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 Explore the theoretical result on RBF 
collocation by numerical experiment.

 The tool used is arbitrary precision 
computation.



 Issues examined include:
 Positive definiteness
 Error estimate with respect to fill distance
 Infinitely flat shape parameter
 Error estimate with respect to shape parameter
 Optimal shape parameter
 Condition number
 Effective condition number
 Round off error
 Edge effect
 Error estimate on derivative data and PDE
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 Problem statement: Approximate a function f(x), 
using the following series

 where            is a radial basis (distance) function
 Method of solution: Select a set of locations,                          

, and require
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 Problem statement: Find f(x) that (approximately) 
satisfies

 Method of solution: approximate  f(x) as
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 Require

 Data is given not as the function itself, but 
as its derivates.
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Schoenberg in 1937 [84] first demonstrated that if 1 2{ , , , }Nx x x…  are a set 

of distinct data locations, then the interpolation matrix [ ]A  for the 
conical RBF rϕ= , with its elements ij ija r= , is nonsingular and invertible.  



 Multiquadric 

 Inverse multiquadric

 Generalized multiquadric (Barnhill and 
Stead 1984)

2 2r cϕ= +

2 21 r cϕ= +

( ) /22 2 , any real number 0,2,4,
k

i ir c kϕ = + ≠ …



 Minimize

 Polyharmonic spline (2-D) 

 Pseudo-polynomials (3-D)
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I D f dx dx=∫∫ x

2 1 ; 1,2,3,kr kϕ += = …

2 ln , 1, 2, 3,kr r kϕ= = …



 Used for interpolation since 1970s. 
 Widely used in Neural Network since 

1980’s.
2 2/r ceϕ −=



 Franke (1982) reported MQ as the best 
interpolation method, even outperforms 
thin plate spline, to the surprise of 
mathematicians. 

 This article has set off a large number of 
mathematical investigation of RBF
interpolation. 



 Micchelli investigated the coefficient matrix 
of RBF interpolants with distinct centers, 
and proved the invertibility and 
conditionally positive definiteness of these 
matrices. 
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defined within 0 1x≤ ≤  and 0 1y≤ ≤ .  
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L∞  (maximum) error, maxε , and an 2L  (root-mean-square) error, rmsε  
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Name RBF m 

Inverse multiquadric 2 2( ) , 0, 0r c cβ β+ > <  0 

Multiquadric 2 2( 1) ( ) , 0, 0,r c cβ β β β  − + ≥ > ∉  β    

Gaussian 2 2exp( / ), 0r c c− >  0 

Polyharmonic spline 1 2( 1) ln ,k kr r k+− ∈  1k+  

Shifted logarithmic 2 2ln( ), 0r c c+ >  1 

Shifted spline 1 2 2 2 2( 1) ( ) ln( ), 0,k kr c r c c k+− + + ≥ ∈  1k+  

Polynomial /2( 1) , 0, 2rβ β β β  − > ∉   / 2β    

Table 1 Conditionally positive definite radial basis functions of order m.  ( β    denotes ceiling function, 

which gives the least integer not smaller than β , and   is natural number.) Compiled from [64, 65, 69, 

74]. 





 Missing polynomial augmentation does not 
seem to be an issue





Name RBF Error Estimate 

Inverse multiquadric 2 2( ) , 0, 0r c cβ β+ > <  exp( / )a h−  

Multiquadric 2 2( 1) ( ) , 0, 0,r c cβ β β β  − + ≥ > ∉  exp( / )a h−  

Gaussian 2 2exp( / ), 0r c c− >  exp( log / )a h h−  

Polyharmonic spline 1 2( 1) ln ,k kr r k+− ∈  2kh  

Polynomial /2( 1) , 0, 2rβ β β β  − > ∉   hβ  

Table 1: Error estimates for various RBF interpolants in terms of fill distance h  (following Wendland 
[95]). 





 

Fill Distance 
h  

RMS Error 
2 lnr r  4 lnr r  6 lnr r  8 lnr r  

1/4 22.62 10−×  23.12 10−×  24.16 10−×  14.39 10−×  
1/8 35.32 10−×  33.90 10−×  33.70 10−×  34.40 10−×  

1/16 44.62 10−×  41.36 10−×  55.00 10−×  58.23 10−×  
1/32 56.91 10−×  51.11 10−×  62.29 10−×  77.37 10−×  

Observed convergence rate 2.7h  3.6h  4.4h  6.8h  
Theoretical convergence rate 2h  

4h  
6h  

8h  

Table 1: Root mean square error for interpolation of Franke’s function 1, using polyharmonic splines. 
Theoretical convergence rate is based on Wendland [95]. 

