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1. [5pt] Let M2×2 be the space of all 2 × 2 matrices. Consider the matrix

A =

[
1 −2
−2 4

]
and define the homomorphism f : M2×2 → M2×2 by

f(M) = AM for all M ∈M2×2. Find a basis of the null space of f .
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2. Let Ln be the n×n matrix whose i, j-entry is −2 if i = j, 1 if |i− j| = 1,
and 0 otherwise. For example,

L2 =

[
−2 1
1 −2

]
,L3 =

−2 1 0
1 −2 1
0 1 −2

 , and L4 =


−2 1 0 0
1 −2 1 0
0 1 −2 1
0 0 1 −2

 .

(a) [1pt] Compute det(Ln) for n = 2, 3.

(b) [2pt] Find a recurrence relation for det(Ln). For example, find a and
b such that

det(Ln) = a det(Ln−1) + b det(Ln−2).

(c) [2pt] Compute det(Ln) for n = 5, 10.
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3. Let
m(x) = x4 + 2x3 + 5x2 + 4x + 4.

(a) [1pt] Find the derivative m′(x) of m(x).

(b) [2pt] Find the Sylvester matrix Sm,m′ of m(x) and m′(x).

(c) [1pt] Recall that the resultant Res(m,m′) = det(Sm,m′) is the deter-
minant of the Sylvester matrix. Describe how to tell if m(x) and
m′(x) have a common root in C or not by the value of Res(m,m′).

(d) [1pt] Describe how to tell if m(x) has a multiple root in C or not by
the value of Res(m,m′).
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4. [5pt] Diagonalize

A =


0 1 0 1
1 0 1 0
0 1 0 1
1 0 1 0

 .

or show that it is not diagonalizable. To diagonalized a matrix A, you
have to find an invertible matrix Q and a diagonal matrix D such that
Q−1AQ = D. (Note: For this problem, the eigenvalues are integers.)
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5. [2pt] Is the matrix

A =


1 2 3 4
0 2 3 4
0 0 3 4
0 0 0 4


diagonalizable or not diagonalizable? Justify your answer.

6. [3pt] Is the matrix

A =


1 2 3 4
0 1 2 3
0 0 1 2
0 0 0 1


diagonalizable or not diagonalizable? Justify your answer.
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7. [1pt] What is the definition of “matrix A is similar to matrix B”?

8. [1pt] Suppose A is invertible and det(A) 6= 0 is known. How to obtain
det(A−1) from det(A)?

9. [3pt] Show that similar matrices have the same characteristic polynomial.
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10. [1pt] Describe the Cayley–Hamilton theorem.

11. [2pt] Show that the Cayley–Hamilton theorem is true for

A =


1 0 0 0
0 2 0 0
0 0 3 0
0 0 0 4

 .

12. [2pt] Suppose the Cayley–Hamilton theorem is true for diagonal matrices.
Show that the Cayley–Hamilton theorem is true for any diagonalizable
matrices.
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13. [extra 5pt] Find the characteristic polynomial p(x) for the matrix Jn−In.
Here Jn is the n× n all-ones matrix and In is the n× n identity matrix.
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14. [extra 2pt] Find the minimal polynomial of the matrix

A =



1 1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 2 1 0 0 0 0
0 0 0 0 0 2 1 0 0 0
0 0 0 0 0 0 2 0 0 0
0 0 0 0 0 0 0 2 1 0
0 0 0 0 0 0 0 0 2 0
0 0 0 0 0 0 0 0 0 3


.

(You do not have to justify your answer.)

[END]
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