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Abstract

For a real number z, let ||z|| denote the distance from x to the
nearest integer. Suppose x1 < xy < x3 are positive integers with
ged(zq, z2,23) = 1. This paper proves the following: if (x1,x9,x3) #
(1,2, 3s) for an integer s and x5 # w1+ 2, or T3 = x1+x2 but 1 = 29
(mod 3), then there is a real number ¢ such that ||tz;|| > 1/3 (for
i=1,2,3). If (x1,29,23) = (1,2,3s) or x5 = x1 + x2 and 1 Z x2
(mod 3), then no such ¢ exists, i.e., for any ¢, there is an ¢ such that
||txi|| < 1/3. This result is connected to problems of different fields of
mathematics. Firstly, it is a strengthening of the £ = 3 case of Wills’
conjecture, which says that for any k positive integers x1, 9, -, T,
there is a real number ¢ such that ||tz;|| > k%rl Secondly, it is ap-
plied to graph theory in determining the chromatic number of certain
distance graphs, which confirms a conjecture proposed independently
by Chen, Chang and Huang [J. Graph Theory, 25(1997)287-294] and
Voigt [Ars Combinatoria, to appear]. Thirdly, it has an application to
the so called view obstruction problem in the 3 dimensional Euclidean
space. Fourthly, it has an application to the study of flows in graphs
and matroids.
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1 Introduction

For any real number z, let ||z|| denote the distance from x to the nearest
integer. For an k-tuple ¥ = (x1, 29, -+, xy) of positive integers, let

K(T) = supteRminleHtxiH.

Note that the order of the integers in the k-tuple has no effect on the value

of k(7). So we assume that z; < x93 < -+ < x3. It is also easy to see that
we may assume that ged(zy,xq, -+, 25) = 1. It was conjectured by Wills
[46] that for any k-tuple & = (1,2, - - -, 1) of positive integers, £(Z) > 7.

(In the original conjecture, x; could be any nonzero real number, but Wills
showed that it is equivalent to the case that all the x;’s are positive integers.)
This purely number theoretic conjecture turns out to be related to many
other problems. Cusick [12, 13, 14, 15] studied this conjecture, motivated by
a beautiful application in k£ dimensional geometry-view obstructions; Bienia
et al [2] studied this conjecture, motivated by another beautiful application
in graphs and matroids-the existence of flows; this author encountered the
problem of evaluating () when studying the chromatic numbers of distance
graphs [16, 50, 51, 52, 53]. It is interesting to see that different people moti-
vated by completely different problems found them interested in a common
problem in number theory.

Wills” conjecture has been studied by many authors in the past thirty
years [3, 2, 7, 12, 13, 14, 15, 45, 46, 47, 48, 49]. However, it still remains
open for k > 5. For k = 1, it is trivial; the case kK = 2 was proved in [45];
for k£ = 3, it is already difficult and quite a few different proofs have been
published [3, 2, 12, 13, 14]; for k = 4, the first proof, given by Cusick and
Pomerance [15], is a complicated argument involving exponential sums and
electronic case checking, but recently, Bienia et al [2] gave an elementary
selfcontained proof of this case.

As observed by Wills [45] (and others), the lower bound =7 in Wills’
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conjecture is sharp. For example, if ¥ = (1,2,---,k), then x(7) = 5.
However, it seems that very few k-tuples of integers attain this lower bound.
For example, for k = 2, & = (1,2) is the only pair for which x(Z) = 1, and for
k=3, &= (1,2,3) is the only triple for which (%) = § (12, 7]. For pairs of
integers T = (z1, x2), the value of k(¥) is determined in [2, 4, 5, 37]. (In [5],
the authors were interested in determining the fractional chromatic number
and circular chromatic number of some distance graphs. The determination
of k(Z) for ¥ = (21, x2), which was not mentioned explicitly, is just a step
in the proof that leads to the solution of another problem. In [37], the
authors were interested in the asymptotic efficiency of T-colorings. Again
the determination of k(Z) for ¥ = (x;, z2) was not mentioned explicitly, and
it is just a step in the proof that leads to the solution of their problem. In [4],
the authors were interested in determining the density of some special subsets



