
¦$bD"iÅj$

Ùd± · v!C · æ=^ · ˚sm

¦$ìÜ (¢˚H«ìÜ) zpòiú

i$ � íiÅ a, b, c .Å—J-É[

c2 = a2 + b2.

Êcb�2, (a, b, c) uÑJ,j˙�£c

bj (¹¦$b)J/ñJæÊ£cb k, m,

n(m > n) U)

(a, b, c) = k(2mn, m2 − n2, m2 + n2) C

k(m2 − n2, 2mn, m2 + n2).

O�Ém, n sbí�S<2, †N˛*„�

d.T£� Bb„p7 m, n õÑ �ABC

í/ø �"iÅj$� íiÅ, 1½h„pJ

,ìÜ� 1/«n �"iÅj$� Dòiúi

$íÉ[� ¤É[ªR�BøOúi$�

ø. ‡k

éBb*¦$ìÜÇá�q a, b, c Ñú

i$ �ABC íiÅ (cÇø), † ∠C Ñò

iJ/ñJ

c2 = a2 + b2
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C

A

Ba

b c

Çø

¢JiÅ a, b, c îÑ£cb, †˚ (a, b, c)

Ñ¦$b (¢˚H«újb, Pythagorean

triple), Wà (3, 4, 5), (5, 12, 13), (7,

24, 25), (8, 15, 17), . . . ��� úk¦$b,

˛ø�J-í…• (c [1.]):

ìÜ1: újb (a, b, c) Ñ¦$b, J

/ñJæÊ£cb k, m, n, m > n, U)

(a, b, c) = k(2mn, m2 − n2, m2 + n2) C

k(m2 − n2, 2mn, m2 + n2) (1)

lì2 {x1, x2, . . . . . ., xn} [ x1,

. . . . . ., xn �cbí|×tÄb� ¢ x|y [
cb y ª\ x cÎ� ìÜ1í„pY˝kJ

-ìÜ�

ìÜ2 [1,2]: q a, b, c ÌÑ£cb, †

(a, b, c) Ñ¦$b, a ÑXb/ a, b, c �”
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(¹ {a, b, c} = 1) J/ñJæÊ£cb m,

n U)

(a, b, c) = (2mn, m2 − n2, m2 + n2) (2)

w2

m > n > 0, {m, n} = 1, /

m, n ÑøJøX� (3)

ìÜ1, 2Ñ��b�s_!…¢¿…í

ìÜ, «wuìÜ2, úiÅ (a, b, c) Dc

b m, n íb°·'�K� ìÜ2í„p@

àƒcb�2'Ö!�íø…, 1Ûbø_

½bíùÜ (c [1, p.87] ¸ [2, p.40]), ¹

úkcb.ìj˙ (diophantine equation)

uv = w2 Ê u, v �”í‘K-, ¦ju

u = m2, v = n2, w = mn, w2 m, n Ñ

£cb, / m > n�

ªu m, n s_£cb�Ýó�S<

2? †N˛*„�d.T£, Bb„p7 m,

n õÑ/ø �"iÅj$� íiÅ, 1úìÜ

1#|ø_ ��S� í„p�

BbøÊ�ù�2�Ü"iÅj$, 1

½h„pìÜ1� Ê�ú�2Bbø«nøO

úi$íiÅ¸w �"iúi$� 5ÈíÉ

[�

ù. "iÅj$

Jøòiúi$ �ABC 2íi BA

¸ CA ôÅ, U) RAPB u(; SAQC

u(, / RA = AP , SA = AQ, ¥š

PQRS .ÑøÅj$ (cÇù)� Bb˚Å

j$ PQRS Ñúi$Ê ∠A í "iÅj

$ (rectangle at subtending angle)� q

¤Åj$íiÅÑ α ¸ β(α < β)� 1q

∠BAC = 2θ�
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A

B

C

a

b

c

P

Q

R

S

α β

2θ

Çù

†� tan θ = α
β
, y‚à tangent ƒbíI

it�:

tan 2θ =
2 tan θ

1 − tan2 θ
,

ø
a

b
= tan 2θ =

2γ

1 − γ2
(4)

w2 γ = α
β
� �“()ø‘ùŸj˙�

aγ2 + 2bγ − a = 0.

