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E×�^�ó, ð�Õ¯2á¼ÍÂ~b9�, �TÂ(expectation, TÌ expected

value, mean), |E(X)��, µÎð�J¼6�9Ë|×�×ÝÂ, ¼��×�^¨é�

��ó��Ý���

�^�óX��TÂ�LAì����

E(X) =

∫ ∞

−∞
xdF (x) =


∫∞
−∞ xf(x)dx , =�l,∑

x xP (X = x) , Ò÷l,

©��5(Tõ)D3(Ç6E|X| < ∞)�;ðàµX(T©|µ)�E(X)�

Âÿ¥�ÝÎ, 	Ì?×r.v. X, ��“�T”ºÿÕE(X)�“�TÂ”���N×

Í��K�8��»A, 7V×2ÑÝY�, v�X = 1T0µ�¨Ñ«TD«��,

JE(X) = 1/2, �¡¢`, XÄ
1T0, ��ºÿÕ1/2�¬1/2�Ú
��ì¼Xÿ

ÕX�¿í�9ì&Æ��¿Íny�TÂÝ8n»��

»1. 'XbP(λ)5µ��OE((1 + X)−1)�

����X ∼ P(λ), f(x) =
∑∞

x=0
e−λλx

x!
�

E((1 + X)−1) =
∞∑

x=0

(1 + x)−1 e−λλx

x!
=

1

λ

∞∑
x=0

e−λλx+1

(x + 1)!

=
1

λ

(
−e−λ + e−λ +

∞∑
x=0

e−λλx+1

(x + 1)!

)

=
1

λ
(−e−λ +

∞∑
k=0

e−λλk

k!
)

=
1

λ
(−e−λ + 1)
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»2. 'Þr.v.’s X, Y��P (|X − Y | ≤ M) = 1, Í�M
×ðó��JuY��TÂb

§, JX��TÂùb§, v|E(X)− E(Y )| ≤ M�

�����Z = X − YÝ5µ
F (z),

|E(X)− E(Y )| = |E(X − Y )| = |E(Z)|

≤ E(|Z|)

=

∫
|X−Y |≤M

|Z|dF (z) +

∫
|X−Y |>M

|Z|dF (z)

(.
P (|X − Y | ≤ M) = 1, ÆP (|X − Y | > M) = 0)

≤
∫
|X−Y |≤M

|Z|dF (z)

≤ M

∫
|X−Y |≤M

1dF (z)

= M · P (|X − Y | ≤ M)

= M

Æ|E(X)− E(Y )| ≤ M�

E|X| = E(|X − Y + Y |) ≤ E(|X − Y |) + E(|Y |)

≤ M + E(|Y |) (.
|E(X)− E(Y )| ≤ MvE(|Y |) < ∞)

< ∞

.hY��TÂb§, JX��TÂùb§�

»3. ��×r > 0, �Ü×�^�óX, ¸ÿE(Xr)D3, ¬E(Xr+1) �D3�

����´�

ζ(n) =
∞∑

k=1

1

kn

Í�ζ(n) = 1
γ(n)

∫∞
0

un−1

eu−1
du ÎRiemann Zeta function, vζ(n) < ∞, ∀n > 1�

.
r > 0, .hr + 2 > 1��X ∼ f(x) = 1
ζ(r+2)

1
xr+2 , x = 1, 2, 3, . . ., J

∞∑
x=1

f(x) =
1

ζ(r + 2)

∞∑
x=1

1

xr+2
=

ζ(r + 2)

ζ(r + 2)
= 1, vf(x) > 0, ∀x ∈ N.
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.hf(x) 
×p.d.f.��J

E(xr) =
1

ζ(r + 2)

∞∑
x=1

xr 1

xr+2
=

1

ζ(r + 2)

∞∑
x=1

1

x2
=

ζ(2)

ζ(r + 2)
< ∞,

¬Î

E(xr+1) =
1

ζr+2

∞∑
x=1

xr+1 1

xr+2
=

ζ(1)

ζ(r + 2)

s÷�

Ær.v. X ∼ f(x) = 1
ζ(r+2)

1
xr+2 , x = 1, 2, 3, . . ., ÍE(xr)D3, ¬E(xr+1)Q�D3�

»4. ÞnÍ¦�^2w
rÍ»����Xi = 1, uÏiÍ»�ÎèÝ, ÍJXi = 0, i =

1, · · · , r�

(i) �OE(Xi)�

(ii) Ei 6= j, �OE(XiXj)�

(iii) �Sr�è»�Ýóê, �OE(Sr)CVar(Sr)�

����

(i)

P (Xi = 1) = P (ÏiÍ»�ÎèÝ)

= P (nÍ¦��5ÕyìÝr − 1Í»�)

=
(r − 1)n

rn

J E(Xi) = 1 · P (Xi = 1) + 0 · P (Xi = 0) =
(r − 1)n

rn

(ii)

P (Xi = 1, Xj = 1) = P (Ïi, jËÍ»�ÎèÝ)

= P (nÍ¦��5ÕyìÝr − 2Í»�)

=
(r − 2)n

rn

J E(XiXj) = 1 · 1 · P (Xi = 1, Xj = 1) + 0 · [1− P (Xi = 1, Xj = 1)]

=
(r − 2)n

rn
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(iii) Sr =
∑r

i=1 Xi, .h

E(Sr) = E(
r∑

i=1

Xi) =
r∑

i=1

E(Xi) = r · (r − 1)n

rn
=

(r − 1)n

rn−1
,

V ar(Sr) = V ar(
r∑

i=1

Xi) =
r∑

i=1

V ar(Xi) + 2
∑

1≤i<j≤r

Cov(Xi, Xj)

=
r∑

i=1

[E(X2
i )− E2(Xi)] + 2 · r(r − 1)

2
[E(XiXj)− E(Xi)E(Xj)]

= r · [ (r − 1)n

rn
− (r − 1)2n

r2n
] + r(r − 1)[

(r − 2)n

rn
− (r − 1)2n

r2n
](

.
 E(X2
i ) = 12 · P (Xi = 1) + 02P (Xi = 0) =

(r − 1)n

rn

)
=

(r − 1)n

rn−1
− (r − 1)2n

r2n−1
+

(r − 1)(r − 2)n

rn−1
− (r − 1)2n+1

r2n−2

=
1

r2n−1
[rn(r − 1)n + rn(r − 1)(r − 2)n − r(r − 1)2n]

¢¢¢���£££]]]
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