A survey on Hedetniemi’s conjecture

Xuding Zhu Department of Applied Mathematics National Sun Yat-sen University

Kaohsiung, Taiwan 80424

Email: zhu@ibm18.math.nsysu.edu.tw

Abstract

More than 30 years ago, Hedetniemi made a conjecture which says that the categorical product of two n-chromatic graphs is still n-chromatic. The conjecture is still open, despite many different approaches from different point of views. This article surveys methods and partial results; and discuss problems related to or motivated by this conjecture.

1 Introduction

Suppose G and H are simple finite graphs. The product G × H of G and H has vertex set V (G × H) = {(g, h) : g ∈ V (G) and h ∈ V (H)} and edge set E(G × H) = {(g, h)(g^′, h^′) : gg^′ ∈ E(G) and hh^′ ∈ E(H)}. This product is called the categorial product or the tensor product in the literature. As this is the only product we shall discuss in this paper, we shall simply call it the product.

Given an n-coloring c of the graph G, it is straightforward to verify that the mapping c^′((g, h)) = c(g) is an n-coloring of the product G × H. Therefore, χ(G × H) ≤ χ(G). Similarly, we have χ(G × H) ≤ χ(H), and hence χ(G × H) ≤ min{χ(G), χ(H)}. (1) Hedetniemi’s conjecture [22] asserts that the equality holds in (1) for all graphs G and H.

Conjecture 1 For any finite simple graphs G and H, χ(G × H) = min{χ(G), χ(H)}.

This conjecture is also known as the Lovász-Hedetniemi’s conjecture [35], or the product conjecture.

For a positive integer n, we define C(n) to be the following statement:

C(n): If graphs G and H are not n-colorable, then their product G × H is not n-colorable.

In light of inequality (1), Hedetniemi’s conjecture is equivalent to say that C(n) is true for all n ≥ 1.

Hedetniemi’s conjecture has enjoyed considerable attention. Many authors tried many different approaches to this conjecture. Just like any other difficult conjecture, all the efforts trying to settle it bring up more problems than solutions. We shall survey methods and partial results; and discuss questions related to or motivated by Hedetniemi’s conjecture.

2 Exponential graphs

One approach to Hedetniemi’s conjecture is the exponential graph method, which was first used in [15] to the study of Hedetniemi’s conjecture, although the exponential graphs were studied much earlier [6, 37]. Given a graph G and an integer n, the exponential graph K^G_n has as vertices all the mappings from V (G) to V (K_n) = {1, 2, · · · , n}. Two such mappings f and g are adjacent in K^G_n if for every edge ab ∈ E(G) we have f(a) ≠ g(b). It follows from the definition that K^G_n has no loop if and only if χ(G) > n.

We define a homomorphism from a graph G to another graph H as a mapping h : V (G) → V (H) such that for any edge xy of G the images f(x)f(y) is an edge of H. We write G ⪯ H to indicate that there is a homomorphism from G to H. Then the set of all finite graphs forms a partially ordered set. An important property of this partial order is that G ⪯ H implies that χ(G) ≤ χ(H). Indeed, any n-coloring c of H induces an n-coloring c^′ of G through a homomorphism h from G to H, defined as c^′(x) = c(h(x)).

For any graph G, let S_n(G) be the set of graphs H such that χ(G×H) ≤ n. It turns out that the exponential graph K^G_n is the largest element of S_n(G) with respect to the order of homomorphism. First we show that K^G_n ∈ S_n(G).

Lemma 1 For any graph G and for any integer n, the graph G × K^G_n is n-colorable.

Proof. It is straightforward to verify that the coloring c : V (G × K^G_n ) → {1, 2, · · · , n} defined as c((x, f)) = f(x) is an n-coloring of G × K^G_n .

Next we shall show that K^G_n is the maximum element of S_n(G).

Lemma 2 If H is a graph with χ(G × H) ≤ n, then H ⪯ K^G_n .

Proof. If c is a coloring of G × H with n colors 1, 2, · · · , n, then the mapping f : V (H) → V (K^G_n ) defined as (f(x))(y) = c(x, y) for all y ∈ V (G) is a homomorphism of H to K^G_n .

Combining Lemmas 1 and 2, we have the following result:

Theorem 1 Given two graphs G and H. The following are equivalent:

1. The product G × H is n-colorable.

2. H admits a homomorphism to K^G_n .

3. G admits a homomorphism to K^H_n .

Using Theorem 1, we conclude that statement C(n) is equivalent to the following statement C^′(n).

C^′(n): If χ(G) > n, then K^G_n is n-colorable.

Indeed if C^′(n) is false, then there is a graph G with χ(G) > n such that χ(K^G_n ) > n. Then we have two graphs G and K^G_n , none of which is n-colorable and yet their product is n-colorable, contrary to C(n). On the other hand, if C(n) is false, then there are graphs G and H such that both G and H are not n-colorable, but G × H is n-colorable. Then H admits a homomorphism to K^G_n , and hence K^G_n is not n-colorable, contrary to C^′(n).

The exponential graph method was used in [15] to show that C(3) is true. In other words, El-Zahar and Sauer proved the following result:

Theorem 2 If G and H are not 3-colorable, then their product G × H is also not 3-colorable.

Theorem 2 is probably the most significant progress in the investigation of Hedetniemi’s conjecture. We note that C(1) is trivial. The validity of C(2) was established in [22] by observing that the product of two odd cycles contains an odd cycle. Theorem 2 was published a decade ago, and yet no attempts to generalize it has succeeded. The proof was quite complicated. However, we shall still give a complete proof of Theorem 2, because it is important and also because we would like to discuss possible ways to extend it. The proof is essentially the one in [15], with some re-arrangements and simplification to make it shorter.

Proof of Theorem 2. We first consider the exponential graphs K^{Cn}_3 , where C_n denotes the cycle of n vertices, say v_1, v_2, · · · , v_n. For a vertex f of K^{Cn}_3 , a vertex v_i of C_n is called a fixed point of f if f(v_{i−1}) ≠ f(v_{i+1}).

Claim 1. For two adjacent vertices f_1 and f_2 of K^{Cn}_3 , where n is odd, the number of fixed points of f_1 has the same parity as the number of fixed points of f_2.

Let f_1 and f_2 be two adjacent vertices in K^{Cn}_3 . Consider the product C_n × K_2 which has vertices {(v_i, a_j) : i = 1, 2, · · · , n and j = 1, 2}, and which is isomorphic to an even cycle C_{2n}. It is straightforward to verify that the mapping f ∈ V (K^{Cn×K2}_3 ) defined as f(c_i, a_j) = f_j (c_i) is a proper coloring of C_n × K_2, and that the number of fixed points of f is the sum of the fixed points of f_1 and f_2. Therefore to prove the claim, it suffices to show that f has an even number fixed points. However it can be proved easily by induction on the number of vertices that any proper 3-coloring of an even cycle has an even number of fixed points. This completes the proof of Claim 1. Suppose H is a graph with χ(H) ≥ 4. Let f ∈ V (K^H_3 ) be a non-isolated vertex of K^H_3 . We shall show that

Claim 2. There is an odd cycle, say C_n, of H such that f has an even number of fixed points on C_n. Let X = {x ∈ V (H) : ∃y ∈ V (H), xy ∈ E(H), f(x) = f(y)}. We claim that X contains an odd cycle. Otherwise X can be partitioned into two independent subsets X_1 and X_2. Let g be any vertex adjacent to f in K^H_3 . It is straightforward to verify that the mapping c defined as

c(x) = f(x) for x ∈ V (H) − X_1 and c(x) = g(x) for x ∈ X_1

is a proper 3-coloring of H, contrary to the assumption that χ(H) ≥ 4.

