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�5. (×)����5 (Indefinite Integration)

1.1 ���555������555

' f �L3  (a, b) îÝ��Ðó� ã�5�L

f ′(x) = lim
∆x→0

f(x+∆x)− f(x)

∆x
= lim

∆x→0

∆f

∆x

Í� ∆f = f(x+∆x)− f(x). 	 ∆x �'yë`�J ∆f
∆x
ÝÁ§µÎ f ′(x) = df

dx
�

¨3�&ÆÞ®ÞDÄ¼®�

u g �L3 (a, b)   î��Í0�Ðó G �L3 (a, b)   î¬��

dG(x)

dx
= g(x) (Ç G′ = g)

&ÆÌÐó G  g Ý5D0Ðó6(antideriavative)�ã g O� G ÝÄ�Ì5�

56(integration) �v G ¬�Î°×Ý�

»»» 1.1 �Ê

g(x) = 2x�

ãy G0(x) = x2, G1(x) = x2 + 1, G2(x) = x2 + 2, . . . Ý0óKÎ g(x)�X|

G0, G1, G2, . . . KÎ g Ý D0Ðó�

î»¬&�Q¨é�¯@î�&Æb

�§ 1.2�' G Î g Ý×ÍD0Ðó�Ç G ��

dG(x)

dx
= g(x)

J g ÝD0Ðóª»K�A

GC(x) = G(x) + C, C ∈ R.

JJJ������ ´�ÌD
dGC(x)

dx
=

dG(x)

dx
+

dC

dx
= g(x) + 0 = g(x),

J GC KÎ g ÝD0Ðó�uÐó F ôÎ g ÝD0Ðó�Ç

dF

dx
= g.

1



J

F ′ = G′

T
d

dx
(F −G) = 0.

ãy��Ðó f 3ØF x �Ý6aE£�y f ′(x)�îP��Ðó F −G 3N×F

Ý6aKÎi¿a�E£ = 0��ôµÎ1%� y = F (x)−G(x) qÍ^b>ª�

.h

F (x)−G(x) ≡ðóC,

T

F (x) = G(x) + C,

Ç

F (x) = GC(x).

�

uÐó G Î g Ý×ÍD0Ðó�Ç G ��

dG

dx
= g,

Ý]-�B

G(x) =

∫
g(x)dx+ C, (1.1)

Í� C Îðó�êu©3f�
dG

dx
= g (1.2)

Î��|X� G�vã�§ 1.2 á�hf� (1.1) �30-×ðó C �ìX� G�

9µÎ2P (1.2) � C Ýã¼�h²�êYîÌ
∫
gdx  g Ý5���56(indefinite

integral)���58«��5ôbaPP²�

�§ 1.3

(1)

∫
(f ± g)dx =

∫
fdx±

∫
gdx.

(2)

∫
kfdx = k

∫
fdx, k ðó�
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JJJ������ '
∫
fdx = F + C ,

∫
gdx = G+ C (ãy C Î��Ý��÷Þ Xb9Ë��ð

óK¶W C)��Ä�&Æb��MÝV��

C + C = C, C − C = C, −C = C

C · C = C, C/C = C tó C �ë�

yÎ
dF

dx
= f,

dG

dx
= g,

.h
d(F +G)

dx
=

dF

dx
+

dG

dx
= f(x) + g(x).

ð�1�F +G =
∫
(f + g)dx+ C T∫

(f + g)dx = F +G+ C =

∫
fdx+

∫
gdx+ C.

9µÎ (1)�� (2)ÝJ�º®êÞ	 �

9ì&ÆÞ��×Íny�5õ�5Ý�§�

�§ 1.4

(1)
d

dx

∫
fdx = f ,

(2)

∫
d

dx
fdx = f + C.

JJJ������ ' F  f Ý×ÍD0Ðó�Ç F =

∫
fdx+ C v F ��

dF

dx
= f� ãh�

d

dx

∫
fdx =

d

dx
(F + C) =

dF

dx
= f.

�yÏÞÍ2P�&Æà?�MÝ*»�'

g =

∫
d

dx
fdx+ C.

ã�§ 1.4 (1) á
dg

dx
=

df

dx
, Ç

d(g − f)

dx
= 0.

&Æ�BD¡Ä9Ë���ÆÿÕ g − f = C T g = f + C�X|∫
d

dx
fdx = g + C = f + C.

