Chromatic Ramsey Numbers

Xuding Zhu Department of Applied Mathematics National Sun Yat-sen University

Kaohsiung, Taiwan 80424

Email: zhu@ibm18.math.nsysu.edu.tw

November 21, 1996

Abstract

Suppose G is a graph. The chromatic Ramsey number r_c(G) of G is the least integer m such that there exists a graph F of chromatic number m for which the following is true: For any 2-colouring of the edges of F there is a monochromatic subgraph isomorphic to G. Let M_n = min{r_c(G) : χ(G) = n}. It was conjectured by S. A. Burr, P. Erdös and L. Lovász that M_n = (n − 1)^2 +1. This conjecture has been confirmed previously for n ≤ 4. In this paper, we shall prove that the conjecture is true for n = 5. We shall also improve the upper bounds for M_6 and M_7.

1 Introduction

Suppose F, G, H are finite graphs. We use F → (G, H) to mean the following statement:

For every colouring of the edges of F with red and blue, either the red subgraph of F contains a copy of G or the blue subgraph contains a copy of H. A natural question is to characterize those F for which F → (G, H) for given graphs G and H. This question is in general extremely difficult. Simpler problems are to describe properties of such graphs. One such problem, discussed by S. A. Burr, P. Erdös and L. Lovász [1] is to find the smallest possible chromatic number of such a graph.

Let G, H be sets of graphs. We write F → (G, H) if for every colouring of the edges of F with red and blue, there is either a red subgraph of F isomorphic to a member of G, or there is a blue subgraph isomorphic to a member of H. We define the chromatic Ramsey number r_c(G, H) of G, H to be the least integer m such that there exists a graph F with χ(F ) = m and F → (G, H). The Ramsey number r(G, H) is the least integer n such that K_n → (G, H). We shall write r_c(G) for r_c(G, G) and r(G) for r(G, G). In case G = {G} or H = {H}, we write G or H as an argument. Usually, r(K_n, K_m) is written as r(n, m), r(K_n, K_n) is written as r(n).

Let K_n be the class of all n-chromatic graphs. We shall be interested in the number M_n = min{r_c(G) : G ∈ K_n}.

This number was first studied by S. A. Burr, P. Erdös and L. Lovász [1]. They proposed the following conjecture:

Conjecture 1 For any integer n,

M_n = (n − 1)^2 + 1.

It was proved in [1] that Conjecture 1 is true for n ≤ 4. We shall prove in this paper that the conjecture is true for n = 5. We shall give better upper bounds for M_6 and M_7.

2 M5 = 17

Suppose G, H are graphs. We call H a homomorphic image of G if there is a homomorphism (an edge preserving vertex mapping) from G to H. For any graph G, we denote by hom(G) the set of all homomorphic images of G. If G is a class of graphs, then hom(G) = ∪_{G∈G} hom(G). We shall need the following result proved in [1]:

Lemma 1 Suppose G, H are classes of finite graphs. Then

r_c(G, H) = r(hom(G), hom(H)).

It is easy to see that hom(K_n) = K_n. Therefore for any integers n, s we have r_c(K_n, K_s) = r(K_n, K_s). It is easy to see ([1]) that r(K_n, K_s) = (n − 1)(s − 1) + 1. Therefore for any graph G of chromatic number n, r_c(G) ≥ r_c(K_n) = (n − 1)^2 + 1. Hence

M_n = min{r_c(G) : G ∈ K_n} ≥ (n − 1)^2 + 1.

Conjecture 1 above asserts that the equality holds for all n. As observed in [1], this conjecture is weaker than the following conjecture of Hedetniemi [6].

For graphs G, H, the categorical product G × H of G and H has vertex set V (G) × V (H) and (a, b) is adjacent to (c, b) if and only if a is adjacent to c and b is adjacent to d. Hedetniemi’s made the following conjecture about thirty years ago:

Conjecture 2 For any integer n, if G, H are graphs of chromatic number at least n, then their categorical product G × H also has chromatic number at least n.