Let C_n = (v_1, v_2, · · · , v_n) be an odd cycle of X. We shall show that f has an even number of fixed points on C_n. Consider monochromatic intervals (v_i, · · · , v_{i+k}) of C_n. Such an interval contributes 2 fixed points if k ≥ 1. If k = 0 then it contributes 0 or 1 fixed point depending on whether f(v_{i−1}) = f(v_{i+1}) or not. Therefore if f has an odd number fixed points on C_n, then there are three consecutive vertices, say (v_{i−1}, v_i, v_{i+1}), of the cycle C_n which get different colors from f. Since g is adjacent to f, we conclude that g(v_i) ≠ f(v_{i−1}), f(v_{i+1}), and hence g(v_i) = f(v_i). However this is a contradiction, as there exists a vertex y of H such that v_{i+1}y ∈ E(H) and f(y) = f(v_i). This completes the proof of Claim 2.

Assume contrary to Theorem 2 that there are connected graphs G and H with χ(G) ≥ 4 and χ(H) ≥ 4 and that χ(G × H) ≤ 3. Let f be a proper 3-coloring of G × H. For each vertex x ∈ V (G), let f_x ∈ V (K^H_3 ) be defined as f_x(y) = f(x, y). Similarly, for each y ∈ V (H), let f_y ∈ V (K^G_3 ) be defined as f_y(x) = f(x, y). It is easy to see that xx^′ ∈ E(G) implies that f_xf_x′ ∈ E(K^H_3 ). Hence f_x is a non-isolated vertex of K^H_3 for each x ∈ G. Therefore, there is an odd cycle C_n of H such that f_x has an even number of fixed points on C_n. As adjacent vertices in K^H_3 have the same parity of fixed points on the cycle C_n, we conclude that for all x ∈ V (G), f_x have even number of fixed points on C_n. Similarly, there is an odd cycle, say C_m, of G such that for all y, f_y have even number of fixed points on C_m.

Suppose C_n has vertex set {v_1, v_2, · · · , v_n} and C_m has vertex set {u_1, u_2, · · · , u_m}. Let M_i be the number of fixed points of f_{vi} on C_m, and let N_j be the number of fixed points of f_{uj} on C_n. As all M_i and N_j are even, and nm is odd, it follows that mn − m∑ i=1 M_i − n∑ j=1 N_j is odd.

Figure 1 below shows some of the edges of C_n × C_m. Let Q_{i,j} = {(v_{i−1}, u_j), (v_i, u_{j+1}), (v_{i+1}, u_j), (v_i, u_{j−1})} be the quadrilateral as shown in Figure 1. Then the edges of C_n × C_m is partitioned into k disjoint “cycles” of quadrilaterals, each of the form Q_{i,j}Q_{i+1,j+1} · · ·, where k = gcd(m, n). It is easy to verify that if a quadrilateral Q_{i,j} is colored by 3 colors, then either v_i is a fixed point of f_{uj} or u_j is a fixed point of f_{vi} , and hence it contributes 1 to the sum ΣM_i + ΣN_j ; and if Q_{i,j} is colored by 2 colors, then neither v_i is a fixed point of f_{uj} nor u_j is a fixed point of f_{vi} and hence it contributes 0 to the sum ΣM_i + ΣN_j . Therefore mn−ΣM_i −ΣN_j is equal to the number of quadrilaterals Q_{i,j} that are colored by 2 colors.

Q_{i+1,j+1}

Fig. 1.

Q_{i,j}

We define an orientation of the edges of C_n × C_m such that the arrows goes from colors 1 to 2, 2 to 3 and 3 to 1. It is easily verified that if Q_{i,j} is colored by 3 colors then the opposite sides of Q_{i,j} have parallel orientations, and if Q_{i,j} is colored by 2 colors then the opposite sides of Q_{i,j} have opposite orientations.

Consider a “cycle” Q_{i,j} Q_{i+1,j+1} · · · of quadrilaterals. “Adjacent” quadrilaterals share a common edge. The number of quadrilaterals in this sequence in which the opposite sides are oriented in opposite directions is equal to the number of times that the “common” edges change directions in the sequence, which is even as it starts and finishes at the same edge. Therefore mn−ΣM_i −ΣN_j is even, contrary to our previous conclusion. This completes the proof of Theorem 2.

This proof made extensive use of the structure of odd cycles, which are the only critical 3-chromatic graphs. One difficulty in generalizing this proof is that we know almost nothing about the structure of critical n-chromatic graphs for n ≥ 4.

The above argument actually proved a stronger statement, namely it is proved that if C_n is an odd cycle of G and C_m is an odd cycle of H, then (C_n × H) ∪ (G × C_m) is not 3-colorable, provided that G and H are not 3-colorable.

Based on this observation, the following conjecture was proposed in [15]:

Conjecture 2 Let G and H be connected graphs which are not n-colorable. Let G^′ and H^′ be n-chromatic subgraphs of G and H respectively. Then (G × H^′) ∩ (G^′ × H) is not n-colorable.

It is trivial that Conjecture 2 implies Conjecture 1.

A crucial concept in the proof of Theorem 2 is the parity of the number of fixed points of an element f ∈ V (K^{Cn}_3 ). It seems that what really matters is which component of K^H_n contains the element f in consideration. We denote by C(K^H_n ) the component of K^H_n which contains the constant mappings. (Note that the n constant mappings f_i(v) = i for 1 ≤ i ≤ n form a complete subgraph.) We propose the following conjecture corresponding to Claim 2.

Conjecture 3 Suppose χ(H) > n and that f is contained in a component of K^H_n which has chromatic number at least n. Then there is a subgraph H^′ of H with χ(H^′) = n and that f|H^′ ∈ C(K^{H′}_n ). Here f|H^′ is the restriction of f to H^′.

Corresponding to the argument of counting the 2-colored quadrilaterals, we propose the following conjecture for the general case.

Conjecture 4 Suppose G and H are n-chromatic graphs. Let f be a proper n-coloring of G × H. For x ∈ V (G), let f_x ∈ V (K^H_n ) be defined as f_x(y) = f(x, y). Similarly, we define f_y ∈ V (K^G_n ) for each y ∈ V (H). Then either f_x ∉ C(K^H_n ) or f_y ∉ C(K^G_n ).

Theorem 3 For any integer n ≥ 1, if Conjectures 3 and 4 are true, then statement C(n) is true.

