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Abstract
We show how complex analytic method help to identify certain eigen-solutions of a Hill's (periodic) equation whose potential has four exponential functions, in parallel with those of the famous Lam\'e equation. We also establish their orthogonality which differs from usual orthogonality we encounter in orthogonal polynomials of Hilbert spaces. Finally, we show these eigen-solutions also satisfy a certain Fredholm integral equations with explicit kernel.
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