to formulas derived in subsection 3.2.2, we

obtain the coefficient vector

C,p = (4.41,-1.35,0.15,1.82, —1.07,0.87)".

iii) Substituting c,.. into formulas hy(t) for quadratic model and setting
B, T

t = (—1,t2,1), we get t; = —0.02. After evaluating the correspond-

ing weight of design points by formulas extended from Theorem 4.3.2

for correlated responses, we obtain the optimal calibration design £* =

0.180_1 4+ 0.680_g.92 + 0.146; for the given T.

Figures 4.6 to 4.9 are plots of the optimal design point ¢; and optimal
weights p], p5 and p3 as functions of target values 7} and 75 respectively. In
view of the geometric shape of those plots, the ridge and the valley occur
while the viscosities of the two targets are close, in that case, the optimal
designs concentrate the mass near the similar viscosity targets. Figure 4.10
gives efficiencies of the uniform design £, = %6_1 + %50 + %61 relative to

the optimal calibration design, the uniform design is less efficient than the
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optimal calibration design especially when the target optical values are at
closer viscosities.

Other than presenting results for quadratic model with two parabolas
with both apexes up, the case that the quadratic model with one with an
apex up and one with an apex down is also studied. The plots of the cor-
responding results are presented in Figure 4.11 to 4.15, which are similar to

Figure 4.6 to 4.10, but the ridge rotates about 90 degrees.

(3) Linear-quadratic regression model

In Brown [5], a null hypothesis for testing 312 = 0 was accepted, which
means there is no quadratic association between y; and x. This has generated
a situation with linear and quadratic regressions for the dual responses. The

model is presented as follows:

E(Yi(z)) = Bio + Buz;
E()/?(x)) - 520 + 5211' + 5221‘2.

(4.18)

When the two regression functions are of different orders which makes it
difficult to separate the support points and their weights as in (4.7). The
method introduced above does not apply in this case, as we would need to
solve three unknown values t3, pj and pj simultaneously. At the moment,
following the procedure provided in previous section, we use computation
algorithm in Mathematica to find the optimal calibration design, which is
somewhat complicated. The optimal design for target T = (1.74,39.31) is

& = 0.310_1 4+ 0.689¢.06 + 0.010;. The efficiency of the optimal design for
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Quadratic model: (15 < 0, B0 < 0, p = —0.16

Figure 4.6: Plot of design point ¢} Figure 4.7: Plot of weight p} cor-

corresponding to 177 and T5. responding to T} and 7.

Figure 4.8: Plot of weight p3 cor- Figure 4.9: Plot of weight pj cor-

responding to 7T} and 7T5. responding to T} and 7T5.

Figure 4.10: Plots of efficiency of
design &, = éé,l + %(50 + %51 rela-
tive to the optimal calibration de-

sign.
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Quadratic model: (15 < 0, B29 > 0, p = —0.16

Figure 4.11: Plot of design point Figure 4.12: Plot of weight p} cor-

t5 corresponding to T} and T5. responding to T} and 7.

Figure 4.13: Plot of weight p3 cor- Figure 4.14: Plot of weight pj cor-

responding to T} and 7T5. responding to T} and 7T5.

Figure 4.15: Plots of efficiency of
design &, = %5_1 + éég + éél rela-
tive to the optimal calibration de-

sign.
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quadratic model in (4.15) relative to the optimal design for linear-quadratic

model in (4.18) is 0.86.

4.5 Discussions

In this work, it is noteworthy that when the target control values s; and s, are
nearby, these optimal calibration designs are suggesting the experimenters to
take a higher proportion of the observations under the experimental condi-
tions that are near the target control values. The prior information used
for finding the optimal calibration designs is very helpful for increasing the
efficiency of the design while comparing to a uniform design. Krafft and
Schaefer [23] has shown that under rather mild assumptions the D-optimal
designs for a multiresponse-univariate linear regression model do not depend
on the covariance matrix of response variables. In this work, it is observed
that the level of the correlation of the dual responses does make some differ-
ences on the corresponding optimal calibration design. In Table 4.1, it shows
that the optimal designs concentrate more mass on design point ¢5 when the
two responses are positively correlated. Meanwhile, the efficiencies of the
uniform design &, and the optimal calibration design &; with uncorrelated
responses relative to the optimal calibration design £7 with correlation coef-
ficient p under quadratic model for target T = (1.74,39.31) are presented.
In the last column of Table 4.1, it shows that the correlation of the dual
responses can not be neglected when the two responses are highly correlated;
but if the dual responses are more uncorrelated, then the optimal design for

uncorrelated responses can be considered. To simplify the expressions we
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Table 4.1: The efficiencies of designs §, and &; relate to the corresponding
optimal calibration designs {7 = p7d_1 + p30i; + p301 under quadratic models

with correlation coefficient p for target T = (1.74,39.31).