Proof. Assume to the contrary that statement C(n) is false, and that Conjectures 3 and 4 are true. Let G and H be connected graphs such that χ(G) > n and χ(H) > n and that G × H is n-colorable. Let f be a proper n-coloring of G × H. Because Conjecture 3 is true, there are subgraphs G^′ and H^′ of G and H respectively such that for χ(G^′) = χ(H^′) = n and that for each x ∈ V (G^′), f_x ∈ C(K^{H′}_n ) and for each y ∈ V (H^′), f_y ∈ C(K^{G′}_n ). However this is in contrary to Conjecture 4.

The exponential graph method can be used to simplify the proofs of many other special cases of Hedetniemi’s Conjecture.

For example, the following result proved by Turzik [46] can be easily proved by using exponential graphs.

Theorem 4 If χ(G) > n and for every pair of edges e_i and e_j there exists an edge e adjacent to both of them, then for any graph H with χ(H) > n, the product G × H is not n-colorable.

By Theorem 1, Theorem 4 is equivalent to the statement that K^G_n is ncolorable. This is quite obvious. Indeed, for any f ∈ V (K^G_n ), let e = ab be an edge of G such that f(a) = f(b) (such an edge exists because χ(G) > n). Then the coloring c defined as c(f) = f(a) = f(b) is a proper n-coloring of K^G_n .

Suppose G is a connected graph with χ(G) > n. One important property of K^G_n is that K^G_n contains a unique complete subgraph of order n, namely the subgraph induced by the n constant mappings. To prove this fact, we let f_1, f_2, · · · , f_n be the vertices of a complete subgraph of K^G_n . Let H be a critical (n + 1)-chromatic subgraph of G. We claim that for each i = 1, 2, · · · , n, for each x ∈ H, there is a vertex y ∈ H such that f_i(x) = f_i(y). If this is not true, say, f_1(x) ≠ f_1(y) for any neighbour y of x, then we partition H −x into n independent subsets V_1, V_2, · · · , V_n and define a coloring f of H as follows:

f(x) = f_1(x), f(y) = f_i(y) if y ∈ V_i.

Then f is a proper n-coloring of H, contrary to our assumption that χ(H) = n + 1. From this we deduce that f_i(x) ≠ f_j (x) for any x and any i ≠ j. It follows then that f_i(x) = f_i(y) for any edge xy of H. Thus f_i are constant mappings on H, and since G is connected, we conclude that f_i are constant mappings on G.

Using this fact, the proofs of the following results of Duffus, Sands and Woodrow [13], of Welzl [48], and of Burr, Erdös and Lovász [11] can be simplified.

Theorem 5 ([13, 48]) Let G and H be connected graphs with χ(G) > n and χ(H) > n. If each of G and H contains a clique of size n, then χ(G×H) > n.

Proof. Assume to the contrary that G × H is n-colorable, and that f is an n-coloring of G × H. Suppose x_1, · · · , x_n are the vertices of a clique of G, and that y_1, · · · , y_n are the vertices of a clique of H. Then f_{x1} , · · · , f_{xn} induces a complete subgraph of K^H_n , and f_{y1} , · · · , f_{yn} induces a complete subgraph of K^G_n . Therefore f(x_i, y) is independent of y, and f(x, y_i) is independent of x, which is an obvious contradiction.

Theorem 6 ([11]) If χ(G) > n and every vertex of G is contained in a clique of size n, then for any graph H with χ(H) > n, the product G × H has chromatic number greater than n.

Proof. Assume to the contrary that G × H is n-colorable, and that f is an n-coloring of G × H. Then α : G → K^H_n defined as α(x) = f_x is a homomorphism from G to K^H_n . Therefore f_x are constant mappings. Then c(x) = f_x(y) is a proper n-coloring of G, contrary to our assumption that χ(G) > n. 3 Hajós’ construction

Another approach to Hedetniemi’s conjecture, first used by Duffus, Sands and Woodrow [13], is by using a theorem of Hajós concerning the construction of graphs with chromatic number greater than n.

Suppose that G and H are simple graphs, ab ∈ E(G) and uv ∈ E(H). The Hajós sum of G and H (with respect to ab and uv), denoted by G ⊕ H, is the graph obtained from the disjoint union of G and H by contracting a and u into a single vertex, deleting the edges ab and uv and adding the edge bv. If G and H are graphs of chromatic number greater than n, then it is easy to see that G ⊕ H is also of chromatic number greater than n. Adding vertices and edges to a graph G or contracting two non-adjacent vertices of G will not decrease its chromatic number. Hajós [18] proved that all graphs with chromatic number at least n+1 can be constructed from copies of K_{n+1} by these operations.

Theorem 7 Let G_n be the set of graphs which contains K_{n+1} and which is closed under the following operations:

1. adding edges and vertices;

2. contracting non-adjacent vertices;

3. Hajós sums.

Then G_n contains all graphs of chromatic number greater than n.

Fix an integer n, a graph G of chromatic number greater than n is called persistent if for all (n + 1)-chromatic graphs H we have χ(G × H) = n + 1. By Theorem 1, a graph G is persistent if and only if K^G_n is n-colorable.

Then statement C(n) is equivalent to say that all graphs G with χ(G) > n are persistent. Since every graph G with χ(G) > n can be constructed from copies of K_{n+1} by the three operations above, it suffices to prove that K_{n+1} is persistent, and that all the three operations preserve persistency, in order to establish Hedetniemi’s conjecture.

It is trivial that K_{n+1} is persistent, and that the operation of adding edges and vertices preserves persistency, and the operation of contraction also preserve persistency. However it is unknown whether or not the operation of Hajós sum preserves persistency.

To overcome this difficulty, some properties that are stronger than persistency were studied. Usually such stronger properties are preserved by Hajós sum. However, such properties may not be preserved by contraction. By using such an approach, Duffus, Sands and Woodrow [13] proved that if a graph G is constructed from copies of K_{n+1} by performing the three operations in such a way that all contractions are performed after all the Hajós sums then G is persistent. This result was generalized by Sauer and Zhu in [44], where the class of known persistent graphs is considerably extended.

A graph G is called strongly persistent if G is persistent and the Hajós sum of G with any other persistent graph H is still persistent. It was proved in [44] that if G is constructed from copies of K_{n+1} by Hajós sums, adding vertices and edges and at most one contraction then G is strongly persistent.

Theorem 8 Suppose G is obtained from copies of K_{n+1} by means of Hajós sums, adding vertices and edges and at most one contraction then G is strongly persistent. Moreover, the Hajós sum of two strongly persistent graphs is a strongly persistent graph.

Theorem 8 was proved by considering some properties of graphs that are stronger than persistency. For a graph H, let L(K^H_n ) be the graph obtained from K^H_n by deleting the loops.

Let G be a graph of chromatic number greater than n and let a be a vertex of G. We denote by G − a the subgraph of G induced by V (G) \ {a}. A vertex a is said to have property (∗) if (1)^∗ and (2)^∗ hold.

(1)^∗ The graph L(K^{G−a}_n ) is n-colorable.

(2)^∗ If ff and fg are edges of K^{G−a}_n , then f = g.

A graph G is said to have property (∗) if every vertex of G has property (∗).

