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EÒ÷lÝ�^'���

f(x, y) = P (X = x, Y = y),

Ì (X,Y ) (T6¯Àr, ©¶ X, Y )�ÐÐÐ)))^̂̂£££ÛÛÛ���ÐÐÐóóó(joint probability density

function), TÐ)p.d.f.�b`Ýú�Î (X, Y ) �Ð)p.d.f., ô�¶W fX,Y (x, y)�

A!��óÝ�µ�ã (X,Y ) �Ð)p.d.f.����X� (X, Y ) �^£5µ�ÇE

∀A ⊂ R2,

P ((x, y) ∈ A) =
∑

(x,y)∈A

f(x, y)� (1)

ãy (X,Y ) ×Ò÷lÝ�^'��f(x, y) ©E�óÍ (x, y)� ��y0�X|Ç¸

A �â��óÍF�A R2 î×�]�, (1)PÝ���©ºÎ×�óÍ f(x, y) Ýõ�

EÒ÷lÝ�^'� (X,Y )�ÍÐ)p.d.f. f(x, y)���� f(x, y) ≥ 0�vD3×

�óÝ/) C ⊂ R2�¸ÿ ∑
(x,y)∈C

f(x, y) = 1� (2)

D��u f(x, y)×ã R2 � RÝ&�Ðó�v©b3×�óÝ/) C �� 0�¬

��(2)P�ÄØ×���^̂̂'''��� (X,Y ) �Ð)p.d.f.�A!��óÝ�µ�9Ë (X, Y )

¬�°×��!Ý�^'���|b8!ÝÐ)p.d.f.�

4Q3�Ê�^'� (X, Y )�¬b`ºEÍ�Ø×�ób·¶�»A� &Æ

���á¼�A X = 3 �^£�u (X, Y ) ×�^'��J X,Y 5½�^�

ó�EÒ÷Ý�µ��fX(x) = P (X = x), fY (y) = P (Y = y), 5½Ì X C Y
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�\\\jjj(marginal)^̂̂£££ÛÛÛ���ÐÐÐóóó�T1\jp.d.f.�ì��§��ãÐ)p.d.f.¼O\

jp.d.f.Ý]°�

���§§§ 1. 'bÒ÷l�^'� (X, Y ), | fX,Y (x, y) ÍÐ)p.d.f.�J

fX(x) =
∑
y∈R

fX,Y (x, y), (3)

fY (y) =
∑
x∈R

fX,Y (x, y)� (4)

�¼&Æ�Ê===���lllÝÝÝ���^̂̂'''����×ã R2 Ì� R Ý&�Ðó f(x, y)�u��E

∀A ⊂ R2,

P ((X, Y ) ∈ A) =

∫ ∫
A

f(x, y)dxdy, (5)

-Ì=�l�^'� (X, Y ) �Ð)p.d.f.��y (X,Y ) �\jp.d.f.�J�L

fX(x) =

∫ ∞

−∞
f(x, y)dy,−∞ < x < ∞, (6)

fY (y) =

∫ ∞

−∞
f(x, y)dx,−∞ < y < ∞� (7)

D���×Þ�óÝ&�Ðó f(x, y), u��∫ ∞

−∞

∫ ∞

−∞
f(x, y)dxdy = 1, (8)

ÄØ×=�lÝ�^'� (X, Y ) �Ð)p.d.f.�A�(8)P�� f(x, y) 3×b§Ý 

½�»A�]� [a, b]× [c, d]�Í� a < b, c < d, � 0, J(8)PW∫ d

c

∫ b

a

f(x, y)dxdy = 1�

�¥�ÝÎ�b`Î�!ÝÐ)p.d.f., º0l8!Ý\jp.d.f.� ôµÎb��

(X, Y ) � (U, V ) 5µ�!�¬ X
d
= U , Y

d
= V�

»»» 1. ' X1� X2}ñv5½b Be(r1, s1)C Be(r2, s2)5µ�� Y1 = X1, Y2 = X2(1 −

X1)��O Y1, Y2�Ð) p.d.f.�

���.  y1 = x1

y2 = x2(1− x1)
⇒

 x1 = y1

x2 = y2

1−y1
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and

J =

∣∣∣∣∣∣ 1 0

y2

(1−y1)2
1

1−y1

∣∣∣∣∣∣ =
1

1− y1

fX1,X2(x1, x2) =
Γ(r1 + s1)Γ(r2 + s2)

Γ(r1)Γ(s1)Γ(r2)Γ(s2)
xr1−1

1 (1−x1)
s1−1xr2−1

2 (1−x2)
s2−1,

0 < x1 < 1

0 < x2 < 1

fY1,Y2(y1, y2) = fX1,X2(y1,
y2

1− y1

)|J |

=
Γ(r1 + s1)Γ(r2 + s2)