 Fill Distance 
h  

Max Error 
2 lnr r  

4 lnr r  
6 lnr r  

8 lnr r  
1/4 27.70 10−×  27.56 10−×  11.06 10−×  01.46 10×  
1/8 23.98 10−×  22.90 10−×  22.45 10−×  22.10 10−×  

1/16 34.66 10−×  31.40 10−×  43.02 10−×  46.26 10−×  
1/32 31.56 10−×  42.54 10−×  52.29 10−×  68.10 10−×  

Observed convergence rate 1.6h  
2.5h  

3.7h  
6.3h  

Theoretical convergence rate 2h  
4h  

6h  
8h  

Table 2: Maximum error for interpolation of Franke’s function 1, using polyharmonic splines. Theoretical 
convergence rate is based on Wendland [95]. 



 

 Fill Distance 
h  

8f  9f  

GA  IMQ GA IMQ 
1/5 21.08 10−×  27.94 10−×  31.82 10−×  36.21 10−×  

1/10 72.45 10−×  51.34 10−×  82.47 10−×  72.34 10−×  
1/20 181.32 10−×  174.87 10−×  207.89 10−×  195.90 10−×  
1/30 318.52 10−×  271.16 10−×  325.29 10−×  291.46 10−×  

Observed convergence rate 1.3 1.41/hλ
∼

 
1.2 1.71/hλ
∼

 
1.2 1.31/hλ
∼

 
1.1 1.51/hλ
∼

 

Table 1: Root mean square error of interpolation of two functions using inverse multiquadric (IMQ) and 
Gaussian (GA) for various fill distances. 1.5c=  and 6.0  are respectively used for GA and  IMQ. 



 

Figure 1: Root mean square error for interpolation of 8f  using Gaussian and inverse multiquadric. The 

dashed lines are given by 0.703/2.65 hhε= for Gaussian, and 0.714/185 hhε=  for IMQ. 
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Figure 1: Root mean square error for interpolation of 9f  using Gaussian and inverse multiquadric. The 

dashed lines are given by 0.718/0.37 hhε= for Gaussian, and 0.724/4.06 hhε=  for IMQ. 
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1 2 2( 1) ln , ( )k k kr r O hε+− ∼

2 2 1/2 1/( ) , ( )hr c O hε−+ ∼





Flattening of the basis 
function by adjusting 
the shape factor: (a) 
multiquadric 
(normalized), (b) 
inverse multiquadric 
(normalized), and (c) 
Gaussian.



 As the basis function becomes flatter, the 
interpolant becomes more accurate. 

 The matrix becomes more ill-conditioned, and 
finite precision numerical solution of the matrix 
fails. 

 But the matrix remains positive definite and is in 
theory solvable.



 Baxter 1992; Driscoll and Fornberg 2002; 
Fornberg et al. 2004; Larsson and Fornberg 2005; 
Schaback 2005: 

 MQ behaves like polynomials, particularly in 1-D, it 
becomes Lagrangian polynomial interpolation. 

(1 / ) 0cε= →
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π π
π π

Its Fourier Transform









 IMQ

 Gaussian





  1f     5f   

c  Gauss c  IMQ c  Gauss c  IMQ 
0.1 1.01E-02 0.1 2.28E-03 0.1 3.13E-04 0.1 9.93E-04 
0.2 2.25E-03 0.2 1.36E-03 0.2 9.89E-07 0.5 2.00E-06 
1.0 9.47E-03 1.0 4.47E-03 1.0 3.53E-03 1.0 1.74E-04 

  2f     6f   

c  Gauss c  IMQ c  Gauss c  IMQ 
0.1 2.35E-02 0.1 6.83E-03 0.1 8.97E-03 0.1 5.99E-03 
0.2 4.11E-03 0.4 2.68E-03 10 1.95E-06 1.3 1.87E-06 
1.0 8.22E-02 1.0 5.08E-02 100 1.94E-06 2.0 9.82E-06 

  
3f     

8f   

c  Gauss c  IMQ c  Gauss c  IMQ 
0.1 1.59E-02 0.1 3.90E-03 0.1 5.94E-03 0.1 2.90E-03 
0.3 1.58E-04 0.6 1.12E-04 1.2 3.49E-08 3.4 1.52E-07 
1.0 1.16E-03 1.0 2.57E-04 2.0 7.14E-07 5.0 2.75E-06 

  4f     9f   

c  Gauss c  IMQ c  Gauss c  IMQ 
0.1 3.45E-03 0.1 1.87E-03 0.1 1.16E-02 0.1 3.31E-03 
0.4 8.11E-12 1.5 1.26E-08 1.0 1.27E-09 4.1 8.21E-09 
1.0 1.96E-06 2.0 5.99E-08 2.0 1.00E-07 10 3.71E-04 

Table 1: Root mean square error for interpolating functions 1f  through 9f , using Gaussian and IMQ, 

with mesh size 0.1h= , and various c  values. 