�
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ÀÀ¼1�&Æb
d ·
dx
←→

∫
· dx.

9� ←→ �î!DºÕ�¬��-×Í��ðó C��

1.2 ���������555���

ãy�5Î�5ÝDºÕ�&Æ�ã�áÝ�52PáW�/)ì�2P�

(1)
d

dx
C = 0, C ðó� (2)

d

dx
xn = nxn−1

(3)
d

dx
sinx = cos x (4)

d

dx
cos x = − sinx

(5)
d

dx
tanx = sec2 x (6)

d

dx
cotx = − csc2 x

(7)
d

dx
secx = sec x tanx (8)

d

dx
csc x = − cscx cotx

(9)
d

dx
ex = ex (10)

d

dx
ax = ax ln a, a > 0

(11)
d

dx
lnx =

1

x
(12)

d

dx
loga x =

1

x ln a
, a > 0, a ̸= 1

(13)
d

dx
sin−1 x =

1√
1− x2

(14)
d

dx
tan−1 x =

1

1 + x2

(15)
d

dx
sec−1 x =

1

|x|
√
x2 − 1

ã�§ 1.4 Ý (2)�&Æ��î�2PÿÕ9ì�5��∫
· dx d

dx
·

−→ ←−
f F =

∫
fdx+ C

(1) 0 C

(2) xn xn+1

n+ 1
+ C, n ̸= −1

(3) sinx − cos x+ C

(4) cosx sin x+ C

(5) sec2 x tanx+ C

(6) secx tan x sec x+ C

(7) ex ex + C

∫
· dx d

dx
·

−→ ←−

f F =
∫
fdx+ C

(8) ax
ax

ln a
+ C

(9)
1

x
lnx+ C, x > 0

(10)
1√

1− x2
sin−1 x+ C,−1 < x < 1

(11)
1

1 + x2
tan−1 x+ C

(12)
1

x
√
x2 − 1

sec−1 |x|+ C

î��5�2PKÙ�y�5ÝDºÕ�»A (2)�

d

dx

xn+1

n+ 1
=

1

n+ 1

d

dx
xn+1 =

1

n+ 1
(n+ 1)xn = xn.
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X| ∫
xndx =

xn+1

n+ 1
+ C.

¬�¥� (1) Ý2P ∫
0dx = C ̸= 0.

»»» 1.5 ��Õ ∫ √
x dx =

∫
x

1
2dx

=
x

1
2
+1

1
2
+ 1

+ C ( 2P (2), n =
1

2
)

=
2

3
x

2
3 + C.

»»» 1.6 ��Õ ∫
1

x2
dx =

∫
x−2dx

=
1

−2 + 1
x−2+1 + C (2P(2), n = −2)

= −1

x
+ C.

»»» 1.7 ��Õ ∫
(ex +

1

x2
− 4 cos x) dx =

∫
ex dx+

∫
1

x2
dx−

∫
4 cos x dx

=

∫
ex dx+

∫
x−2dx− 4

∫
cos x dx

= ex +
x−2+1

−2 + 1
− 4 sin x+ C

= ex − 1

x
− 4 sin x+ C.
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NYêÞN

1. �Õ

(a)

∫
dx

(b)

∫
(
√
x− 0.15x+ 2.73x3)dx

(c)

∫
ex(1 +

e−x

√
x
)dx

(d)

∫
(
√
u+ 1)(

√
u− 1)du

(f)

∫
(1− x)2√

x
dx

(g)

∫
(
1 + x

x
)2dx

(h)

∫
(cosx− 2

1 + x2
+

1

4
√
1− x2

)dx

(i)

∫
2 + cos2 θ

cos2 θ
dθ

(e)

∫
t2 + t− 7

t
dt�à t T x ®� ��b%��×ø��

2. �J|ì2P�

(a)

∫
dx

x2 − a2
=

1

2a
ln

x− a

x+ a
+ C

(b)

∫
dx

(x+ a)(x+ b)
=

1

b− a
ln

x+ a

x+ b
+ C

(c)

∫ √
a2 − x2dx =

x

2

√
a2 − x2 +

a2

2
sin−1 x

a
+ C

(d)

∫
sec x dx = ln tan(

x

2
+

π

4
) + C = ln | sec x+ tanx|+ C

(e)

∫
tan−1 x dx = x tan−1 x− 1

2
ln(1 + x2) + C

�èî�E�]�5 = ¼]��5Ðó��

3. ' f(x) = |x|, x ̸= 0��J�

df(x)

dx
=

{
1 	x > 0
−1 	x < 0.