Ä¤

γ =
−2b ±√

4b2 + 4a2

2a
=

−2b ± 2c

2a
,

w2Ä γ Ñ£b, Š;.¯� ]

α

β
= γ =

c − b

a
.

Bb˛„p7J-ìÜí�ø¶}:
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ìÜ3: q �ABC Ñòiúi$, w

2 ∠C uòi, a, b, c ÑwiÅ, / α,

β(α < β) Ñ ∠A 5/ø"iÅj$íi

Å� †

(i)
α

β
=

c − b

a
=

a

c + b
(5)

(ii) æÊõb t U)

(a, b, c) = t(2αβ, β2 − α2, β2 + α2).

„p:

(i) ,Þ˛n�¬�ø_��,�ù_��y

‚à¦$ìÜ¹ªR|�

(ii) * (4), Ä γ = α
β
,

a

b
=

2αβ

β2 − α2

q a = 2αβt (t Ñ£õb), † b = (β2 −
α2)t, /

c2 = (2αβt)2 + (β2 − α2)2t2

= (β2 + α2)2t2

Ä¤ c = (β2 + α2)t� ] (ii) A��

*ìÜ3)ø"iÅj$iÅíªW²

ì7óÉòiúi$iÅíªW, ÄÑ* (ii)

�

a : b : c = 2γ : 1 − γ2 : 1 + γ2 (6)

¥¬V†ypé7� úÎ�_!…íòiú

i$; Ê¤, qú@ ∠A í"iÅj$5i

ÅÑ αA ¸ βA; 7ú@ ∠B í†Ñ αB ¸

βB

W1: J (a, b, c)=(4, 3, 5), † αA

βA

= 1
2
, αB

βB
= 1

3
�

W2: J (a, b, c)=(1, 1,
√

2), † αA

βA

= αB

βB
=

√
2 − 1�

W3: J (a, b, c)=(12, 5, 13), †

αA

βA
= 2

3
, αB

βB
= 1

5
�

W4: J (a, b, c) = (24, 7, 25), †

αA

βA
= 3

4
, αB

βB
= 1

7
�

*ìÜ3ñq)ƒJ-R��

R�4: q�ABC Ñøòiúi$, a,

b, c ÑwiÅ; / α, β(α < β) Ñ ∠A 5/

ø"iÅj$íiÅ� † (a, b, c) D/ø 

¦$bA£ªJ/ñJ α
β

uø�Üb�

BbªJOG ½h„pìÜ1� lV

ø_�ÀíùÜ�

ùÜ5: J (a, b, c) Ñ¦$b, / a, b

sb2|ý�ø_uXb� q a ÑXb, †

b, c íJX4”ó°�

„p: cq a, b îÑJb, I a =

2x + 1, b = 2y + 1, x, y îÑ£cb� â¦

$ìÜø

c2 = (2x + 1)2 + (2y + 1)2

= 4(x2 + x + y2 + y) + 2

Ä¤ c2 .ÑXb, ¹ c .ÑXb� I c = 2z,

† c2 = 4z2, u4íIb, ¥D,�pe� F

J a, b 2|ý�ø_uXb�

J a ÑXb, †*¦$ìÜø b, c íJ

X4”ó°�

ìÜ1í„p: J (a, b, c) Å— (1), a,

b, c îÑ£cb, /òQð�ø (a, b, c) Å

—¦$ìÜ�
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q (a, b, c) Ñ¦$b, / a ÑXb, ¢

q d = {a, c − b}� I

α =
c − b

d
, β =

a

d
† α, β ÌÑ£cb, α < β, /Å— α

β
=

c−b
a

� ¤zp α, β 4/ø"iÅj$íiÅ�

¥š, 2αβ = 2a(c−b)
d2 ; ¢

β2 − α2 =
a2 − (c2 − 2bc + b2)

d2

=
2b(c − b)

d2
.