 Madych (1992): For the interpolation of a 
class of “essentially analytic functions”, 
which are “band limited”, using a class of 
basis functions that include the 
multiquadric, Gaussian, …, he proved

 This means, as  
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, 0c ε→∞ →



 Madych also stated that for a “non-band-
limited” function, 

 In this case, there exist a 
where 

 If we can use the         then 
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Ball [1] appears to be the first to investigate condition number associated with radial 
basis functions. For rϕ= , he provided the following upper bound for condition number 
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where (1 / 2)min j k j kq ≠= −x x  is half the smallest separating distance between data points, 

max j k j kD ≠= −x x  is the diameter of the data set (or, the size of the domain, assuming that the 

domain is well covered by the data set), and d  is the dimension of the data set (or the 
interpolated domain).  
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Table 1: Upper bound condition number for three radial basis functions, corresponding to a uniform 
grid. 



Based on the work of Norwich and Ward [71], Ball, et al. [2] presented an estimate for 

inverse multiquadric 21 1 rϕ= +  upper bound for condition number as 
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where d  is the dimension.  

For multiquadric 2 2c rϕ= + , Buhman [11] reported that the following upper bound  
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h  c  Condition Number 

MQ IMQ Gaussian 

0.2 1.0 93.41 10×  81.83 10×  131.15 10×  

0.1 1.0 185.21 10×  171.39 10×  332.26 10×  

0.05 1.0 365.47 10×  347.26 10×  801.17 10×  

0.04 1.0 454.76 10×  
435.04 10×  1051.86 10×  

0.033 1.0 543.89 10×  523.43 10×  1312.23 10×  

Table 1: Condition numbers for multiquadric, inverse multiquadric, and Gaussian interpolation on a 1 1×  
square, with 1c= .  



     

Figure 1: Log condition number lnκ  versus 4/5c h  for multiquadric and inverse multiquadric, with a 

range of c  and h  values, for 1c≤ . Symbols: computed result; dashed line: slope of 4. 
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Figure 1: Log condition number lnκ  versus 1/3c h  for multiquadric and inverse multiquadric, with a 

range of c  and h  values, for 1c> . Symbols: computed result; dashed line: slope of 5.5. 
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Figure 1: Log condition number lnκ  versus 3/5c h  for Gaussian, with a range of c  and h  values, for 

1c≤ . Symbol: computed result; dashed line: slope of 10. 
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Figure 1: Log condition number lnκ  versus 1/4c h  for Gaussian, with a range of c  and h  values, for 

1c> . Symbol: computed result; dashed line: slope of 10. 
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Based on the observed fits, we present the following estimate of condition number on a 
uniform grid, for both multiquadric and inverse multiquadric 
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Based on the data, the following estimate of condition number for Gaussian is given 
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The traditional condition number as defined by Wilkinson [97, 98] is the maximum ratio 
of the relative error in { }X  divided by the relative error in { }b , and is given by 

 1 1

N

σ
κ

σ
−= ⋅ =A A  (1) 

The effective condition number that takes into account the right hand side vector, 
according to Rice [67], Banoczi et al [3], and Christiansen and Saranen [18], is 
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Approximation error ˆ( ) ( )f f−x x  

Round-off error  ˆ( ) ( )f f−x x .  



 

Figure 1: Root mean square errors (left axis) based on infinite and finite precision computation as 
compared to condition number and effective condition number, for inverse multiquadric interpolation 

of 8f , using 0.1h=  and various c  values. 
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Figure 1: Root mean square errors (left axis) based on infinite and finite precision computation as 
compared to condition number and effective condition number, for Gaussian interpolation of 8f , using 

0.1h=  and various c  values. 
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 Invertibility and (conditional) positive 
definiteness

 Error estimate with respect to fill distance
 Optimal shape parameter
 Polynomial limit as c -> infinity
 Error estimate with respect to shape parameter 
 Theoretical upper bounds for condition number
 Effective condition number 



 Round-off error and instability
 Derivative data and solution of PDE
 Runge (edge) effect 
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