�èî�@~ y = |x| Ý%��
ãh.�

d

dx
|x| = |x|

x
, x ̸= 0.

4. ¿à(3)Ý����J|ì.ÂÝÝ�52P∫
1

x
dx = ln |x|+ C.

¯�|.ÂÏ(2)ÞÝ(a),(b),(d)C(e)�ÿÕ±Ý2P[�
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5. J�2P ∫
kfdx = k

∫
fdx+ C,

Í� k ðó��k �|Îë[��

6. �àaº��*b×²F�3`  t `�Íi¿�HB x(t) �ê3`  t

`�h²F�>�
dx

dt
= x′(t)

	 t = 0 `�&ÆÌDÿ

x(0) = 1, x′(0) = 0.

u�áh²F|ü���Ý�>�

d

dt
x′ = 2

É���O x(t) Ý�¾P�

�èî�9Í®ÞÎã x′′ O x �X|T�¶Mµ°2�ã x′′ O x′��ã x′ O

x�¥�����= Îá�ðó39�Î� |���Ý��f�XX�Ý��

|îÎ²FÝ��>àaº��Ey×�Ý²Fº����>ëîº���b·¶Ý!

.��
ÆÝ�/@~�

7



�5. (Þ)��5*»

A�©à §1.2 Ý�5���b�9ÐóP°O�5�»A∫
cos 3x dx.

Q��&Æb
d

dx
sin 3x = 3 cos 3x.

yÎ ∫
cos 3x dx =

∫
1

3

(
d

dx
sin 3x

)
dx =

1

3

∫
d

dx
(sin 3x)dx =

1

3
sin 3x+ C.

E�3�5��ÝÐó�&Æ���NgK9øO�5�.hm�À��×°!�õð

°�

&Æà×Í��ÝæJ¼s"&Ë�5*»�

�5←→�5

Ì�Ý1�b×Í�5Ý°Jµb×Í�5Ý°J�

2.1 ���óóó���ððð (Integration by Substitution)

�' y = f(x) õ x = g(t)�J

y = f(g(t)) = f ◦ g(t).

ã=Å� (chain rule) �á (f(g(t)))′ = f ′(g(t)) · g′(t). !`E�PË\O���5�ÿ∫
f ′(g(t))g′(t)dt =

∫
(f(g(t))(t))′dt = f(g(t)) + C,

Í�ÏÞÍ�P�ã�§ 1.4(2) ÿÕ�uÞ g(x) àÐr u ¼�î�JîP�;¶∫
f ′(g(t))g′(t)dt =

∫
f ′(u)u′dt.

3hB u′dt  du�J&Æ�
×MÿÕ∫
f ′(g(t))g′(t)dt =

∫
f ′(u)du = f(u) + C = f(g(t)) + C.

8



»»» 2.1 O

∫
sin5 x cosx dx.

��� �ã�52P�á d
dx

sin x = cos x. Æ� sinx = u�J du = u′dx = cos xdx. .h∫
sin5 x cos xdx =

∫
u5du =

u5+1

5 + 1
+ C =

u6

6
+ C,

X| ∫
sin5 x cos x dx =

sin6 x

6
+ C.

»»» 2.2 O

∫
1

x lnx
dx.

��� �ã�52P�á d
dx

lnx = 1
x
. Æ� lnx = u�J du = u′dx = 1

x
dx. .h∫

1

x lnx
dx =

∫
1

u
du = ln |u|+ C = ln | lnx|+ C.

b°`Î�	I�5ÝEé¬�Î��|µ�@�ì¼�×ÍbàæJÎ�E�§¯�

�KÝI	F�¬g)E2PF�

du = u′dx =
du

dx
dx.

»»» 2.3 O

∫
dx

1 +
√
x
.

��� �39�
√
x tDß��X|� u =

√
x T u2 = x, J du = u′dx = 1

2
√
x
dx T

dx = 2udu�.h ∫
dx

1 +
√
x

=

∫
2u

1 + u
du

= 2

∫ (
1− 1

1 + u

)
du

= 2

∫
du− 2

∫
1

1 + u
du

= 2u− 2 ln |1 + u|+ C

= 2
√
x− 2 ln(1 +

√
x) + C.