To see that Conjecture 1 follows from Conjecture 2, we assume that Conjecture 2 is true for integer n. It is easy to see that for each 2-colouring c of the edges of K_{(n−1)}2_{+1}, there is a monochromatic subgraph of chromatic number at least n. Let G_c be a monochromatic subgraph (with respect to a 2-edge colouring c of K_{(n−1)}2_{+1}) of K_n of chromatic number n. Let c_1, c_2, · · · , c_m be all the 2 edge colourings of K_{(n−1)}2_{+1}. Let G = G_{c1} × G_{c2} × · · · × G_cm. Then the “projection” mappings are homomorphisms of G to the factors G_ci. Therefore hom(G) ⊃ {G_ci : i = 1, 2, · · · , m}. Hence r_c(G) = r(hom(G)) ≤ r({G_ci : i = 1, 2, · · · , m}) ≤ (n − 1)^2 + 1. On the other hand, it follows from Hedetniemi’s conjecture that the product G has chromatic number n. Therefore M_n ≤ (n − 1)^2 + 1, and hence M_n = (n − 1)^2 + 1.

The above argument shows that if Conjecture 1 is true for an integer n, then Conjecture 2 is also true for n. Burr, Erdös and Lovász [1] confirmed Conjecture 1 for n = 4. Later, El-Zahar and Sauer [3] proved, with a genius argument, that Conjecture 2 is also true for n = 4. Conjecture 2 has attracted considerable attention [2, 3, 5, 8, 9, 12, 13]. However both Conjectures 1 and 2 remained open in general for n ≥ 5. We shall prove that Conjecture 1 is true for n = 5.

Theorem 1 There is a graph G of chromatic number 5 such that r_c(G) = 17. Therefore M_5 = 17.

In order to construct such a graph G, we first prove two lemmas:

Lemma 2 Suppose c is a colouring of the edges of K_{17} with two colours blue and red. If there is a monochromatic copy of K_4, then there is a connected monochromatic subgraph A of K_{17} of chromatic number 5 such that A contains a K_4.

Proof. Suppose c is a colouring of the edges of K_{17} with two colours blue and red and that there is monochromatic copy of K_4. Let R, B be the red subgraph and blue subgraph of K_{17} respectively. Without loss of generality, suppose that there is a red copy of K_4. If R is 4-colourable, then given a 4-colouring of R, one of the colour class contains five vertices. These five vertices induces a blue K_5, and we may take A to be this copy of K_5. Thus we assume that R has chromatic number at least 5. For the same reason, we may also assume that the blue subgraph B has chromatic number at least 5.

Let X be a maximal connected subgraph of R of chromatic number at least 5. If X contains a copy of K_4 then we take A = X and we are done. Assume now that X contains no K_4. Since R contains a copy of K_4, we conclude that V (X) ≠ V (K_{17}). By the maximality of X, we know that all the edges between V (X) and V (K_{17})−V (X) are coloured blue. Therefore the blue graph B is connected. If B contains a copy of K_4, then since χ(B) ≥ 5 we may take A = B and we are done. Thus we may assume that B contains no K_4.

If |V (X)| ≥ 9, then since r(K_4, K_3) = 9 and since X contains no K_4, we conclude that the blue subgraph on X, i.e., the subgraph of B induced by X, contains a copy of K_3. Then the union of this copy of K_3 and a vertex in V (K_{17}) − V (X) induces a blue copy of K_4, contrary to our assumption. Therefore we must have |V (X)| ≤ 8.

Since X has chromatic number 5 and contains no K_4, we conclude that X is not complete, and hence there are two vertices a, b ∈ V (X) such that the edge ab is coloured blue. Since |V (K_{17}) − V (X)| ≥ 9, it follows that either there are two vertices c, d ∈ V (K_{17}) − V (X) such that the edge cd is coloured blue, or we have red copy of K_9. In the former case {a, b, c, d} induces a blue copy of K_4, contrary to our assumption, and in the latter case, we may take A to be the red K_9. This completes the proof of Lemma 2.

Since r(K_4, K_4) = 18, there is a colouring of the edges of K_{17} such that there is no monochromatic K_4. Actually, there is a unique such edge colouring [4]. Our next lemma explores the properties of the monochromatic subgraph of such an edge colouring of K_{17}.

