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1. [5pt] Recall that Hm
k =

(
m+k−1

k

)
counts the number of integer solutions

of
x1 + · · ·+ xm = k, xi ≥ 0

for all i = 1, . . . ,m. Use double counting to prove that

Hm+1
k = Hm

k + Hm
k−1 + · · ·+ Hm

0 .
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2. [5pt] Use mathematical induction to prove that

m3 + 2m is divisible by 3 for all integer m ≥ 1.
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3. [5pt] Prove that any set S ⊆ {1, . . . , 120} with |S| = 61 contains two
numbers a and b such that a is divisible by b.
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4. [5pt] Let m = 2021 and n = 110. Find integers a and b such that

am + bn = 1.
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5. [extra 2pt] Consider two possible moves →: (1, 0) and ↑: (0, 1). Count
the number of ways to go from (0, 0) to (6, 6) such that

• each step is either → or ↑, and

• it touches the line L : y = x + 3. (有碰到就算)

(0, 0)

(6, 6)

L

[END]
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Page Points Score

1 5

2 5

3 5

4 5

5 2

Total 20 (+2)