#ì¼¯&ÆÕÕ¿Í¿àë�Ðó¼O�5ÝÎl»Þ�
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»»» 2.4 O

∫ √
a2 − x2dx, (a > 0).

��� ��

x = a sin t, −π

2
≤ t ≤ π

2
.

yÎ
√
a2 − x2 =

√
a2 − a2 sin2 t =

√
a2(1− sin2 t) =

√
a2 cos2 t = a cos t,

¬v

dx = (a sin t)′dt = a cos tdt.

X| ∫ √
a2 − x2dx = a2

∫
cos2 tdt = a2

∫
1 + cos 2t

2
dt =

a2

2
t+

a2

4
sin 2t+ C.

ê. t = sin−1(x/a)�X|

sin 2t = 2 sin t cos t = 2 · x
a
·
√
a2 − x2

a
=

2x
√
a2 − x2

a2
.

.h� ∫ √
a2 − x2dx =

a2

2
sin−1 x

a
+

a2

4
· 2x
√
a2 − x2

a2
+ C

=
a2

2
sin−1 x

a
+

x
√
a2 − x2

2
+ C.

»»» 2.5 O

∫
dx√

x2 + a2
.

��� ��

x = a tan t, −π

2
≤ t ≤ π

2
.

ãh
√
x2 + a2 =

√
a2 + tan2+a2 =

√
a2(tan2 +1) =

√
a2 sec2 t = a sec t,

¬v dx = d(a tan t) = a sec2 tdt�yÎ∫
dx√

x2 + a2
=

∫
a sec2 tdt

a sec t
=

∫
sec tdt = ln | sec t+ tan t|+ C.

t¡�ãì%

2 2+xa x

t
a

10



ÿ

sec t =

√
a2 + x2

a
õ tan t =

x

a
,

X| ∫
dx√

x2 + a2
= ln

∣∣∣∣∣xa +

√
a2 + x2

a

∣∣∣∣∣+ C = ln(x+
√
a2 + x2) + C.

�9Î. − ln a+ C = ðóC x+
√
a2 + x2 > 0��

»»» 2.6 O

∫
2x− 1

x2 − x+ 1
dx.

��� ��

u = x2 − x+ 1

yÎ du = (2x− 1)dx. X|∫
2x− 1

x2 − x+ 1
dx =

∫
du

u
= ln |u|+ C = ln |x2 − x+ 1|+ C.

»»» 2.7 O

∫
x− 2

x2 − x+ 1
dx�

��� �u�

u = x2 − x+ 1,

J

du = (2x− 1)dx ̸= (x− 2)dx.

×Í�*»�|QîR�Ç

x− 2

x2 − x+ 1
=

1

2

(
2x− 4

x2 − x+ 1

)
=

1

2

(
2x− 1

x2 − x+ 1
− 3

x2 − x+ 1

)
=

1

2

(
2x− 1

x2 − x+ 1

)
− 3

2

(
1

x2 − x+ 1

)
.

yÎ ∫
x− 2

x2 − x+ 1
dx =

1

2

∫
2x− 1

x2 − x+ 1
dx− 3

2

∫
1

x2 − x+ 1
dx

=
1

2
ln |x2 − x+ 1| − 3

2

∫
1

x2 − x+ 1
dx.

EyÏÞÍ�5�¨×Í�*»���∫
1

x2 − x+ 1
dx =

∫
1

(x− 1
2
)2 + (

√
3
2
)2
dx

11



' v = x− 1
2
�J dv = dx�¬B a =

√
3
2
�yÎ∫

1

x2 − x+ 1
dx =

∫
1

v2 + a2
dv =

1

a
tan−1 v

a
+ C =

2√
3
tan−1 2x− 1√

3
+ C.

X| ∫
x− 2

x2 − x+ 1
dx =

1

2
ln |x2 − x+ 1| − 3

2

∫
1

x2 − x− 1
dx

=
1

2
ln |x2 − x+ 1| − 3√

3
tan−1 2x− 1√

3
+ C.

2.2 555III���555°°° (Integration by Parts)

/)�52P

(fg)′ = f ′ · g + g′ · f.

ÞîP�rË\!`�5¬ã�§ 1.4(2) �ÿ�

fg =

∫
(fg)′dx =

∫
f ′ · g dx+

∫
g′ · f dx =

∫
g df +

∫
f dg + C,

T ∫
fdg = fg −

∫
gdf.