For a graph G, the n-colouring graph K^G_n has vertices all the mappings f : V (G) → {1, 2, · · · , n}, and two such mappings f, g are adjacent in K^G_n if and only if for every edge xy of G, we have f(x) ≠ g(y).

Lemma 3 Suppose the edges of K_{17} are coloured by red and blue, and that there is no monochromatic copy of K_4. Let R be the red subgraph of K_{17}. Then the 4-colouring graph K^R_4 of R is 4-colourable.

Proof. It is well-known that there is a unique edge colouring of K_{17} with two colours such that the resulting coloured graph contains no monochromatic K_4. In such an edge colouring, the red graph R, as well as the blue graph B, is isomorphic to the graph on Z_{17} in which ij is an edge if and only if |i − j| is one of the numbers 1, 2, 4, 8, 9, 13, 15, 16, [4]. For each vertex f of the 4-colouring graph K^R_4 , i.e., f is a mapping of V (R) to {1, 2, 3, 4}, let i be any number in {1, 2, 3, 4} such that |f^{−1}(i)| ≥ 5 (because |V (R)| = 17, such an integer exists). We set Δ(f) = i, and we shall show that Δ is a proper colouring of K^R_4 .

Assume to the contrary that Δ is not a proper colouring of K^R_4 . Then there are two adjacent vertices f, g of K^R_4 such that Δ(f) = Δ(g) = i for some i ∈ {1, 2, 3, 4}. By the definition of Δ, there exist vertices x_1, x_2, x_3, x_4, x_5 such that f(x_1) = f(x_2) = f(x_3) = f(x_4) = f(x_5) = i, and there exist vertices y_1, y_2, y_3, y_4, y_5 such that g(y_1) = g(y_2) = g(y_3) = g(y_4) = g(y_5) = i.

Since f, g are adjacent in K^R_4 , we conclude that x_iy_j ∉ E(R) for all i, j ∈ {1, 2, · · · , 5}. In other words, if x_i ≠ y_j then the edge x_iy_j is coloured blue.

Let X = {x_1, x_2, x_3, x_4, x_5} and let Y = {y_1, y_2, y_3, y_4, y_5}. If |X ∩ Y | ≤ 1, then we may assume that x_i ≠ y_j for i, j ∈ {1, 2, 3, 4}. Since there is no monochromatic K_4, we conclude that there are indices i, j ∈ {1, 2, 3, 4} such that the edge x_ix_j is coloured blue. Similarly there are u, v ∈ {1, 2, 3, 4} such that the edge y_uy_v is coloured blue. Then {x_i, x_j, y_u, y_v} induces a blue K_4, contrary to our assumption. If 2 ≤ |X ∩ Y | ≤ 4, then we may assume that x_1 = y_1, x_2 = y_2 and x_5 ≠ y_5. Then {x_1, x_2, x_5, y_5} induces a blue K_4, contrary to our assumption. If X = Y then {x_1, x_2, x_3, x_4} induces a blue K_4, contrary to our assumption. Therefore Δ is indeed a proper 4-colouring of K^R_4 . This completes the proof of Lemma 3.

With these two lemmas, we can construct the graph G of Theorem 1 as follows:

Let α_0 be the unique 2-colouring of the edges of K_{17} such that the resulting coloured graph contains no monochromatic K_4. Let G_0 be the red subgraph.

Let α_1, α_2, · · · , α_m be all the 2-colourings of the edges of K_{17} such that the resulting coloured graph contains a monochromatic K_4. For each 1 ≤ i ≤ m, let G_i be a connected monochromatic subgraph (with respect to the colouring α_i) such that χ(G_i) ≥ 5 and G_i contains a copy of K_4. (By Lemma 2, such graphs G_i exist.) Finally let G = G_0 × G_1 × G_2 × · · · × G_m.

We shall show that r_c(G) ≤ 17. It suffices to show that r(hom(G)) ≤ 17. Since it is obvious that G_i ∈ hom(G) for i = 0, 1, · · · , m, it suffices to show that r({G_0, G_1, · · · , G_m}) ≤ 17. However this follows trivially from the definition of G_i (i.e., for each 2-colouring of the edges of K_{17} there is a monochromatic subgraph isomorphic to one of the graphs G_i).