°Ü,

β2 + α2 =
2c(c − b)

d2

Ä¤, ¦$b

(a, b, c)

=
d2

2(c − b)
(2αβ, β2−α2, β2+α2). (7)

|(, éBbzp t = d2

2(c−b)
üõu

øcb� íl, âk d = {a, c − b}, �

d2 = {a2, (c−b)2}� ÇÕ, *ùÜ5ø, c+b

¸ c − b ÌÑXb� Ä¤ 2(c − b)|(c − b)2�

¢

a2 = c2 − b2 = (c + b)(c − b).

) 2(c−b)|a2� FJ 2(c−b) u a2 ¸ (c−b)2

ítÄb, ¹ªR�| 2(c − b)|d2, ¹ t Ñ

cb, ÄÑ d2 us6í|×tÄb�

B¤, BbüììÜ1í m, n õÑ ∠A

5/ø"iÅj$íiÅ β, α� éBbø α,

β ú@5¦$b�[à- (¡5 [1, p.90]):

α 2 3 4 5 6 7

1 (4,3,5) (6,8,10) (8,15,17) (10,24,26) (12,35,37) (14,48,50)

2 (12,5,13) (16,12,20) (20,21,29) (24,32,40) (28,45,53)

3 (24,7,25) (30,16,34) (36,27,45) (42,40,58)

4 (40,9,41) (48,20,52) (56,33,65)

5 (60,11,61) (70,24,84)

6 (84,13,85)

ú. øO8”

J �ABC .uòiúi$, 7uøL

<úi$,¥v, "iÅj$íiÅª α
β

¸ú

i$íiÅ¢�BóÉ[á? íl, q αA,

βA uú@k ∠A 5/ø"iÅj$íiÅ

(cÇú), ¢ αB, βB ú@k ∠B; αC , βC

ú@k ∠C, ¢I

γA =
αA

βA
, γB =

αB

βB
, γC =

αC

βC

ìÜ6: q�ABC ÑøL<úi$, w

iÅÑ a, b, c� †

(i) γA =
√

(s−c)(s−b)
s(s−a)

= |�ABC|
s(s−a)

, w2

|�ABC| H[�ABC íÞ	, s =
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1
2
(a + b + c)�

(ii) a : b : c = 1 − γBγC : 1 − γAγC

: 1 − γAγB

(iii) γAγB + γBγC + γAγC = 1

(iv) γC = 1−γAγB

γA+γB
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a

b

c

αA βA

θ
θ

Çú

„p: âkúiƒbíšit� (¡5

Çú),

γA =
αA

βA
=

sin A
2

cos A
2

=

√
1 − cos A

1 + cos A

‚àìýìÜ,

cos A =
b2 + c2 − a2

2bc
,

Ä¤,

αA

βA
=

√
2bc − b2 − c2 + a2

2bc + b2 + c2 − a2

=

√√√√a2 − (b − c)2

(b + c)2 − a2
,

=

√√√√(a + b − c)(a + c − b)

(b + c + a)(b + c − a)
,

=

√√√√(s − c)(s − b)

s(s − a)
,

=
|�ABC|
s(s − a)

,

ÄÑ* Heron t�,

|�ABC| =
√

s(s − a)(s − b)(s − c).

°Ü

γB =

√√√√(s − a)(s − c)

s(s − b)
,

γC =

√√√√(s − a)(s − b)

s(s − c)
.

Ä¤

γAγB =
s − c

s
= 1 − c

s
,

¢

γBγC = 1 − a

s
, γAγC = 1 − b

s
.

FJ

a : b : c

= 1 − γBγC : 1 − γAγc : 1 − γAγB.

1/

γAγB + γBγC + γAγC = 1.

*7)ƒ

γC =
1 − γAγB

γA + γB

.

„H�

û. !x

…d2ø<��1.ŸÞ, WàìÜ

6(iii), àÇøj�[®, ¹

tan
A

2
tan

B

2
+ tan

B

2
tan

C

2
+

tan
A

2
tan

C

2
= 1.
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