î�2Pðày	
∫
fdg =

∫
fg′dx �?Õ¬

∫
gdf =

∫
gf ′dx f´|O`�ôµÎÞ´

pÝ�5®Þ»;W´��Ý®Þ�h�5W°Ì55I�5°6�

»»» 2.10 O

∫
xex dx.

��� �' f(x) = x, g(x) = ex�J f ′(x) = 1 v g(x) = ex ( 9�&Æ6¯ E+C” �¶)�

¿à5I�5°�ÿ∫
xex dx =

∫
xdex = xex −

∫
ex dx = xex − ex + C.

»»» 2.11 O

∫
lnx dx.

��� � ' f(x) = lnx, g′(x) = 1�J f ′(x) = 1
x
v g(x) = x�ã5I�5°ÿ∫

lnx dx = x lnx−
∫

xd lnx = x lnx−
∫

x · 1
x
dx = x lnx− x+ C.

12



»»» 2.12 O

∫
x sin x dx.

��� �
∫

x sin x dx = −
∫

xd cosx = −(x cosx−
∫

cos x dx) = −x cos x+ sin x+ C.

»»» 2.13 O

∫
ex cos x dx �

��� �
∫

ex cos x dx = cosx · ex −
∫

exd cosx

= ex cos x+

∫
ex sinx dx

= ex cos x+ sin x · ex −
∫

exd sin x

= ex cos x+ ex sinx−
∫

ex cosx dx

X|

∫
ex cosx dx =

1

2
ex(cosx+ sinx) + C.

2.3 III			555PPP°°° (Partial Fractions)

»»» 2.8 O

∫
1

x2 − 1
dx.

��� �3&ÆÝ�5��¬^b 1
x2−1

Ý�52P�¬

1

x2 − 1
=

1

(x+ 1)(x− 1)
=

1

2

(
1

x− 1
− 1

x+ 1

)
.

X| ∫
1

x2 − 1
dx =

∫
1

2

(
1

x− 1
− 1

x+ 1

)
dx

=
1

2

∫
1

x− 1
dx− 1

2

∫
1

x+ 1
dx

=
1

2

∫
1

x− 1
d(x− 1)− 1

2

∫
1

x+ 1
d(x+ 1)

=
1

2
ln(|x− 1|)− 1

2
ln(|x+ 1|) + C

= ln

√∣∣∣∣x− 1

x+ 1

∣∣∣∣+ C.

13



3» 2.8 ��x�ÝM»Î5�

1

x2 − 1
=

1

2

(
1

x− 1
− 1

x+ 1

)
.

9ÌI	5P°(partial fraction)�×����Ey�A

1

(x− 1)(x− 2)(x2 − 3x+ 4)(x+ 1)2

��b§Ðó×��|5�W

1

(x− 1)(x− 2)(x2 − 3x+ 4)(x+ 1)2

=
a

x− 1
+

b

x− 2
+

cx+ d

x2 − 3x+ 4
+

e

x+ 1
+

f

(x+ 1)2
,

Í� a, b, c, d, e, f ���Ý�ðó�

»»» 2.9 O

∫
dx

x3 + 1
.

��� �¥�

x3 + 1 = (x+ 1)(x2 − x+ 1).

�'
1

x3 + 1
=

a

x+ 1
+

bx+ c

x2 − x+ 1

�PË\¶| (x3 + 1)�J

1 = a(x2 − x+ 1) + (bx+ c)(x+ 1) = (a+ b)x2 + (b+ c− a)x+ (a+ c).

f´;ó�ÿ×àÐñ]� 
a+ b = 0
b+ c− a = 0
a+ c = 1

ãîPO��ÿ

a =
1

3
, b = −1

3
, c =

2

3
.

.h
1

x3 + 1
=

1
3

x+ 1
+

−1
3
x+ 2

3

x2 − x+ 1
=

1

3

(
1

x+ 1
− x− 2

x2 − x+ 1

)
,

X| ∫
dx

x3 + 1
=

1

3

∫
dx

x+ 1
− 1

3

∫
x− 2

x2 − x+ 1
dx.