Γ(r1)Γ(s1)Γ(r2)Γ(s2)
yr1−1

1 (1− y1)
s1−1(

y2

1− y1

)r2−1(1− y2

1− y1

)s2−1 1

1− y1

=
Γ(r1 + s1)Γ(r2 + s2)

Γ(r1)Γ(s1)Γ(r2)Γ(s2)
yr1−1

1 yr2−1
2 (1− y1)

s1−r2−s2(1− y1 − y2)
s2−1

, 0 < y1 < 1, 0 < y2 < 1− y1 < 1

»»» 2. ' U, VÞ}ñ� N (0, 1) r.v.’s, � Z = ρU +
√

1− ρ2V, |ρ| < 1�

(i) �O Z� p.d.f.�

(ii) �O U,Z�Ð) p.d.f.�

(iii) �O X = µ1 + σ1UC Y = µ2 + σ2Z�Ð) p.d.f., Í� σ1, σ2 > 0�hÇÞ�

ó�ðV5µ�

���.

(i)

MZ(t) = E(etz) = E(et(ρu+
√

1−ρ2v)) = E(etρu)E(et
√

1−ρ2v) = e
t2ρ2

2 e
t2(1−ρ2)

2 = e
t2

2

∴ Z ∼ N (0, 1), f(z) = 1√
2π

e−
z2

2 , z ∈ R

(ii)  u = u

z = ρu +
√

1− ρ2v
⇒

 u = u

v = z−ρu√
1−ρ2

and

J =

∣∣∣∣∣∣
1 0

−ρ√
1−ρ2

1√
1−ρ2

∣∣∣∣∣∣ =
1√

1− ρ2
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fU,Z(u, z) =
1

2π
e
− 1

2
(u2+( z−ρu√

1−ρ2
)2) 1√

1− ρ2
=

1

2π
√

1− ρ2
e
− (u2−2ρuz+z2)

2(1−ρ2) , u, z ∈ R

(iii)  x = µ1 + σ1u

y = µ2 + σ2z
⇒

 u = x−µ1

σ1

z = y−µ2

σ2

and

J =

∣∣∣∣∣∣
1
σ1

0

0 1
σ2

∣∣∣∣∣∣ =
1

σ1σ2

fX,Y (x, z) =
1

2π
√

1− ρ2σ1σ2

e
−

(
x−µ1

σ1
)2−2ρ(

x−µ1
σ1

)(
y−µ2

σ2
)+(

y−µ2
σ2

)2)

2(1−ρ2) , x, y ∈ R

»»» 3. ' X,YÞ}ñ� U(0, 1) r.v.’s�� V = (X2 + Y 2)1/2, θ= tan−1(Y/X)��O V ,

θ�Ð)C\j p.d.f.’s�

���. fX,Y (x, y) = 1, 0 < x, y < 1 v = (x2 + y2)1/2

z = tan−1 y
x

⇒

 x = v cos θ

y = v sin θ

and

J =

∣∣∣∣∣∣ cos θ −v sin θ

sin θ v cos θ

∣∣∣∣∣∣ = v, 0 < v <
√

2, 0 < θ <
π

2

fV,θ(v, θ) = v, 0 < v <
√

2, 0 < θ < π
2

fV (v) =
∫ π

2

0
vdθ = π

2
v, 0 < v <

√
2

fθ(θ) =
∫ √2

0
vdv = 1

2
v2|

√
2

0 = 1, 0 < θ < π
2

»»» 4. ' X, Y�Ð) p.d.f.

f(x, y) =
Γ(α + β + γ)

Γ(α)Γ(β)Γ(γ)
xα−1yβ−1(1− x− y)γ−1, x, y > 0, x + y ≤ 1

� W = X/(1−X), Z = Y/(1− Y )��O W, Z�Ð) p.d.f.�
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���.  w = x
1−x

z = y
1−y

⇒

 x = w
1+w

y = z
1+z

, 0 < w, z < 1

and

J =

∣∣∣∣∣∣
1

(1+w)2
0

0 1
(1+z)2

∣∣∣∣∣∣ =
1

(1 + w)2(1 + z)2

fW,Z(w, z) =
Γ(α + β + γ)

Γ(α)Γ(β)Γ(γ)
(

w

1 + w
)α−1(

z

1 + z
)β−1(1− w

1 + w
− z

1 + z
)γ−1 1

(1 + w)2(1 + z)2

=
Γ(α + β + γ)

Γ(α)Γ(β)Γ(γ)
wα−1zβ−1(1 + w)−(α+1)(1 + z)−(β+1)(

1− wz

(1 + w)(1 + z)
)γ−1

=
Γ(α + β + γ)

Γ(α)Γ(β)Γ(γ)
wα−1zβ−1(1 + w)−(α+γ)(1 + z)−(β+γ)(1− wz)γ−1, 0 < w, z < 1

¢¢¢���£££]]]
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