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1. Suppose there are 1000 balls in a box. Each ball has two numbers, X and
Y , on it. The distribution of the numbers are given in the table below.

X\Y 1 2 3 subtotal

1 50 50 200 300
2 50 50 200 300
3 100 100 200 400

subtotal 200 200 600 1000

For example, there are 200 balls whose (X, Y ) is (1, 3), and there are
300 balls where X is 1. Draw a ball randomly from the box, where the
probability is uniformly distributed on each ball. Let X and Y be the
numbers on the ball.

(a) [1pt] Find E(X).

(b) [1pt] Find Var(X).

(c) [1pt] Find P (X = 1|Y = 1).

(d) [1pt] Are the random variables X and Y independent? Provide your
reasons.

(e) [1pt] Find E[(X − 1)2].
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2. [2pt] Explain why R(3, 4) > 6.

3. [3pt] Suppose X is a random variable such that X ≥ 5. Show that

E(X) ≥ k · P (X ≥ k + 5) + 5,

for all k ≥ 0.
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4. Let

M =


0.5 0.5 0 0 0
0.5 0.5 0 0 0
0 0 0.5 0.5 0
0 0 0 0.5 0.5
0 0 0.5 0 0.5


be the transition matrix of a Markov chain.

(a) [1pt] Draw the digraph of M .

(b) [1pt] Is M irreducible? Provide your reasons.

(c) [2pt] If M has a unique stationary state, find it; otherwise, find two
different stationary states.

(d) [1pt] Does limk→∞Mk exist? Provide your reasons.
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5. [5pt] Let G(n, p) be the Erdős–Rényi random graph, where n is the num-
ber of vertices and p is the probability for each edge to occur. Let X
be the number of isolated vertices on G(n, p). Find E(X). (You may
provide the answer for small n to get some partial credits.)

An isolated vertex is a vertex that is not adjacent to any other vertex.
The table below provides some examples.

G(n, p) isolated vertices X

1 2

3 4 1, 2, 3, 4 4

1 2

3 4 3, 4 2

1 2

3 4 4 1

1 2

3 4 ∅ 0
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6. [extra 2pt] Randomly put the four numbers 1, 2, 3, 4 in a line such that
the probability to get each permutation is 1

4! . A right-to-left maximum
is a number that is greater than all numbers to its right. For example,
3412 has only two right-to-left maxima 2 and 4; 4231 has three right-to-
left maxima 1, 3, and 4; and all four numbers in 4321 are right-to-left
maxima. Let X be the number of right-to-left maxima. Find E(X).

[END]
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