ê ∫
dx

x+ 1
=

∫
d(x+ 1)

x+ 1
= ln |x+ 1|+ C,

14



vÏÞÍ�5�3» 2.7 ��B�Õ�¼∫
x− 2

x2 − x+ 1
dx =

1

2
ln |x2 − x+ 1| − 3√

3
tan−1 2x− 1√

3
+ C,

Æ ∫
1

x3 + 1
dx =

1

3

∫
dx

x+ 1
− 1

3

∫
x− 2

x2 − x+ 1
dx

=
1

3
ln |x+ 1| − 1

3

(
1

2
ln |x2 − x+ 1| − 3√

3
tan−1 2x− 1√

3

)
+ C

=
1

3
ln |x+ 1| − 1

6
ln |x2 − x+ 1|+ 1√

3
tan−1 2x− 1√

3
+ C.

NYêÞN

1. à�ó�ð°�Õì����5

(a)

∫
sin

t

2
dt

(b)

∫
1

1− x
dx

(c)

∫
(2x− 3)2dx

(d)

∫
1

3
√
2− 5x

dx

(e)

∫
cosx sin7 x dx

(f)

∫
(3− x

3
)8dx

(g)

∫
1

1 +
√
2x

dx

(h)

∫
x+ 1

3
√
3x+ 1

dx

(i)

∫
e
√
x+1

√
x+ 1

dx

(j)

∫
1√

x− 1 + 1
dx

2. àI	5P°�Õ���5

(a)

∫
dx

(2− x)(2 + x)

(b)

∫
x3

1 + x
dx

(c)

∫
x2 − 1

x2 + 1
dx

(d)

∫
1

(x− 1)(x− 2)
dx

(e)

∫
sin2 2x dx

(f)

∫
1

4− t2
dt

(g)

∫
sin2 t

2
dt

(h)

∫
x4√

(1− x2)3
dx

(i)

∫
dx

(x2 + a2)2
(a > 0)

15



3. à5I�5°Oì����5

(a)

∫
t2etdt

(b)

∫
x cosnx dx

(c)

∫
x3 lnx dx

(d)

∫
eax cos bx dx (a ̸= 0)

(e)

∫ √
x2 + a2dx

4. Í�pÞ�T�Î&ðpÝ	�

(a)

∫
(x+ 1)

√
x2 − 2x+ 5dx

(b)

∫
sinmx cosnx dx (m ̸= n,−n)

¿à�ð t = tan x
2
�.h x = 2 tan−1 t, dx =

2

1 + t2
dt�¼�Õ�

(c)

∫
dx

1 + sin x

(d)

∫
dx

a sinx+ b cos x

(c)

∫
dx

3 + 5 sinx

5. ×Í&ð&ðpÝÞê�

(a) O

∫
sin−1 x dx�à5I�5°�

(b) .Â9Í*»�à

∫
f(x)dx ¼�î

∫
f−1(x)dx

6. ×Í¯�����ÝÞê�O

(a)

∫
(lnx)−1dx

(b)

∫
1√

1 + x3
dx

9¼ÞêÝ�L3y×å¯Æ�¬�ÎXb���5K�|���Ðó���Ý	

16



�5. (ë)���5(Definite Integration)

3.1 «««���

�' f &�Ðó��Ê|ì%�«�®Þ

A

a b
x

y

y=f (x)

' A ãàa x = a ,x = b, x �C y = f(x) X�WÝ«��ãy9ÎÍ�!JÝ%

��X|&ÆP°à�áÝ]°O A�×Í)§Ý�«Î|�]�s£Õ A�Aì�

6
x

y

y=f (x)

ba x x x xxx1 2 3 4 5

Það ab �5W n �ð�

a = x0 < x1 < x2 < x3 < · · · < xn−1 < xn = b�

Í�Nð�

∆x =
b− a

n

v x0 = a, x1 = a+∆x, x2 = a+ 2∆x, · · · , xn = a+ n∆x = b. EyN×�ð [xi−1, xi]�

| f(xi) {�®×�]��h��]��«�

Ai =9×{ = f(xi)△x

17



ãh�&ÆÿÕ A Ý×Í£�

A ≈ f(x1)∆x+ f(x2)∆x+ f(x3)∆x+ · · ·+ f(xn)∆x =
n∑

i=1

f(xi)∆x

	 n ��`�Ç ∆x ��`�î�Ý£�§T�#� A�u f 5=�6Ðó�J&Æ

�L

A = lim
∆x→0

n∑
i=1

f(xi)∆x

»»» 3.1 Oãàa x = 0, x = 1, x �C y = x2 X�WÝ%�Ý«� A�

1

1
n

)n(
3

)n
2

(

n2

1
A2

x

y

y=x

2 3 n-1
n n n 1

A
A

3

2

An

2

2

��� �Þ  [0, 1] 5W n �5�

0 <
1

n
<

2

n
< · · · < n− 1

n
< 1.

