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1. [1pt] Find a 3× 4 matrix A with rank(A) = 1 such that every entry of A
is nonzero. Provide your reasons.

2. [1pt] Find a 3× 4 matrix A with null(A) = 1 such that every entry of A
is nonzero. Provide your reasons.

3. [1pt] Find a polynomial of degree at most 2 that is in span{1−x, 1−x2}.

4. [1pt] Find a polynomial of degree at most 2 that is NOT in span{1 −
x, 1− x2}.

5. [1pt] Write p(x) = 1+x+x2 as a linear combination of {1, 1−x, (1−x)2}.
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6. Let

A =

 1 −3 −2 1
2 −6 −4 3
−5 15 10 −10

 and R =

1 −3 −2 0
0 0 0 1
0 0 0 0


such that R is the reduced echelon form of A.

(a) [1pt] Find a basis of Row(A).

(b) [1pt] Find a basis of Col(A).

(c) [2pt] Find a basis of ker(A).

(d) [1pt] Find a basis of ker(A⊤).
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7. Let V be a subspace with a basis β = {b1,b2,b3}. Let α = {a1, a2} be a
subset in V . Suppose it is known that a1 = b1 + 2b3 and a2 = b1 + 3b3.

(a) [1pt] Write b1 as a linear combination of {a1,b2,b3}.

(b) [2pt] Show that {a1,b2,b3} is linearly independent. (This is an im-
portant step in the proof of the basis exchange lemma, so please do
not use the lemma to prove this statement.)

(c) [2pt] Find a basis S of V such that α ⊆ S ⊆ α∪ β. (It is okay to use
the basis exchange lemma here if needed.)
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8. Suppose you are talking to people who have never learned linear algebra.
Follow the guidelines below and try to explain the concept of a basis as
clear as possible.

(a) [3pt] Suppose V is a subspace. Define what is a basis of V and use a
few sentences to explain the definition.

(b) [2pt] Let V = R3. Provide an example of a basis of V and an example
of a subset of V that is not a basis. Provide your reasons.

4



Midterm 2 - November 2022 Linear Algebra I [MATH 103A / GEAI 1215A]

9. [extra 2pt] Let

A =


1 0
1 0
0 1
0 1

 and B =


1 0
0 1
1 0
0 1

 .

Find a basis of Col(A) ∩ Col(B).

[END]
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