p Pi j Ds t5  Efficiencies of the Efficiencies of

uniform design &, design &;

-0.90 0.35 0.39 0.26 0.09 0.97 0.63
-0.60 0.25 0.56 0.19 0.01 0.80 0.89
-0.30 0.20 0.65 0.15 -0.01 0.68 0.97
0.00 0.16 0.72 0.12 -0.03 0.60 1

0.30 0.13 0.77 0.10 -0.04 0.53 0.98
0.60 0.09 0.84 0.07 -0.05 0.47 0.93
0.90 0.05 091 0.04 -0.06 0.40 0.83

have discussed the case with design interval X = [—1,1]. It is observed that

the optimal designs are not invariant with scale changes on the design inter-
val, but the theoretical result remains invariant except changing support t
for a new scale.

There are other design issues for the polynomial regression models not
yet addressed here. First, we have found the optimal design for calibra-
tions on models with response functions up to the same order; occasionally a
multiresponse polynomial model with unequal orders is used, see Chang [9]
for example. The advantage of the procedure in finding the scalar optimal
design in Section 2 is that the optimal weights may be obtained once the

support points are determined which simplifies the problem significantly. If
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the orders of the model are unequal, the information matrix M () fails to
factor into two parts, matrix of design points and matrix of weights sepa-
rately. The computation of finding optimal calibration designs becomes an
ill specified problem. We therefore need an efficient algorithm to find the
numerical solution.

Second, the optimal calibration designs presented here are only locally
optimal, since the prior information concerning the model and the corre-
sponding parameter values are needed for the design of an experiment and
different targets deduce different optimal designs. If we have to calibrate
more than one target simultaneously, some kind of robust design may be
helpful to overcome the target-dependence of the calibration optimal design.

Third, we focus only on models with one-dimensional control variable;
sometimes a multiresponse-multivariate design is used, see Brown [5] for
example. Moreover if the regression function is nonlinear, computational
methods for constructing optimal designs would be needed. All these design

issues for calibrations will be discussed in the future.

4.6 Appendix

4.6.1 The optimal control value for ¢, ¢ ¢ X

Let m;(x) = (i + 202, be the derivative of the ith quadratic function in

(4.15) with respect to x, i = 1,2. Note that

Y(z) = sz’(l’ — 5)%[Bin + Baalz + s5))?
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wi(x — ;) (mi(x) +my(s:))?,

= =

2

=1

then the derivative of ¢)(x) with respect to x is

2

O@) = 3 gud (e = s)m(e) +mils) (4.19)

= D il = si) (i) + (i) (). (4.20)

Since the two regression functions are assumed to be monotonic on X,
hence (m;(z) 4+ mi(s1))mi(z) > 0,Yz € X,i = 1,2. Thus ¢(z) = 0 holds
only when z is between s; and so. If xy is a critical point, then we can find

anumber r € (0, 1) expressed as a function of 5 such that xo = rs1+(1—7r)ss.

4.6.2 The optimal control value for ¢; ¢ X and ¢, € X

Since ¢; ¢ X, it follows [mq(x) + mi(s1)|mi(z) > 0, Vo € X. Recalling
from (4.20) and letting vy (x) = (z — s5)(ma(z) +ma(s3))ma(z), the equation
¥(x) = 0 holds only when z — s; and v,(z) have opposite signs.

Setting s; > S5, we obtain the sign analysis of % (x) in Table 4.2. Tt yields
Uo(z) < 0if =1 <z < 3§ or gy < < sy, and on the contrary ¢ (z) > 0 if
Sg < x < @y or sy <x < 1. Thus, the critical points xy will be either in the
set

[s1,1] N ([—1, 52] U [g2, 52])

or

[—1, 5] N ([32, ¢2] U [s2, 1]).
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Table 4.2: The sign analysis of ()

Interval — (z = s9)[ma(a) + ma(s2)]ma(x) ()
1<z < (-)(-)(-) -
S <o < (-)(+)(-) *
@< <s, (S) ) -
s <<l (HEHE) "

We conclude that xz¢ € (Z1,%2), 21, T2 € P, (T1,T2) is the smallest interval

contains x.

4.6.3 The coefficient vector

The derivative ¢s, = 3520 = aqé(g_‘))/dlg;?), i=1,2,in (4.16) can be obtained

after computation of the following derivatives.

aggf) — 2umi(a),

agé?) = 2wy(zmi(wo) + E(Yi(wo)) — ),
&aﬁéio) = 2w;(a2mi(x0) + 2x0(E(Yi(x0)) — T)),
8@5;(0)0) _ Zgwl (20) + 28(E(Yi(wo)) — T1)).
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