A%�®��]��Í«� A1 = ( 1
n
)2 · 1

n
, A2 = ( 2

n
)2 · 1

n
, · · · , An = (n

n
)2 · 1

n
� yÎ

A ≈
n∑

i=1

Ai

=
∑
i=1

(
i

n

)2

· 1
n

=
1

n3
· 1
6
n(n+ 1)(2n+ 1)

=
1

6

(
1 +

1

n

)(
2 +

1

n

)
.

	 ∆x = 1/n→ 0 `�J n→∞�.hã5�L6�

A = lim
∆x→0

n∑
i=1

f(xi)∆x = lim
n→∞

1

6

(
1 +

1

n

)(
2 +

1

n

)
=

1

3
�

18



3.2 ������555ÃÃÃÍÍÍ���§§§

(The Fundamental Theorem of Calculus)

3î;��&Æ�LÝ«�

A = lim
∆x→0

n∑
i=1

f(xi)∆x,

Í� f =�Ðó�u F Î f ÝD0Ðó� J A º�?Õ�Ý�@R��&ÆB

A = lim
∆x→0

n∑
i=1

f(xi)∆x =

∫ b

a

f(x)dx,

Í�
∫ b

a
f(x)dx Ì������ÐÐÐóóó f 3 [a, b]   î(| b îîî§§§C a ììì§§§)Ý������555�

�§ 3.2���5ÃÍ�§� ' f = F ′�Ç F Î f Ý×ÍD0Ðó�J∫ b

a

f(x)dx =

∫ b

a

F ′(x)dx = F (b)− F (a).

JJJ��� ��

I(t) =

∫ t

a

f(x)dx v I(a) = 0.

J I(b) =

∫ b

a

f(x) dx v

I ′(t) = lim
h→0

I(t+ h)− I(t)

h
= lim

h→0

1

h

(∫ t+h

a

f(x)dx−
∫ t

a

f(x)dx

)
.

�ì%�á ∫ t+h

a

f(x)dx−
∫ t

a

f(x)dx =

∫ t+h

t

f(x)dx,

Æ

I ′(t) = lim
h→0

1

h

∫ t+h

t

f(x)dx.

a
x

y=f (x)
M

m

y

t+h
1  h  1
t

19



ãy f =��&Æ�|��

M = max
t≤x≤t+h

f(x), m = min
t≤x≤t+h

f(x).

yÎ¿à«�Ý��n;��

mh ≤
∫ t+h

t

f(x)dx ≤Mh

T

m ≤
∫ t+h

t
f(x)dx

h
≤M

�×g¿à f Î=���ÿÕ

lim
h→0

m = lim
h→0

M = f(t),

yÎ

I ′(t) = lim
h→0

∫ t+h

t
f(x)dx

h
= f(t) = F ′(t).

X|

I ′(t)− F ′(t) = 0,

ôµÎ1

I(t)− F (t) = ðó.

.h

−F (a) = I(a)− F (a) = I(b)− F (b) =

∫ a

b

f(x) dx− F (b).

B��Ý�ó�Õ�ÿ

∫ b

a

f(x) dx =

∫ b

a

F ′(x) dx = F (b)− F (a).

�¥��??&ÆºÞ f = F ′ ¶W���5�P∫
f(x) dx = F + C.

��5ÃÍ�§1�Ý3�Pî�&ÆÞ“��”�5Ýî, ì§ü� b, a, JÿÕ��

5�.h���5Ý�Õ??Î��Õ���5���t¡Þî�ì§ü�ì¼��

W�

20



3.3 ������555ÝÝÝ���ÕÕÕ

»»» 3.3 �Õ×g ∫ 1

0

x2 dx.

��� � ãy

∫
x2 dx =

x3

3
+ C� X|

∫ 1

0

x2dx =
x3

3

∣∣∣∣1
0

=
13

3
− 03

3
=

1

3
,

Í�&ÆB

F (x)

∣∣∣∣b
a

= F (b)− F (a).

