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p(xy)=f(xy) (xy)Or (2) Value Problem
f(x,y) regular on/-

{0,0,..0]} a E{a],az,...aK} (3)

o y)=0(xy)=> a® (xy)=0a @

@, - Trefftz trial functions — fulfilling homogeneous

equation inside2 including™



®°(x,y) - other Trefftz functions: e.g. fundamental solusi@xpanded into Fourier series or
in fuzzy form (singularity extended to finite ayea

Remark: functionsl?((x,y) singular on /~ (see BEM) in the Trefftz approach are excluded.

Open problems:
mixed-type Trefftz functions, location of singul#e& of fundamental solutions



—=( p— P \NQ — 0 =0 (5)

j=123...K

iakjcpjcpk dr =[efdr (6)
k1 r

j=123...K

simplest orthogonalization (other weighting functigassible)



SL™S &
a,u

2

L -segments of /

~

a, - pure weights of integration

(Xﬂ, Y ) - control points of integration on /~



a, -weights of integration

More general: boundary collocation

r

> (¢~ f) =min (10)

u

K M M
Za'kZﬂvka¢jV :Zﬁvd)jv fv J :],ZK ¢ku Eq’k(xl,,yv)
k v

14

(%.%,) - control points of collocation on

B, - weights of collocation

(11)



Examples of control points of collocation along :

- equdistant points,
- Gaussian points,

- Lobatto points.

Conclusion: proposed general name

Trefftz Method
Regular Boundary Collocation Method

MFS !



580, =51,  (y)or @3

Matrix notation for K = M

u=123..M
Ba=f
Interpolation;
B, have no influence on results B - square matrix
Case: M >K

B'Ba=B'f least square,



M =K - interpolation; integral weights do not influence resul

M >K - overdetermined, least square

M <K -approximation underdetermined



C (16)

> @(p-f)=0
k=1223...K
& _09,
on

n -outward normal to/

Attention: [ ., =const - necessary additional equation

Open problem: other types of weighting functions T



A f)+WZZZI¢& (%-gjz =0 (18)

Open problem: choice of W

11



00,

Q. =
“ on

N I
Yal oo +WZZ¢,;¢{}:...
i H H
- k=123...K

terms 1 terms 2

If terms 1>> terms 2, condition on /7, will not be fulfilled
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- symmetric stiffness matrix (approximately)
- possibility of negative definite matrices

r; . r, a
Zﬂ)fpk(é-f)+2ﬂ:¢k(a—ﬁ-gj=0 (21)

k=1,2,...K

P. Ladeveze, Ch.Hochard

- nonsymmetric matrices -



Singular membrane problem.

_ & 8acod(2n+1)mrx/(2a)|cosH(2n+1)ry/(2a)]
HixY)= ; (2n+1) 77 cost(2n+ 1)/ 2] ' (22)

N - oo (in theexampleN = 200)

14



Position of singularities of fundamental solutions Kadze functions)
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Range of acceptable distance from boundary I', of singularities of the Kupradze fMnctions:
hompthetic contour [, . Generalized energy calculated with help of a single conventional p-
element (I/__ ), HT-H approach (U, ), and HT-K formulation (U, ). a=1. U™ =0.25, u®* =1.0
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Relative error of potential
function u

Relative error of potential
function u

d, =822TE-04
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Distribution of energy density
error for potential problem

Distnibution of energy density
error for potential problem

Kupradze functions
{homothetic contour)
K=1.55
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1 1 1
Energy density error— W {ﬁ[g(‘flﬂ ‘UXEX)Z +§(U§('H ‘UyEX)2 ‘V(Uf'H ‘UXEX)(@('H ‘UyEX)”
% EX
+(1+v)(rf(§,'“ == }} , P = Ua2
B . )
Vi :Wzyuu E - Young modulus

= . .
N v - Poisson ratio
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RELATIVE ERROR OF
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Cross-section of an elliptic bar made of two déf@rmaterials — example
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¢=0 (x,y)0r,

=0 (6 y) 07,
o=y
3.2 (xy)07,
Gl n Gz an

[ - angle of twist per unit bar length

¢,y - Prandtl functions

G,, G, - Kirhchoff moduli 24



¢°, ¢® — particular solutions of nonhomogeneous equations
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K, =

i k=12,...K
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G I, #(x,y) - Trefftz solution in
each subregion

¢ -givenon/, =/,

(W)n' -givenon/ =7,

{0, 0,..0) a ={a,a,..3/]}

#(x, y)=o(x Y):;akd’k(x, y)= ®a ()

@, - Trefftz trial functions — fulfilling homogeneous

equation inside? including™
29



[, (Nenmann)

AL PTTTD

parts of boundaries of subregions
become elements of integration

7,
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B /-13 /—13 |
Z[q)}cp, +W2<I>;T<I>;] Z[— DD, +W2<I>;T<I>;]
kc = I;U y13
i[— DD, +W2<I>;T<I>;] i[q>§<b3 +W2<1>;T<I>;]
L H H _
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u(x) =uP(x) + N(x)c x1Q°
N —matrix of Trefftzfunctions

t(x) =tP(x)+ T(X)c xdre

— fixednumberof DOF
—optionalnumber(M ) of DOF
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N = >

Z, = (3- V)iz“ + (1+ v) kizz™,
T limz,, | Z, = 1+ V)iZ",
Z,, =—-(1+ vz

where: Z=X+ly, E=x—iy k=012,...

(notice: for k=0 there are only 2 independent fimrts)
37



N® =r?[Rez N7 =r’Omz"

2

N® =Rez"*’ N®, =Imz** k=012...
where:
re=x°+y? Z=X+iy
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l'e

Equivalency of wirtual work
[ou™t dr=[ou"tdr+ad'r
re Iy
r-rP? =kd
k=G'H'G

k — symmetric stiffnes matrix

d — vector of degrees of freedom 39



Equivalency of wirtual work

[ouTtdr = [su™tdr +od™r [ _ye =y g
re .
r k =FTHF

k — symmetric stiffnes matrix

d — vector of degrees of freedom
40
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Loadings:
external pressure and nodal forces:

~on top panelp, =-0.5 [N/mn]

*on bottom panep,= 0.5 [N/mnf]

* in point E,F,= -100 N], F,= 2500 N]
* in point F,F,= 100 N], F=-2500 N]

42



Ansys
===== T-element

Ansys
-==== T-glements

Og

-20

10 20 30 40 160 170 180 190 200
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----- T-elements
Ansys

0 10 20 30

Max. and min. value of radi
stresso, InlAPa] along the
boundary of the hole

40

-12

== T-elements

Ansys

160

170

180

190

| ANSYS T-elements
gmn -0.5428 x10713
gmex 0.4209 x10713

18

200
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1st section Mesh of T-elements
of panels

2"d section
of panels

3'd section
of panels

Local mesh
refinement introduced
in the vicinity of holes

Exemplary mesh
in ANSYS 45



Thankyou for your attention!

i
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