For an edge ab of G, we denote by G − ab the subgraph of G obtained from G by removing the edge ab. An edge ab of G is said to have property (∗∗) if (1)^{∗∗} and (2)^{∗∗} hold.

(1)^{∗∗} The graph L(K^{G−ab}_n ) is n-colorable.

(2)^{∗∗} If ff and fg are edges of K^{G−ab}_n , then f = g.

The graph G is said to have property (∗∗) if every edge of G has property (∗∗). It turns out that each of the properties (∗) and (∗∗) are “stronger” than that of being strongly persistent.

Lemma 3 Suppose χ(G) > n. If G has property (∗) or property (∗∗), then G is strongly persistent.

Moreover, it was shown in [44] that both property (∗) and property (∗∗) are preserved by Hajós sum.

Lemma 4 If both G and H have property (∗) (resp., (∗∗)), then the Hajós sum G ⊕ H also has property (∗) (resp., (∗∗)).

As it is straightforward to verify that the complete graph K_{n+1} has property (∗). it follows that if G is constructed from copies of K_{n+1} by Hajós sums then G has property (∗).

The property (∗) is not preserved by contraction of non-adjacent vertices. However, if there is only one contraction, then the resulting graph is not very bad. It may not have property (∗), but it was shown that such a graph has property (∗∗). This was proved by observing the following relation between (∗) and (∗∗):

Lemma 5 If G is a graph of chromatic number greater than n and a is a vertex of G with property (∗), then for any other vertex b of G with ab ∈ E(G), the edge ab has property (∗∗).

It is easy to see that if G has property (∗), then after one contraction, for each edge ab of G, at least one of the vertices a and b have property (∗). Therefore the resulting graph has property (∗∗). It is trivial that the addition of edges and vertices preserve property (∗) as well as property (∗∗). This shows that graphs obtained from copies of K_{n+1} by means of Hajós sums, adding vertices and edges and at most one contraction are strongly persistent. As Hajós sum is associative, it follows that the Hajós sum of two strongly persistent graphs is still strongly persistent. This completes the proof of Theorem 8

We note that there are examples that shows that properties (∗) and (∗∗) are not preserved by contraction.

4 Multiplicativity

A proper n-coloring of a graph G is equivalent to a homomorphism from G to the complete graph K_n. In this language, Hedetniemi’s conjecture says that if both G and H do not admit homomorphism to K_n then their product does not admit a homomorphism to K_n.

It is natural that we may replace K_n by an arbitrary graph M and ask whether or not the same statement is true. We say a graph G is M-colorable if G admits a homomorphism to M. We say a graph M is multiplicative if for any graphs G and H both not M-colorable, their product G × H is also not M-colorable. In other words, the property of being not M-colorable is preserved by production. Hedetniemi’s conjecture says that complete graphs are multiplicative.

The concept of multiplicativity of general graphs and digraphs were first studied in [42], where the term “productivity” was used. The name “multiplicativity” was first used in [19]. It is hoped that in studying the multiplicativity, and non-multiplicativity, of other graphs, we will gain insights relevant for Hedetniemi’s conjecture. Whether or not such a hope will turn into reality remains to be seen. However, the problem of multiplicativity of general graphs and digraphs seems to be an interesting problem by itself and has been studied extensively. Indeed, many results suggest that homomorphism of graphs is the proper way of viewing coloring problems.

Theorem 2 in Section 2 is equivalent to the statement that K_3 is multiplicative. This result was generalized by Häggkvist, Hell, Miller and Neumann Lara. It was proved in [19] that odd cycles are multiplicative.

Theorem 9 Let C be an odd cycle. If neither G nor H admits a homomorphism to C, then G × H does not admit a homomorphism to C.

The proof of Theorem 9 is closely parallel to the proof of Theorem 2.

We remark that the odd cycles, the complete graphs K_3, K_2, K_1 are the only known graphs which are multiplicative, and which are cores (i.e., does not admit a homomorphism to any of its proper subgraphs).

It is easy to construct non-multiplicative graphs. Take two graphs G and H such that none of which admits a homomorphism to the other (such graphs are abundant, for example, the Grötzsch graph and K_3). Then the product G × H is non-multiplicative. Indeed, neither G nor H admits a homomorphism to G × H, and yet G × H admits a homomorphism to G × H. However, we do not know other non-multiplicative graphs. There are not many useful tools for testing which graph is multiplicative.

The multiplicativity and non-multiplicativity of digraphs were investigated by many authors. It was proved by Poljak and Rödl [41] that the complete digraphs of order at least 3 are not multiplicative. In other word, the “directed” version of Hedetniemi’s conjecture is false.

Theorem 10 For any integer n ≥ 3, there are digraphs G and H, neither of which is n-colorable, and yet their product is n-colorable.

The proof is by construction. For n = 3, we may take G the transitive tournament of order 4, and take H the digraph obtained from G by reversing the orientation of the edge from the top to the bottom, i.e., V (H) = {1, 2, 3, 4} and E(H) = {(i, j), i < j and (i, j) ≠ (1, 4)} ∪ {(4, 1)}. Neither G nor H is 3-colorable, however G × H is 3-colorable. For n ≥ 4, the digraphs G and H with χ(G) = χ(H) > n and χ(G×H) = n are constructed similarly.

For oriented paths P (i.e., P is obtained from an undirected path by assigning an orientation to each edge) which are cores, it was shown in [50, 58] that P is multiplicative if and only if P is a directed path (i.e., all the edges have the same orientation).

The multiplicativity of directed cycles was first studied in [42], where it was proved that directed cycles of prime length is multiplicative, and directed cycles of length which is not a prime power is non-multiplicative. It was conjectured in [42] that directed cycles of prime power length is multiplicative.

This conjecture was confirmed in [19], where deep theorems from homology were used. A simple combinatorial proof of this conjecture was given in [57].

For general oriented cycles (i.e., digraphs obtained from an undirected cycle by assigning an orientation to each edge), the problem turned out to be more difficult. A complete classification of multiplicative oriented cycles was given in [32]. To state the classification, we need some technical definitions.

Let B_n, S_n and T_n be the digraphs in Figure 2. s_{n−1} s_n

s_0 = a s_1 s_{n+1}

s_{2n−1} s_{2n} = b t_{n−1} t_0 = a t_1

t_n t_{n+1} t_{2n−1} t_{2n} = b

c_0 c_1 c_{n−1} c_n c_{n+1}

c_{2n−1} c_{2n} Fig. 2 The digraphs B_n, S_n and T_n

We now inductively define the class of C-cycles:

1. Each B_n is a C-cycle.

2. Let C be a C-cycle and let v be a vertex of out-degree 2 (respectively in-degree 2). Then there are two maximal directed paths P and P^′ starting (respectively, ending) at v, say of lengths l ≤ l^′. Let m ≤ l be an integer. Replace v by S_m (respectively, by T_m), identifying a with the beginning of P and b with the beginning of P^′. The resulting digraph C^′ is also a C-cycle.

