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1. Let β = {u1,u2,u3} be a basis of R3. Let A be the 3 × 3 matrix such
that

[fA]
β
β =

5 0 0
0 2 1
0 0 2

 .

Here fA : R3 → R3 is the function defined by fA(v) = Av.

(a) [1pt] Write Au1 as a linear combination of β.

(b) [1pt] Write Au3 as a linear combination of β.

(c) [1pt] Find the characteristic polynomial of A.

(d) [1pt] Find the minimal polynomial of A.

(e) [1pt] Find the algebraic multiplicity and the geometric multiplicity of
λ = 2.
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2. It is known that[
−3 0
0 −2

]
=

[
1 1
−3 −2

]−1 [
0 1
−6 −5

] [
1 1
−3 −2

]
.

(a) [1pt] Let A =

[
0 1
−6 −5

]
. Find An.

(b) [2pt] Solve the recurrence relation an+2+5an+1+6an = 0 with a0 = 1
and a1 = 1.

(c) [2pt] Solve the differential equation y′′ + 5y′ + 6y = 0, where y is a
function of t.
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3. [5pt] Diagonalize the following matrix

A =

 3 4 4
4 3 4
−4 −4 −5

 .

That is, find an invertible matrix Q and a diagonal matrix D such that
Q−1AQ = D.
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4. [5pt] 數學作文：請寫一篇短文來向沒修過線性代數的朋友介紹什麼是
一個矩陣的特徵值（eigenvalue）。

請敘述特徵值的數學定義，並以自己的方式或是比喻來說明其直觀意
義。請說明特徵值和特徵向量、特徵多項式之間的關係，以及如何計
算特徵值。請給一些例子，並詳細解釋例子中的各個數學物件如何呼
應你先前的說明。你也可以補充一些這個概念的相關性質（像是矩陣
經過一些改變後，特徵值會如何改變、或是不會改變）；有必要的話
可以加上一些圖來輔助說明。格式沒有限制，篇輻大約半面到一面。

(If Chinese is not your native language, you may use English or the
language that you prefer.)
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5. [extra 2pt] Let A be the 9× 9 matrix

0 1 0 0 0 0 0 0 1
1 0 1 0 0 0 0 0 0
0 1 0 1 0 0 0 0 0
0 0 1 0 1 0 0 0 0
0 0 0 1 0 1 0 0 0
0 0 0 0 1 0 1 0 0
0 0 0 0 0 1 0 1 0
0 0 0 0 0 0 1 0 1
1 0 0 0 0 0 0 1 0


.

Let
pA(x) = det(A− xI)

= s0(−x)9 + s1(−x)8 + · · ·+ s9

be the characteristic polynomial of A. Find s4(A).

[END]
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