To complete the proof of Theorem 1, it suffices to show that G has chromatic number at least 5. This follows easily from the following two lemmas, which are proved in [2] and [3], respectively:

Lemma 4 Suppose A, B are connected graphs of chromatic number at least n and each of A, B contains a K_{n−1}. Then A × B has chromatic number at least n.

Lemma 5 Suppose A, B are graphs of chromatic number at least n. If the (n − 1)-colouring graph K^A_{n−1} of A is (n − 1)-colourable, then the product A × B has chromatic number at least n.

Indeed, by inductively applying Lemma 4, we conclude that G_1 ×· · ·×G_m has chromatic number at least 5. Since G_0 has chromatic number 5 and K^{G0}_4 is 4-colourable, by Lemma 5, G_0 ×G_1 ×· · · G_m has chromatic number 5. This completes the proof of Theorem 1.

3 Better upper bounds for M_6 and M_7

It follows from the definition that M_n ≤ r(K_n, K_n). Therefore any upper bound for r(K_n, K_n) is an upper bound for M_n. However this upper bound is much too big. In this section, we shall give better upper bounds for M_6 and M_7.

Theorem 2 There is a graph G of chromatic number 6 such that r_c(G) ≤ 41. Therefore 26 ≤ M_6 ≤ 41.

We shall first prove the following lemma:

Lemma 6 For any 2-colouring of the edges of K_{41}, either there is a monochromatic connected subgraph A which has chromatic number 6 and which contains a K_5, or there is a monochromatic subgraph A^′ which has chromatic number 6 and K^{A0}_5 is 5-colourable.

Proof. Let c be a 2-colouring of the edges of K_{41} by red and blue, and let R, B be the red and blue subgraphs of K_{41} respectively. If R is 5-colourable, then for a 5-colouring of R, there is a colour class of order at least 6. Therefore B contains a K_6, and we are done. Thus we may assume that χ(R) ≥ 6. Similarly, we may assume that χ(B) ≥ 6. We now consider two cases.

Case 1. There is a monochromatic K_5.

Without loss of generality, we may assume that R contains a K_5. Let H be a maximal connected subgraph of R which has chromatic number at least 6. If H contains a K_5, then we may choose A = H and we are done. If H does not contain a K_5, then |V (H)| ≤ 36 and all the edges between

V (H) and V (K_{41}) − V (H) are coloured blue. Therefore B is connected. If B contains a K_5, then we may choose A = B and we are done. Thus we assume that B contains no K_5.

If |V (H)| = 36, we shall show that K^H_5 is 5-colourable, and hence we may choose A^′ = H.

Let f ∈ V (K^H_5 ) be a mapping of V (H) → {1, 2, · · · , 5}. Then there is an index i such that |f^{−1}(i)| ≥ 8. We colour f with colour Δ(f) = i. We now prove that Δ is a proper colouring of K^H_5 .

Assume to the contrary that there are two adjacent vertices f, g of V (K^H_5 ) such that Δ(f) = Δ(g) = i. By the definition of Δ, there exist vertices x_1, x_2, · · · , x_8 such that f(x_1) = f(x_2) = · · · = f(x_8) = i, and there exist vertices y_1, y_2, · · · , y_8 such that g(y_1) = g(y_2) = · · · = g(y_8) = i.

Let X = {x_1, x_2, · · · , x_8} and let Y = {y_1, y_2, · · · , y_8}. Since f, g are adjacent, if follows that if x_i ≠ y_j, the x_iy_j is not an edge of H. Hence the edge x_iy_j is coloured blue.

If |X ∩ Y | ≤ 3, then we may assume that {x_1, x_2, · · · , x_5} ∩ {y_1, y_2, · · · , y_5} = Ø. Since H contains no K_5, there are indices i, j ∈ {1, 2, · · · , 5} such that x_ix_j is coloured blue, and there are indices u, v ∈ {1, 2, · · · , 5} such that y_uy_v is coloured blue. Let z be a vertex in V (K_{41}) − V (H), the five vertices {z, x_i, x_j, y_u, y_v} induces a blue K_5, contrary to our assumption.