3. There are no other C-cycles.

Fig. 3. Examples of C-cycles

Theorem 11 Let C be an oriented cycle which is a core. Then C is multiplicative if and only if either C is a directed cycle of prime power length or C is a C-cycle.

The proof of Theorem 11 is very long and complicated. It relies on characterizations of digraphs which admit homomorphism to the oriented cycles, and these characterizations are simply stated and easily verified. Indeed, based on a generalization of these characterizations, it was shown in [34] that the H-coloring problem is polynomial time decidable for any unbalanced oriented cycle H. Here an oriented cycle is unbalanced if the number of forward edges is not equal to the number of backward edges along an arbitrary traversal of the cycle. The H-coloring problem is the decision problem with an arbitrary digraph (or undirected graph when H is undirected) G as an instance, and the question is whether or not G is H-colorable. The K_n-coloring problem is just to decide whether a given instance is n-colorable or not.

There are some other digraphs which are known to be multiplicative, including transitive tournaments [2], a transitive tournament followed by a directed path [55]. There are also other digraphs which are known to be non-multiplicative, including all those digraphs obtained from a transitive tournament by deleting edges which is neither a transitive tournament nor a transitive tournament followed by a directed path [55].

All the present known proofs of multiplicativity of a digraph H relies on good characterizations of those digraphs G which admit homomorphisms to H. Such characterizations usually provide easy polynomial algorithms for the H-coloring problem. We must say that it is unlikely that such method can be applied to many digraphs, and is perhaps not appliable to any nonbipartite undirected graphs, as the H-coloring problem is NP-complete for any non-bipartite undirected graph H [25]. For most digraphs H, it seems unlikely that there are simple characterizations of those digraphs which admit a homomorphism to H. Therefore, it would be more interesting if we can prove the multiplicativity of a digraph (resp., undirected graph) H, for which the H-coloring problem is NP-complete.

At present time, the only known undirected graph H which are multiplicative and for which that H-coloring problems are NP-complete are the odd cycles. We do not know any directed graph H (except those symmetric digraphs equivalent to odd cycles) which is multiplicative, and for which the H-coloring problem is NP-complete.

This makes the following two digraphs D and D^′ very interesting, and also seems challenging.

Both D and D^′ have three vertices {1, 2, 3}, D has arcs {12, 23, 31, 13} and D^′ has arcs {12, 23, 32, 31, 13}. Thus D and D^′ have 4 and 5 arcs, respectively. The digraph with 3 vertices and 6 arcs is the complete digraph of order 3. As we discussed earlier, this digraph is non-multiplicative. All digraphs with 3 vertices and at most 3 arcs are known to be multiplicative. Also we know that both D-coloring problem and D^′-coloring problem are NP-complete [1].

Another interesting digraph is the one obtained by identifying a vertex of a directed triangle with a digon. To be precise, this directed graph has vertex set {1, 2, 3, 4} and edge set {12, 23, 31, 34, 43}. We also know that for this digraph H, the H-coloring problem is NP-complete. This suggests that it is unlikely that there is a simple characterization of those digraphs G which are H-colorable.

For non-multiplicative graphs or digraphs H, Duffus and Sauer [14] introduced a parameter that “measures” the “degree” to which H fails to be multiplicative. We say two graphs (or digraphs) G and G^′ are homomorphically equivalent, denoted by G ∼ G^′, if G admits a homomorphism to G^′ and G^′ admits a homomorphism to G. Obviously ∼ is an equivalence relation. Denote by FG the set of equivalence classes of finite graphs (or digraphs) under the equivalence relation ∼. We shall use any member of an equivalence class in FG to denote that class, and do not distinguish a graph and an equivalence class of graphs in FG. For two classes G, H ∈ FG, we write G ⪯ H if G admits a homomorphism to H. Then it is straightforward to verify that FG together with the relation ⪯ form a distributive lattice, with the product as the meet, and the disjoint union as the join.

It is straightforward to verify that for any graph (or digraph) M, the set {M^H : H ∈ FG} contains at least two elements, one is a single vertex with a loop, and the other is M. It follows easily from Theorem 1 that a graph (or digraph) M is multiplicative if and only if the set {M^H : H ∈ FG} contains no other elements. Therefore, the size of the set {M^H : H ∈ FG} maybe taken as the measure of “degree” to which H fails to be multiplicative.

We do not know any graph or digraph M for which the set {M^H : H ∈ FG} is infinite. On the other hand, we do not know whether or not the set {K^H_n : H ∈ FG} is finite, while Hedetniemi’s conjecture says that this set contains exactly two elements.

5 The function f(n) and g(n)

In the study of Hedetniemi’s conjecture, Poljak and Rödl defined the functions f(n) and g(n) as follows:

f(n) = min{χ(G×H) : G and H are undirected graphs with χ(G) = χ(H) = n},

g(n) = min{χ(G × H) : G and H are digraphs with χ(G) = χ(H) = n}.

Inequality (1) shows that f(n) ≤ n and Hedetniemi’s conjecture says that f(n) = n. It is straightforward to verify that g(n) ≤ f(n), and Theorem 10 shows that g(n) < n for all n ≥ 4. We also know that f(1) = g(1) = 1, f(2) = g(2) = 2, f(3) = g(3) = 3. Besides these, we know very little about the functions. A very annoying fact is that we do not know whether the functions f(n) and g(n) are bounded, or go to infinity when n goes to infinity. However we have the following interesting result:

Theorem 12 The function g(n) is either bounded by 3 or goes to infinity; the function f(n) is either bounded by 9 or goes to infinity.

This theorem is a generalization of a similar result of Poljak and Rödl [41], where the corresponding numbers are 4 and 16 instead of 3 and 9. The generalization is straightforward. I obtained this generalization in 1990, and learned afterwards from Duffus that the generalization was obtained earlier by Schelp, and learned from Hell that it was also obtained independently by Poljak [40], although at that time none of them published it.

We shall first prove that g(n) is either bounded by 4 or goes to infinity.

We need a few definitions. For a digraph D, two arcs x and y of D are called consecutive arcs if the terminal vertex of x is the initial vertex of y. We shall denote by ∂(D) the digraph which has vertices all the arcs of D and two arcs x and y of D are connected by an arc in ∂(D) if x and y are consecutive arcs. Let c(D) be the arc-chromatic number of D, which is the minimum integer n such that the arcs of D can be colored by n colors in such a way that consecutive arcs receive distinct colors. In other words, c(D) is the chromatic number of ∂(D). We denote by D^{−1} the digraph obtained from D by reversing the directions of all the arcs.

It follows easily from the definition that

(1) c(D) = χ(∂(D)),

(2) ∂(D_1 × D_2) = ∂(D_1) × ∂(D_2),

(3) ∂(D^{−1}) = (∂(D))^{−1}.

Furthermore, it was proved in [21] that for any digraph D, we have (4) min{k| 2^k ≥ χ(D)} ≤ c(D) ≤ min{k| χ(D) ≤ (_k ⌊k/2⌋ ) }. Suppose g(n) is bounded. Let c be the smallest upper bound. Since g(n) is non-decreasing, we conclude that there is an integer n_0 such that fro all n ≥ n_0, g(n) = c.