of the set of integers, which they called the D-sets. The problem of evaluating
k(Z) was also not mentioned explictly. So these people were motivated by
completely different problems, and end up at solving the same problem.) For
k > 3, besides the attempts for proving Wills conjecture, it seems that no
efforts have been made to evaluate x(Z). Since Wills conjecture is still open
for £ > 5, and is already difficult for £k = 3 and k = 4, it is natural that it
is difficult to determine or estimate the value of k(Z) for & = (x1,x9, -, xx)
(k > 3). On the other hand, such efforts may help us understand more about
the function x(Z), and shed new lights on Wills’ conjecture.

In this paper we estimate the value of k(%) for triples ¥ = (a,b,c) of
integers. The following theorem is proved:

Theorem 1.1 Suppose T = (a,b,c) is a triple of positive integers with a <
b < ¢ and ged(a,b,c) = 1. Then § < k() < 5 if either T = (1,2,3s) for
an integer s or ¢ = a+0b and a # b (mod 3). Otherwise 5 < k(%) < 3.
Moreover k() = % if and only if all the three integers are odd.

Theorem 1.1 has many connections to problems of different fields of math-
ematics. Firstly, it is a strengthening of the k = 3 case of Wills’ conjecture,
and provides us more information about the function x(Z). Such informa-
tion might be helpful for approaching Wills’s conjecture for £ > 5. Secondly,
it has a nice application to the study of the chromatic number of distance
graphs, which settles in affirmative a conjecture that was proposed indepen-
dently by Chen, Chang and Huang [8] and Voigt [43]. This application is
indeed the original motivation for this author to study the value of k(Z).
Thirdly, it can also be interpreted as a result concerning view-obstruction
problems in the 3 dimensional geometry, which was first studied by Cusick
[12].  Fourthly, it has an application to the study of flows in graphs and
matroids. Moreover, the function x(Z) is also connected to the circular chro-
matic number and the fractional chromatic number of distance graphs, and
through the fractional chromatic of distance graphs, it is connected to the
density of D-sets, and to the asymptotic coloring efficiency of the 7" colorings
(or channel assignments), and to the star-extremality of distance graphs and
circulant graphs.

In Section 2, we discuss applications of Theorem 1.1. Sections 3-9 are
devoted to the proof of Theorem 1.1.

2 Applications of Theorem 1.1

First we apply Theorem 1.1 to settle a conjecture concerning the chromatic
number of distance graphs, which was proposed independently by Chen,
Chang, Huang [8] and Voigt [43].



Given a subset D of positive integers, we denote by G(Z, D) the graph
with vertex set Z in which i ~ j if |[i — j| € D. The graph G(Z, D) is called
the distance graph generated by the distance set D. We are interested in
determining the chromatic number x(G(Z, D) of the graph G(Z, D), i.e., find
the minimum integer k, for which there exists a mapping ¢ : Z — {1,2,---,k}
such that ¢(i) # ¢(j) whenever |i — j| € D. Such a mapping ¢ is called a
k-coloring of G(Z, D), and ¢(x) is called the color assigned to z.

The problem of determining the chromatic numbers of distance graphs
was studied in [5, 6, 8, 16, 17, 18, 19, 20, 21, 22, 29, 30, 42, 43, 44, 50,
51, 52, 53]. Most of the work deal with distance graphs generated by some
special distance sets. Here we are interested in the case that D = {a, b, c}
contains three integers. The class of distance graphs with D = {a,b, ¢} has
also been studied by many authors [8, 16, 18, 43, 50, 51]. However, only some
very special cases have been settled. The following conjecture concerning the
chromatic number of such distance graphs was proposed independently by
Chen, Chang, Huang [8] and Voigt [43]:

Conjecture 2.1 Suppose D = {a,b,c}, wherea < b < ¢ and gcd(a,b,c) = 1.
Then x(G(Z,D)) =4 if D = (1,2,3s) for some integer s or ¢ = a+b and
a#b (mod3); x(G(Z,D)) = 2 if a,b,c are odd; and x(G(Z,D)) = 3 if

none of the conditions above s satisfied.
We now use Theorem 1.1 to prove Conjecture 2.1.