»»» 3.4 �Õ

∫ 4

1

√
x dx.

��� �

∫ 4

1

√
x dx =

x
1
2
+1

1
2
+ 1

∣∣∣∣4
1

=
2

3

√
x3

∣∣∣∣4
1

=
2

3

√
64− 2

3

√
1 =

14

3
.

���

»»» 3.5 �Õãàa x = 0, x = π C`a y = cos x, y = sin x X�WÝ«��

-1

0

y

x

y=cos x

y=sin x

πππ
24

1

21



��� : Aî%, XO«�∫ π
4

0

(cosx− sinx)dx+

∫ π

π
4

(sinx− cos x)dx

= [sin x+ cos x]
π
4
0 + [− cosx− sinx]ππ

4

= sin
π

4
+ cos

π

4
− sin 0− cos 0− cosπ − sin π + cos

π

4
+ sin

π

4

= 2
√
2.

¥� : ãy«�Ä6ÎÑÂ�u©�Õ∫ π

0

(cosx− sinx)dx T

∫ π

0

(sinx− cos x)dx

Jº��ý0Ý�n�¯@î�

«� =

∫ π

0

| cos x− sin x|dx.

�Ä���Õî«Ý�5�t¡�Îº/Õ&ÆÝ]°¼�

»»» 3.6 �ÕÁ§

lim
n→∞

(
1

n+ 1
+

1

n+ 2
+ · · ·+ 1

2n

)
.

��� : f´

1

n+ 1
+

1

n+ 2
+ · · ·+ 1

2n
�

n∑
i=1

f(xi)∆x = f(x1)∆x+ f(x2)∆x+ · · ·+ f(xn)∆x.

J&Æº�T

f(x1)∆x =
1

n+ 1
, f(x2)∆x =

1

n+ 2
, · · · , f(xn)∆x =

1

2n
.

Ah�J�|��5¼Õ�XO�Á§�

�' f 3 [0, 1] îb�Lv� ∆x = 1
n
�J

x1 =
1

n
, x2 =

2

n
, · · · , xn =

n

n
= 1.

yÎ&Æm�

f

(
1

n

)
· 1
n

=
1

n+ 1
,

f

(
2

n

)
· 1
n

=
1

n+ 2
,

...

f
(n
n

)
· 1
n

=
1

n+ n
,

22



T

f

(
i

n

)
=

n

n+ i
=

1

1 + ( i
n
)

X|&Æ�|�

f(x) =
1

1 + x
.

ãh ∫ 1

0

1

1 + x
dx =

∫ 1

0

f(x)dx = lim
∆x→0

n∑
i=1

f(xi)∆x

= lim
n→∞

n∑
i=1

1

n+ i

= lim
n→∞

(
1

n+ 1
+

1

n+ 2
+ · · ·+ 1

2n

)
.

t¡9ÍÁ§ÝÂÎ∫ 1

0

1

1 + x
dx =

∫ 1

0

1

1 + x
d(1 + x) = ln(1 + x)

∣∣∣∣1
0

= ln 2.

®�A��à�5�¯���#�]°�O�9Í�úÝ ln 2�
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NYêÞN

1. �Õ|ì��5�

(a)

∫ 1

0

ex√
ex + 3

dx

(b)

∫ π
2

0

sin2 θ cos θdθ

(c)

∫ 2π

0

sin2 x dx

(d)

∫ 2

1

x3 lnx dx

(e)

∫ π

0

x2 sin 2x dx

2. à�5Ý�L ∫ b

a

f(x)dx = lim
∆x→0

n∑
i=1

f(xi)∆x

¼Õ ∫ 1

0

x3dx.

3. �Õ ∫ 1

−1

1

x
dx.

�0×%1�¯Ý�nÎ£×Í%�Ý«��¯Æÿ¯�EÝ[�

4. �ÕYi�«��

x
a

2

2 2

y2

b
+          =1

0

b

A a

(�n : A = πab.)

5. �ÕÁ§ :

(a) lim
n→∞

(
1

n2
+

2

n2
+ · · ·+ n− 1

n2

)
.

(b) lim
n→∞

1

n

(
sin

π

n
+ · · ·+ sin

n− 1

n
π

)
.

(èî : ��� f TÎ#��Q¡�Õ
∫ 1

0
f(x)dx.)
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