Let n_1 = 2^{n0} , and let D_1 and D_2 be digraphs with χ(D_1) = χ(D_2) = n_1 and that χ(D_1 × D_2) = c. Then by (4), we have

χ(∂(D_1)) ≥ n_0 and χ(∂(D_2)) ≥ n_0.

Hence χ((∂(D_1)) × (∂(D_2))) = χ(∂(D_1 × D_2)) ≥ c.

Then by (4), we have

χ(D_1 × D_2) > ( c − 1 ⌊(c − 1)/2⌋ ) .

Therefore we have c > ( c − 1 ⌊(c − 1)/2⌋ ) , which implies that c ≤ 4.

Now we shall prove that c ≠ 4. Otherwise suppose g(n) = 4 for all n ≥ n_0. Let n_1 = 2^{n0} and n_2 = 2^{n1} . Let D_1 and D_2 be digraphs with χ(D_1) = χ(D_2) = n_2 and that χ(D_1 × D_2) = 4. The same argument as above shows that χ(∂(∂(D_1 × D_2))) ≥ 4.

However, we shall prove that for any digraph D, if χ(D) ≤ 4, then χ(∂(∂(D))) ≤ 3. Let −→ K_4 be the complete digraph of order 4, i.e., −→ K_4 has vertex set {1, 2, 3, 4} and edge set {ij : i ≠ j, 1 ≤ i, j ≤ 4}. If D is 4-colorable, then D admits a homomorphism to −→ K_4. Hence ∂(∂(D)) admits a homomorphism to ∂(∂( −→ K_4)). Therefore χ(∂(∂(D))) ≤ χ(∂(∂( −→ K_4))). So it suffices to prove that ∂(∂( −→ K_4)) is 3-colorable.

The following elegant coloring was given by Schelp, which I learned from Duffus.

Each element of ∂(∂( −→ K_4)) is a pair of consecutive arcs of −→ K_4, which can be represented by a triple ijk : i ≠ j, j ≠ k, 1 ≤ i, j, k ≤ 4. Two such triples ijk, i^′j^′k^′ are adjacent if and only if i^′ = j and j^′ = k. It is then straightforward to verify that the coloring c defined below is a proper 3- coloring of ∂(∂( −→ K_4)):

c(ijk) = { j, if j ≠ 4, s, if j = 4 and s ∈ {1, 2, 3} − {i, k}. This completes the proof of the statement that g(n) is either bounded by 3 or goes to infinity.

Now we shall prove that f(n) is either bounded by 9 or goes to infinity.

Let h(D_1, D_2) = max{χ(D_1 × D_2), χ(D_1 × D^{−1}_2 )} and let h(n) = min{h(D_1, D_2) : χ(D_1) = χ(D_2) = n}.

The proof of the statement that g(n) is either bounded by 3 or goes to infinity applies to h(n) as well. In other words, the function h(n) is either bounded by 3, or goes to infinity. To show that f(n) is either bounded by 9 or goes to infinity, it suffices to observe that h(n) ≤ f(n) ≤ (h(n))^2. Indeed, if we let ~D denote the symmetric digraph which is obtained by replace each arc of D by two opposite arcs. Then we have the following inequality:

f(n) ≤ χ(~D_1 × ~D_2) ≤ χ(D_1 × D_2)χ(D_1 × D^{−1}_2 ) ≤ (h(n))^2.

The inequality h(n) ≤ f(n) is trivial. This completes the proof of Theorem 12. Finally we remark that f(n) is bounded if and only if the set {K^H_m : H ∈ FG} is infinite for any integer m ≥ 10 (cf. the definition and comments at the end of the previous section). Similarly, g(n) is bounded if and only if the set { −→ K^H_m : H ∈ FG} is infinite for any integer m ≥ 4.

6 General multiplicative structures and variations of Hedetniemi’s conjecture

Since multiplicativity involves only homomorphisms, we can define multiplicative element in an arbitrary category. Different aspects of this categorical setting of Hedetniemi’s conjecture are well known, and are explicitly studied in [14, 58].

Let L be a relational language, and let A and B be models of L. A mapping h from A to B is a homomorphism if it preserves all the relations, i.e., for any n-ary relation R ∈ L and for each sequence a_1, a_2, · · · , a_n of A, R(a_1, a_2, · · · , a_n) implies R(h(a_1), h(a_2), · · · , h(a_n)). We write A ⪯ B if there is a homomorphism from A to B. Then ⪯ defines a partial order on the set of all L models, as the relation of homomorphism is transitive.

Denote by M_L the category of L models under homomorphisms of L structures. Two structures A and B are homomorphically equivalent, written as A ∼ B, if A admits a homomorphism to B and B admits a homomorphism to A. Obviously the relation “∼” is an equivalence relation. We shall denote by Sim(A) the equivalent class of M_L/ ∼ that contains A, i.e., all the models B for which A ∼ B.

The product A × B of two structures is defined similarly as the (categorical) product of graphs. Namely for a sequence (a_1, b_1), (a_2, b_2), · · · , (a_n, b_n), we have R((a_1, b_1), (a_2, b_2), · · · , (a_n, b_n)) if and only if R(a_1, a_2, · · · , a_n) and R(b_1, b_2, · · · , b_n). Let A + B be the disjoint union of A and B. It is clear that if A ∼ A^′ and B ∼ B^′, then A × B ∼ A^′ × B^′ and A + B ∼ A^′ + B^′.

It is straightforward to verify that M_L with the relation “⪯” form a distributive lattice, with A ∨ B = A + B and A ∧ B = A × B.

Given two models A and B of L, the exponential A^B is the Lmodel defined on all the mappings from B to A and for a sequence f_1, f_2, · · · , f_n of mappings from B to A, we have R(f_1, f_2, · · · , f_n) if and only if for any sequence b_1, b_2, · · · , b_n of elements of B, R(b_1, b_2, · · · , b_n) implies

R(f_1(b_1), f_2(b_2), · · · , f_n(b_n)).

Let C be a subcategory of M_L which is closed under product, sum and exponential. An element A of C is called multiplicative if for all elements G and H in C, G ⪯̸ A and H ⪯̸ A implies that G × H ⪯̸ A. In other words, A is meet irreducible in C.

Some of the results concerning multiplicativity of graphs and digraphs remains valid for general structures. For example, we have the following generalization of Theorem 1:

Theorem 13 A structure A is multiplicative in category C if and only if for any B ∈ C such that B ⪯̸ A, we have A^B ⪯ A.

The general categorical setting of Hedetniemi’s conjecture provides a wide range view of the problem. By choosing special categories, one may discuss some special multiplicative structures. For example, multiplicative partial orders was discussed in [45], where the “homomorphism” of two partially ordered sets A and B is a mapping h from A to B which preserves the strict order relation, i.e., x < y implies that h(x) < h(y). The following result was proved in [45]:

Theorem 14 Suppose A is a well-founded partially ordered set (i.e., A contains no infinite decreasing chains), and that for any x ∈ A, the set {y ∈ A : y < x} forms a chain. If the supremum of the length of an increasing chain is at most ω, then A is multiplicative, in the category of partially ordered set (with homomorphisms defined as above).