Theorem 2.1 Conjecture 2.1 is true.

Proof.
It is easy to verify the following (cf. [8, 43]):

e For D = {a,b,c}, 2 < x(G(Z,D)) < 4;

o If D =(1,2,3s) for some integer s, or c =a+band a Zb (mod 3),
then x(G(Z, D)) = 4;

e \(G(Z,D)) =2 if and only if a,b, ¢ are all odd.

Therefore to prove Theorem 2.1, it suffices to show that G(Z, D) is 3-
colorable, provided that D # (1,2,3s), and c #a+b,orc=a+bbut a=b
(mod 3). By Theorem 1.1, under these conditions, we have x(Z) > %, where



Z = (a,b,c). This means that there is a real number ¢ and there are integers
1, 7, k such that

it i tem<ain? kalaie<ny?
1+ - <ta<i+ - = = - <tc =
g = =tTg JTy =] T g 3 ='="NT3
Thus
3i+1 3i+2  3j+1 3j+2  3k+1 3k+2
3t e | , Al g Al , ].
a a C C

Let r = % We partition the real line R into half open intervals of length r,
ie., let
Iy =[sr,(s+1)r) for s=0,4+1,42,---.

Define a mapping A : Z — {1, 2,3} as follows:
A(xz) =s mod 3, if z € I,.

We shall show that A is a proper 3-coloring of the distance graph G(Z, D).

Suppose u ~ v in G(Z, D), then |u —v| € D. Without loss of generality,
we may assume that v — v = a. We shall prove that A(u) # A(v).

Assume u € I, and v € Iy, and assume to the contrary, that we have
A(u) = A(v). Then s = s (mod 3), i.e., s — s’ = 3h for some integer h.
Since

sr<u<(s+1)r and s'r <v < (s +1)r,

we have
(s—s—1)r<u—v=a<(s+1-35)r

This implies that

3h—1 1 3h+1
<= < ,
a r a

contrary to the assumption that

1 31+1 31+2
Sogre Xl S
T a a

for some integer 7. Therefore A is a proper 3-coloring of the distance graph
G(Z,D), and hence x(G(Z, D)) < 3. i

Now we discuss an interpretation of Theorem 1.1 in the study of view-
obstructions in the 3 dimensional Euclidean space.

Suppose the unit cube C in the k-dimensional Euclidean space E* has
faces which reflect a certain particle, and in the center of C' we place a
subcube aC'; where 0 < o < 1 and aC' is the magnification of C' by the
factor a. Suppose a particle is ejected from a corner of the cube C, and its
movement is not contained in one of the faces of C'. How large should « be
so that no matter how the particle is ejected, it will hit the subcube ?
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This problem is equivalent to the following: Let S* denote the region
0 < < oo (i =1,2--,k) of the k-dimensional Euclidean space E*.
Partition S* into k-dimensional cubes of side 1 whose vertices are at the
points with integer coordinates. Place a copy of aC' into each of these cubes
at the center. Let A(C, ) be the union of these copies of aC. To be precise,

1 1 1 . .

A(C,a) = {aC + (my + 50 M2 + PR + 5) : m; nonnegative integers}.
How large should the factor a be so that A(C, a) will “block the sky”, i.e.,
any half line L, given by z; = a;t, a; > 0,t >0 (i = 1,2,---, k), will intersect
AC,a) ?

This minimum « for which every half line L, given by z; = a;t, a; > 0,t >
0(t=1,2,---,k), intersects A(C, ) is a function of k, which is denoted by
A(k). It was conjectured by Cusick that A\(k) = Z—;} Cusick proved that
this conjecture is equivalent to Wills’ conjecture. So it has been confirmed
for £ < 4. If the conjecture is true, then for any a < %, there are some
half lines L, given by z; = a;t, a; > 0,t > 0 (i = 1,2,---, k), which do not
intersect A(C, «). In other words, these lines give the angles at which one
can “see through” the sky.