If |X ∩ Y | ≥ 4, then we may assume that x_1 = y_1, x_2 = y_2, x_3 = y_3, x_4 = y_4. Similarly, let z be a vertex in V (K_{41}) − V (H), the five vertices {z, x_1, x_2, x_3, x_4} induces a blue K_5, contrary to our assumption.

Thus we may assume that |V (H)| ≤ 35. It follows that there are two vertices x, y ∈ V (K_{41}) − V (H) such that xy is a blue edge. (For otherwise, we would have a red K_6, and we may take A to be the red K_6 and we are done.) If there is a blue K_3 induced by three vertices of H, then this K_3 and the blue edge in V (K_{41}) − V (H) would form a blue K_5, contrary to our assumption. Therefore we may assume that the coloured graph restricted to V (H) does not contain a blue K_3. Since r(K_5, K_3) = 14, and H contains no K_5, i.e., the coloured graph restricted to V (H) contains no red K_5, and no blue K_3. Therefore |V (H)| ≤ 13. It follows that |V (K_{41}) − V (H)| ≥ 28.

If there is red K_6 contained in V (K_{41}) − V (H), we can choose A to be this red K_6 and we are done. Thus we may assume that the coloured graph restricted to V (K_{41}) − V (H) contains no red K_6. Since r(K_6, K_3) = 18, we conclude that there is a blue K_3 contained in V (K_{41}) − V (H). Take a blue edge from V (H) (which obviously exists), we obtain a blue K_5, contrary to our assumption. This completes the proof of Case 1.

Case 2. There is no monochromatic K_5.

Similarly to the argument in the previous case, we have χ(R) ≥ 6 and χ(B) ≥ 6. First we consider the 5-colouring graph of the red subgraph.

Let f be a vertex of K^R_5 , i.e., f is a mapping of V (R) → {1, 2, · · · , 5}. Since |V (R)| = 41, there is an integer i such that |f^{−1}(i)|geq9. Let Δ(f) = i. If Δ is a proper 5-colouring of K^R_5 , then we may take A^′ = R and we are done. Thus we assume that Δ is not a proper colouring of K^R_5 . Therefore there are two adjacent vertices f, g of K^R_5 such that Δ(f) = Δ(g).

Let X = {x_1, x_2, · · · , x_9} be the 9-set such that f(x_j) = Δ(f) and let Y = {y_1, y_2, · · · , y_9} be the 9-set such that g(y_j) = Δ(g). If X ∩ Y ≠ Ø, then we may assume that x_1 = y_1. There are two vertices x_i, x_j ∈ X − {x_1} such that the edge x_ix_j is coloured blue, for other wise we would have a red K_8, and we may take A = K_8 and we done. For the same reason, there are also vertices y_u, y_v ∈ Y − {y_1, x_i, x_j} such that the edge y_uy_v is coloured blue. Now {x_1, x_i, x_j, y_u, y_v} is a blue K_5, contrary to our assumption.

Thus we may assume that X ∩ Y = Ø. Consider the blue graph induced by X. If the blue graph has chromatic number 2, then there would be a red K_5, contrary to our assumption. Therefore there is an odd blue cycle, say X^′, contains in X. Similarly there is an odd blue cycle, say Y^′, contained in Y . Let H be the blue graph induced by X^′ ∪ Y^′. We shall show that K^H_5 is 5-colourable.

Suppose f is a vertex of K^H_5 , i.e., f is a mapping of V (H) to {1, 2, 3, 4, 5}. If there are vertices x ∈ X^′, y ∈ Y^′ such that f(x) = f(y) = i, then we let Δ(f) = i. Otherwise f(X^′) ∩ f(Y^′) = Ø. In case |f(X^′)| ≤ |f(Y^′)|, then |f(X^′)| ≤ 2. Since X^′ contains an odd cycle, there is an edge xx^′ of H such that f(x) = f(x^′). In this case we let Δ(f) = f(x) = f(x^′). Otherwise |f(X^′)| > |f(Y^′)|, and |f(Y^′)| ≤ 2. Similarly there is an edge yy^′ of H such that f(y) = f(y^′). In this case we let Δ(f) = f(y) = f(y^′). In the following we shall prove that Δ is a proper colouring of K^H_5 .