The multiplicativity of hypergraphs was studied in [59]. Hedetniemi’s conjecture was generalized to hypergraphs in [59].

The chromatic number of a hypergraph H = (V, E) is the minimum integer n such that there is an n-coloring of the vertices of H such that there are no monochromatic hyper-edges. The product of two hypergraphs G and H are defined as follows:

The product G × H has vertex set V (G) × V (H), and a subset e = {(x_1, y_1), · · · , (x_k, y_k)} of V (G × H) is a hyper-edge if and only if the set {x_1, · · · , x_k} is a hyper-edge of G, and that {y_1, · · · , y_k} is a hyper-edge of H. Here the x_i’s and y_i’s need not be distinct. The following conjecture was proposed in [59]:

Conjecture 5 Suppose G and H are hypergraphs. Then χ(G × H) = min{χ(G), χ(H)}.

Conjecture 5 was confirmed in a few special cases. The results, as well as the proofs, in [59] are parallel to Theorems 4 and 5 of Section 2.

Another generalization of Hedetniemi’s conjecture, which is perhaps more interesting, is the following one concerning the circular chromatic numbers.

The circular chromatic number χ_c(G) of a graph G, introduced by Vince in 1988 (under the name “the star chromatic number”), is a natural generalization of the chromatic number of a graph.

For a pair of positive integers k and d, a (k, d)-coloring of a graph G is a mapping c of V (G) to the set {0, 1, · · · , k − 1} such that for any adjacent vertices x and y of G, d ≤ |c(x) − c(y)| ≤ k − d. The circular chromatic number χ_c(G) of a graph G is the infimum of the ratios k/d for which there exists a (k, d)-coloring of G.

It is easy to see that a (k, 1)-coloring of a graph G is just the ordinary kcoloring of G. Therefore, χ_c(G) ≤ χ(G) for any G. On the other hand, it was proved in [49] that χ_c(G) > χ(G)−1. Thus if we know the circular chromatic number of a graph G then χ(G) is just the ceiling of χ_c(G). However, two graphs of the same chromatic number may have different circular chromatic number. In this sense, χ_c(G) is a refinement of χ(G), and it contains more information about the structure of the graph than χ(G) does.

It was shown in [49] that for any finite graph G, χ_c(G) is rational, and conversely for any rational r ≥ 2, there is a graph G with χ_c(G) = r. It seems that all the problems concerning the chromatic number remains interesting for the circular chromatic number. Similar to the chromatic number, it is straightforward to verify that χ_c(G × H) ≤ min{χ_c(G), χ_c(H)}. It was conjectured in [60] that the equality holds for all graphs G and H.

Conjecture 6 For any rational number r and any graphs G and H, if χ_c(G) > r and χ_c(H) > r, then χ_c(G × H) > r.

This conjecture is stronger than Hedetniemi’s conjecture. An interesting observation in [60] is that this conjecture is true for infinitely many rationals r, namely we have the following result:

Theorem 15 For any integer k, if χ_c(G) > 2 + 1/k and χ_c(H) > 2 + 1/k then χ_c(G × H) > 2 + 1/k.

Proof. A graph G has circular chromatic number χ_c(G) > 2 + 1/k if and only if G does not admit a homomorphism to the odd cycle C_{2k+1}. Since the odd cycles are multiplicative (Theorem 9), the conclusion follows.

Note that the equivalence of Hedetniemi’s conjecture, Statement C(n), is only verified for n = 1, 2, 3.

The version of Hedetniemi’s conjecture for infinite graphs was studied by Hajnal [17], who proved that the chromatic number of the product of two ℵ_1-chromatic graphs can be countable.

Instead of discussing the product of two graphs, we can also discuss the product of many graphs (note that the product is associative). Of course, it does not make any difference if Hedetniemi’s conjecture is generalized to the product of finitely many graphs. However, for the product of infinitely many graphs, we note that the product of odd cycles C_{2k+1} (k = 1, 2, · · ·) contains no odd cycles, and hence is 2-colorable.

Finally we mention a relation between uniquely n-colorable graphs and Hedetniemi’s conjecture, which was first studied by Duffus, Sands and Woodrow [13].

A graph G is uniquely n-colorable if there is a unique partition of V (G) into n independent sets. The following result was proved in [16]:

Theorem 16 If G is a connected graph with χ(G) > n, then K_n × G is uniquely n-colorable.

Duffus, Sands and Woodrow proposed the following two conjectures concerning unique colorability, which are generalizations of Theorem 16, and each of which implies Hedetniemi’s conjecture.

Conjecture 7 For all uniquely n-colorable graphs G and H, each proper n-coloring of G × H is induced by G or by H, i.e., if ϕ : V (G × H) → {1, 2, . . . , n} is a proper n-coloring of G×H, then either ϕ((g, h)) = ϕ((g, h^′)) for all g ∈ V (G) or ϕ((g, h)) = ϕ((g^′, h)) for all h ∈ V (H).

Conjecture 8 For all uniquely n-colorable graphs G and all connected graphs H with χ(H) > n, G × H is uniquely n-colorable.

It was proved in [13] that Conjecture 7 implies Conjecture 8, and Conjecture 8 implies Statement C(n). Hence each of the Conjectures 7 and 8 is stronger than Hedetniemi’s conjecture.

The following conjecture was proposed in [58]:

Conjecture 9 For all uniquely n-colorable graphs G, L(K^G_n ) is n-colorable.

The graph L(K^G_n ) was defined in Section 3. It was shown in [58] that Conjecture 9 is weaker than Conjecture 8, but stronger than Hedetniemi’s conjecture.

It was also shown in [58] that Conjecture 7 holds for integer n if and only if for any uniquely n-colorable graphs G, the graph L(K^G_n ) is n-colorable and that L(K^G_n ) contains no uniquely n-colorable subgraphs other than the complete graph of order n induced by the constant mappings.

References

[1] J. Bang-Jansen and P. Hell, The effect of two cycles on the complexity of colourings by digraphs, Discrete Applied Math., 26 (1990), 1-23.

[2] J. Bang-Jansen, P. Hell and G. MacGillivray, The complexity of colorings by semicomplete digraphs, SIAM J. Discrete Math., 1 (1988), 281-289.

[3] J. Bang-Jensen, P. Hell and G. MacGillivray, On the complexity of colouring by superdigraphs of bipartite graphs, Discrete Math., 109 (1992), 27-44.

[4] J. Bang-Jensen, P. Hell and G. MacGillivray, Hereditarily hard colouring problems, submitted to Discrete Math.

[5] C. Berge, Graphs and hypergraphs, North-Holland publishing company, 1973.

[6] G. Birkhoff, Extended arithmetic, Duke Math. J., 3 (1937), 311-316.

[7] G. Birkhoff, Generalized arithmetic, Duke Math. J., 9 (1942), 283-302.

[8] B. Bollobas, Uniquely colorable graphs, J. Combin. Theory (B), 25 (1978), 54-61.