Now we restrict to the 3 dimensional Euclidean space, i.e., consider the
case that k = 3. Cusick’s conjecture was proved for k = 3 [12], i.e., A(3) = 1.
Thus if @ < %, then there are some half lines L, given by x; = a;t, a; >
0, >0 (i = 1,2,3), do not intersect A(C, ). A half line L in R3, given by
x; = ait,a; > 0,t >0 (i =1,2,3), is called critical if for any o < %, L does
not intersect A(C, ). It was shown in [12] that L is critical if and only if
(a1, as,a3) = (1,2,3).

It is obvious that as a becomes smaller and smaller, more and more half
lines will not intersect A(C, ). Intuitively, a person standing at the origin
will have more angles to “see through the sky”. However, our next result
shows that provided a > 1/3, there are not “many” angles one could see
through the sky. To be precise, all the half lines that do not intersect A(C, «)
either lie on the plane z3 = 1 + x2, or has direction (a,b,c) = (1,2, 3s) for
some integer s.

Theorem 2.2 Let C' be the unit cube in R?, and let A(C, %) be defined as
above. Then a half line L, given by L = {(ta,tb,tc) : t > 0,a,b,c € ZT a <
b <c (a,b,c) =1}, does not intersect A(C, 3) if and only if either (a,b,c) =
(1,2,3s) for some integer s, orc=a-+b anda b (mod 3).

Proof. The line L = {(ta,tb,tc) : t > 0,a,b,c € ZT,a <b < ¢, (a,b,c) =1},
does not intersect A(C, ) if and only if for any ¢ > 0, there is an u € {a,b, ¢}

such that
At — 2| > &
u— = =.
2!l 73
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Since ||z|| = 3 — ||z — £]|, the condition above is equivalent to

1 1
2(= — ||t -
(5 = Iltul) > 3

for some u € {a,b,c}. Therefore the line L does not intersect A(C, %) it
and only if for any ¢ > 0, there is an u € {a,b, ¢} such that [[tu]| < 5. Let

Z = (a,b,c). The condition above is equivalent to x(Z) < % By Theorem
1.1, this happens if and only if (a,b,¢) = (1,2,3s) or c = a+ b and a # b
(mod 3). i

Finally, we give an application of Theorem 1.1 to the study of flows in
graphs. Given a graph G = (V| F). Let G = (V, E) be an arbitrary orienta-
tion of the edges of G. For a vertex v € V', denote by E*(v) the set of edges
which have v as one of their end vertex, and direct from v to the other end
vertex, denote by E~(v) the set of edges which have v as one of their end
vertex, and direct to v from the other end vertex. Intuitively, ET(v) is the
set of edges leaving v, and F~(v) is the set of edges entering v.

A flow of G is an assignment f of real numbers to the edges E of G such
that for each vertex v, Yecp+()f(e) = Xecr—(v)f(e), i-e., the total amount
of flow entering v is equal to the total amount of flow leaving v. A nowhere
zero flow of G is a flow f such that fle) # 0 for all e € E. Given an
integer n > 2, a nowhere zero k-flow of G is a flow f such that for each
e e E, |f(e) € {1,2,---,k —1}. Tt is known [1] that whether or not G
has a nowhere zero k-flow does not depend on the orientation of the edges,
rather it is a property of the undirected graph G. The theory of nowhere
zero k-flow is a major topic in combinatorics. It was proved by Seymour [38§]
that every bridgeless graph has a nowhere zero 6-flow, and conjectured by
Tutte [41] that every bridgeless graph has a nowhere zero 5-flow. By applying
Seymour’s 6-flow theorem and the n < 4 cases of Wills’ conjecture, Bienia et
al [2] proved the following result:

Theorem 2.3 If G has a nowhere zero flow f such that |f(e)| assumes at
most k — 1 distinct values, then G has a nowhere zero k-flow.