Assume to the contrary that there are two adjacent vertices f, g of K^H_5 such that Δ(f) = Δ(g) = i. Since for all x ∈ X^′ and y ∈ Y^′ and f, g are adjacent in K^H_5 , we conclude that for all x ∈ X^′ and y ∈ Y^′ we have f(x) ≠ g(y) and g(x) ≠ f(y). In other words, f(X^′) ∩ g(Y^′) = Ø and f(Y^′) ∩ g(X^′) = Ø. If f(X^′) ∩ f(Y^′) ≠ Ø then by the definition of Δ, we have Δ(f) ∈ f(X^′) ∩ f(Y^′). Hence Δ(f) ∉ g(X^′) ∪ g(Y^′). However, it follows from the definition that Δ(g) ∈ g(X^′) ∪ g(Y^′), contrary to the assumption that Δ(g) = Δ(f). Thus we assume that f(X^′) ∩ f(Y^′) = Ø. Similarly we may assume that g(X^′) ∩ g(Y^′) = Ø. This implies that (f(X^′) ∪ g(X^′)) ∩ (f(Y^′) ∪ g(Y^′)) = Ø.

First we consider the case that |f(X^′) ∪ g(X^′)| ≤ |f(Y^′) ∪ g(Y^′)|. Then |f(X^′) ∪ g(X^′)| ≤ 2. Since f is adjacent to g in K^H_5 , we know that |f(X^′) ∪ g(X^′)| ≠ 1. Therefore |f(X^′) ∪ g(X^′)| = 2. Without loss of generality, we assume that f(X^′) ∪ g(X^′) = {1, 2}. Suppose X^′ = {x_1, x_2, · · · , x_{2k+1}} and x_ix_{i+1} is an edge of H for i = 1, 2, · · · , 2k + 1 (where 2k + 2 = 1). Without loss of generality, we assume that f(x_1) = 1. Then g(x_2) = 2, because f, g are adjacent vertices in K^H_5 . Inductively we can show that f(x_3) = 1, g(x_4) = 2, · · · , f(x_{2k+1}) = 1, g(x_1) = 2, · · · , g(x_{2k+1}) = 2. In other words, we have f(X^′) = {1} and g(X^′) = {2}. By the definition of Δ, we should have Δ(f) = 1 and Δ(g) = 2, contrary to the assumption that Δ(f) = Δ(g). The case that |f(X^′) ∪ g(X^′ )| > |f(Y^′) ∪ g(Y^′)| can be treated similarly (although not exactly the same), and we omit the details. This completes the proof of Lemma 6

Theorem 2 follows easily from Lemma 6 and Lemmas 4 and 5. The argument is the same as that in the proof of Theorem 1, and we omit the details.

Theorem 3 There is a graph G of chromatic number 7 such that r_c(G) ≤ 102. Therefore M_7 = 102.

Proof. It suffices to show that for any 2-colouring of the edges of K_{102}, there is a monochromatic subgraph H which is connected and which contains a copy of K_6.

Let c be a 2-colouring of the edges of K_{102} and let R, B be the red subgraph and the blue subgraph, respectively. Since r(K_6, K_6) ≤ 102 ([4]), there is a monochromatic copy of K_6. Without loss of generality, we may assume that R contains a copy of K_6. Similarly to the arguments in the previous proofs, we can assume that χ(R) ≥ 7 and χ(B) ≥ 7. Let H be a maximal connected subgraph of R with χ(H) ≥ 7. If H contains a copy of K_6 then we are done. Thus we may assume that H contains no K_6. Since R contains a K_6, we conclude that |V (H)| ≤ 102 − 6 = 96. It follows that B is connected. If B contains a copy of K_6 then we are done. Thus we may assume that B contains no K_6. In following we shall use V to denote the vertex set of H, and denote by V the set V (K_{102}) − V .