[9] B. Bollobas and N. Sauer, Uniquely colorable graphs with large girth, Canada. J. Math., 28 (1972), 1340-1344.

[10] M.Borowiecki, On chromatic number of products of two graphs, Colloq.

Math., 25 (1972), 49-52.

[11] S. Burr, P. Erdös and L. Lovász, On graphs of Ramsey type, Ars Combinatoria, 1 (1976), 167-190.

[12] G. Bloom and S. Burr, On unavoidable digraphs in orientations of graphs, J. Graph Theory, 11 (1987), 453-462.

[13] D. Duffus, B. Sands and R. Woodrow, On the chromatic number of the products of graphs, J. Graph Theory, 9 (1985), 487-495.

[14] D. Duffus and N. Sauer, Lattice arising in categorical investigations of Hedetniemi’s conjecture, Discrete Math., 152 (1996), 125-139.

[15] E. El-Zahar and N. Sauer, The chromatic number of the product of two 4-chromatic graphs is 4, Combinatorica, 5 (1985), 121-126.

[16] D. Greenwell and L. Lovász, Applications of product colouring, Acta Math. Acad. Sci. Hungar., 25 (1974), 335-340.

[17] A. Hajnal, The chromatic number of the product of two ℵ_1-chromatic graphs can be countable, Combinatorica, 5 (1985), 137-139.

[18] G. Hajós, Über eine Konstruktion nicht n-färbbarer Graphen, Wiss. Z.

Martin-Luther-Univ. Halle-Wittenberg Math. Natur. Reihe, 10 (1961), 116-117.

[19] R. Häggkvist, P. Hell, D.J. Miller and V.Neumann Lara, On multiplicative graphs and the product conjecture, Combinatorica, 8 (1988), 71-81.

[20] G. Hahn and C. Tardif, Graph homomorphisms: structure and symmetry, preprint, 1997.

[21] C. C. Harner and R. C. Entringer, Arc colorings of digraphs, J. Combin.

Theory (B), 13 (1972), 219-225.

[22] S. T. Hedetniemi, Homomorphisms and graph automata, University of Michigan Technical Report 03105-44-T, 1966.

[23] P. Hell, An introduction to the category of graphs, Annals of the N.Y.

Acad. Sc., 328 (1979), 120-136.

[24] P. Hell and D. J. Miller, Graphs with forbidden homomorphic images, Ann. N. Y. Acad. Sci., 319 (1979), 270-280.

[25] P. Hell and J. Nešetřil, On the complexity of H-coloring, J. Combin.

Theory (B), 48 (1990), 92-110.

[26] P. Hell and J. Nešetřil, Images of rigid digraphs, Europ. J. Combin., 12 (1991), 33-42.

[27] P. Hell and J. Nešetřil, Homomorphisms of graphs and their orientations, Monatshefte fűr Math., 85 (1978), 39-48.

[28] P. Hell and J. Nešetřil, The core of a graph, Discrete Math., 109 (1992), 117-126.

[29] P. Hell, J. Nešetřil, and X. Zhu, Duality of graph homomorphisms, Combinatorics, Paul Erdös is Eighty, Volume 2, 271-282. Bolyai Society Mathematical Studies, Budapest, Hungary, 1996.

[30] P. Hell, H. Zhou and X. Zhu, Homomorphisms to oriented cycles, Combinatorica, 13 (1993), 421-433.

[31] P. Hell, H. Zhou, and X. Zhu, A note on homomorphisms to acyclic local tournaments, J. Graph Theory, 20 (1995), 467-471.

[32] P. Hell, H. Zhou and X. Zhu, Multiplicativity of oriented cycles, J. Combin. Theory (B), 60 (1994), 239-253.

[33] P. Hell and X. Zhu, Homomorphisms to oriented paths, Discrete Mathematics, 132 (1994) 107-114.

[34] P. Hell and X. Zhu, The existence of homomorphisms to oriented cycles, SIAM J. Discrete Math., 8 (1995), 208-222.

[35] W. Imrich and S. Klavžar, Graphs products and algorithms, book in preparation.

[36] S. Klavžar, Coloring of graph products – A survey, Discrete Math., 155 (1996), 135-145.

[37] L. Lovász, Operations with structures, Acta. Math. Acad. Sci. Hung., 18 (1967), 321-328.

[38] D. J. Miller, The categorical product of graphs, Canada J. Math., 20 (1968), 1511-1521.

[39] J. Nešetřil and X. Zhu, Path homomorphisms, The Mathematical Proceedings of Combridge Philosophical Society, 120 (1996), 207-220.

[40] S. Poljak, Coloring digraphs by iterated antichains, Comment. Math.

Univ. Carolinae, 32 (1992) 209-212.

[41] S. Poljak and V. Rödl, On the arc-chromatic number of a digraph, J.

Graph Theory, 3 (1981), 339-350.

[42] J. Nešetřil and A. Pultr, On classes of relations and graphs determined by subobjects and factorobjects, Discrete Math. 22 (1978), 287-300.

[43] G. Sabiddusi, Graph multiplication, Math. Z., 72 (1960), 446-457. [44] N. Sauer and X. Zhu, An approach to Hedetniemi’s conjecture, J. Graph Theory, 16 (1992), 423-436.

[45] N. Sauer and X. Zhu, Multiplicative posets, Oreder, 8 (1992), 349-358. [46] D. Turzik, A note on chromatic number of direct product of graphs, Comment. Math. Univ. Carolinae, 24 (1983), 461-463.

[47] E. Welzl, Color families are dense, Theoretical Computer Science, 17 (1982), 29-41.

[48] E. Welzl, Symmetric graphs and interpretations, J. Combin. Theory (B), 37 (1984), 235-244.

[49] A. Vince, Star chromatic number, J. Graph Theory, 12 (1988), 551-559. [50] H. Zhou, Homomorphism properties of graph products, Ph.D. thesis, Simon Fraser University, 1988.

[51] H. Zhou, Multiplicativity, part I - variations, multiplicative graphs and digraphs, J. Graph Theory, 15 (1991), 469-488.

[52] H. Zhou, Multiplicativity, part II - non-multiplicative digraphs and characterization of oriented paths, J. Graph Theory, 15 (1991), 489-509.

[53] H. Zhou, On the non-multiplicativity of oriented cycles, SIAM J. Discrete Math., 5 (1992), 207-218.

[54] H. Zhou, On the multiplicativity of digraphs, preprint. [55] H. Zhou and X. Zhu, On the multiplicativity of acyclic local tournaments Combinatorica, to appear.

[56] X. Zhu, A polynomial algorithm for homomorphisms to oriented cycles, J. Algorithms, 19 (1995), 333-345.

[57] X. Zhu, A simple proof of the multiplicativity of directed cycles of prime power length, Discrete Applied Math., 36 (1992), 313-315.

[58] X. Zhu, Multiplicative structures, Ph.D. thesis, The University of Calgary, 1990.

[59] X. Zhu, On the chromatic number of the product of hypergraphs, Ars Combinatoria, 34 (1992), 25-31.

[60] X. Zhu, Star chromatic numbers and products of graphs, J. Graph Theory, 16 (1992), 557-569.