If |V | ≥ 94 then V contains a blue K_5 (i.e., the restriction of B to V contains a copy of K_5), because r(K_6, K_5) ≤ 94 and V contains no red K_6. Now take another vertex from V , we get a blue K_6, contrary to our assumption. Thus |V | < 94, and |V | ≥ 9. If V contains no blue edge, then we are done, as it is a red K_9. Assume that V contains a blue edge. If V contains a blue K_4, then the union of this blue K_4 and the blue edge in V is a blue K_6, contrary to our assumption. Therefore V contains no blue K_4. This implies that |V | ≤ 43, because r(K_6, K_4) = 44. Hence |V | ≥ 59.

We now consider the restriction of R to V . We denote this graph by R^′. If R^′ is 6-colourable, then one of the colour classes has cardinality at least 10, which implies that there is blue copy of K_{10}, contrary to our assumption. Thus we may assume that χ(R^′) ≥ 7. Let H^′ be a maximal connected subgraph of R^′ with χ(H^′) ≥ 7. If H^′ contains a copy of K_6 then we are done. If H^′ does not contain a copy K_6, then since R^′ contains a copy of K_6, we have |V (H^′)| ≤ |V (R^′)|−6. Let U be the vertex of H^′ and let U = V −U. Then the 102 vertices of K_{102} is partitioned into three sets V, U, U. All the edges between the three parts are blue edges. Moreover the restriction of the red subgraph R to V, U are connected, contains no K_6 and has chromatic numbers at least 7. Hence each of the sets U, V contains a blue edge. If the set U also contain a blue edge, then the union of the vertices of the three blue edges induces a blue K_6, contrary to our assumption. Assume that the set U contains no blue edge. Then it is complete red graph. If |U| ≥ 7, then we are done. If |U| = 6, then |U| ≥ 53 and hence U contains a blue K_3, because r(K_6, K_3) = 18 and U contains no red K_6. Now the union of the vertices of this blue K_3, the vertices of the blue edge in V and any vertex in U induces a blue K_6, contrary to our assumption.

Thus we have proved that for any 2-colouring of the edges of K_{102}, there is a monochromatic subgraph H which is connected and which contains a copy of K_6. Now Theorem 3 follows easily from Lemma 5 (by using the corresponding arguments in the proof of Theorem 1).

References

[1] S. A. Burr, P. Erdös and L. Lovász On graphs of Ramsey type, Ars Combinatoria 1(1976), 167-190.

[2] D. Duffus, B. Sands and R. Woodrow, On the chromatic number of the products of graphs, J. Graph Theory 9(1985), 487-495.

[3] M. El-Zahar and N. Sauer, The chromatics number of the product of two 4-chromatic graphs is 4, Combinatorica 5(1985), 121-126.

[4] R. L. Graham, B. L. Rothchild and J. H. Spencer, Ramsey Theory, Wiley-Interscience publication, John-Wiley & Sons, 1980.

[5] R. Häggkvist, P. Hell, D. J. Miller and V. N. Lara, On multiplicative graphs and the product conjecture, Combinatorica 8(1988), 63-74.

[6] S. T. Hedetniemi, Homomorphisms of graphs and automata, University of Michigan Technical Report 03105-44-7, 1966.

[7] P. Hell, H. Zhou and X. Zhu, Homomorphisms to oriented cycles, Combinatorica 13(1993), 57-63.

[8] P. Hell, H. Zhou and X. Zhu, Multiplicativity of oriented cycles, J. Combin. Theory (B) 60(1994), 239-253.

[9] N. Sauer and X. Zhu, An approach to Hedetniemi’s conjecture, Graph Theory, Vol. 16, 5(1992), 423-436.

[10] H. Zhou, On the non-multiplicativity of oriented cycles, SIAM J. on Discrete Mathematics, Vol. 5, No. 2, (1992) 207-218.

[11] H. Zhou and X. Zhu, On the multiplicativity of acyclic local tournaments, Combinatorica, to appear.

[12] X. Zhu, Multiplicative structures, Ph.D. thesis, The University of Calgary, 1990.

[13] X. Zhu, On the Chromatic Number of the Products of Hypergraphs, Ars Combinatoria 34(1992), 25-31.