Given a set S of £k —1 positive real numbers, we ask the question whether
a graph G has a flow f such that |f(e)| € S for every e. Intuitively, Theorem
2.3 says that among all (k—1) sets, the set {1,2,---,k—1} is the “best”, i.e.,
if the answer for the question above is “yes” for any (k — 1) set S, then the
answer is “yes” for {1,2,--- k — 1}. Our next theorem says that for k = 4,
most other 3 sets are actually merely as good as the set {1,2}.

Theorem 2.4 Assume G has a nowhere zero flow f such that |f(e)| assumes
at most 3 distinct values {a,b, c}, where a < b < c. If{a,b,c} # {a,2a,3sa}
and ¢ # a + b, then G has a nowhere zero 3-flow. Moreover, if c = a + b
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but there is no real number r such that a/r,b/r,c/r are all integers, gcd
(a/r,b/r,c/r) =1 and b/r # a/r (mod 3), then G also has a nowhere zero
3-flow.

Proof. We shall assume that a, b, ¢ are integers. The case a, b, ¢ are arbitrary
real numbers can be reduced to the all-integer-case, by applying Kronecker’s
approximation theorem. We shall omit this reduction which is similar to the
reduction process that can be found in [45] and [51].

Let f be a nowhere zero flow of an orientation G of G such that | f(e)| €

{a,b,c} for all e. By Theorem 1.1, there is a real number ¢ such that
lall > 3, b1l > 5, el >

In other words, the fractional part of ¢f is in the interval [1/3,2/3]. Now ¢ f
is also a flow of G. By a theorem of Ford and Fulkerson [23], G has an integer
valued flow g such that for each e, g(e) is equal to either [tf(e)] or |[tf(e)].
Now f" =tf — g is also a flow of G, and for every edge e, |f'(e)| € [1/3,2/3].
By reversing the orientation of those edges e for which f’(e) is negative, and
by multiplying |f’(e)| by 3, we obtain a flow f* of G such that f*(e) € [1,2].
Again by the above mentioned theorem of Ford and Fulkerson, G has an
integer valued flow with values in [1,2], i.e., G has a nowhere zero 3-flow. i

The same discussion carries out for flows in matroids (cf. [2]).

It was conjectured by Tutte [41] that every bridgeless graph without 3-
edge-cut has a nowhere-zero 3-flow. By Theorem 2.4, Tutte’s 3-flow conjec-
ture is equivalent to the following conjecture:

Conjecture 2.2 Every bridgeless graph without 3-edge-cut has a nowhere-
zero flow with |f(e)| € {a,b,c}, where a < b < ¢ are positive integers such
that ged(a,b,c) =1, (a,b,c) # (1,2,3s) for an integer s, and ¢ # a + b, or
c=a+bbuta=b (mod 3).

Indeed, if Tutte’s 3-flow conjecture is true, then every bridgeless graph
without 3-edge-cut has a nowhere-zero 3-flow, and hence has a nowhere zero
flow, say, with |f(e)| € {1,2,4}. Hence Conjecture 2.2 is true. Conversely, if
Conjecture 2.2 is true, then it follows from Theorem 2.4 that every bridge-
less graph without 3-edge-cut has a nowhere-zero 3-flow, i.e., Tutte’s 3-flow
conjecture is true.

The function (%) is also connected to the circular chromatic number
and the fractional chromatic number of distance graphs [5, 6]. Through the
fractional chromatic of distance graphs, it is connected to the density of
D-sets [4, 39], and to the asymptotic coloring efficency of the 7' colorings
(or channel assignments) [10, 25], and to the star-extremality of distance
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graphs and circulant graphs [24, 34]. We shall not explore such connections
here, and refer interested readers to the cited references for the definitions of
these concepts. We remark that the connections between x(Z) and the above
mentioned concepts have not been explicitly discussed in the references.

3 Some preliminaries

Sections 3-9 are devoted to the proof of Theorem 1.1. We shall assume that
a,b,c are fixed integers, a < b < ¢ and ged(a,b,¢) = 1. Let & = (a,b,c).
Since Wills’ conjecture is true for k = 3, we know that «(Z) > 1. (The
argument in this paper can be easily extended to a proof of the k = 3 case
of Wills” conjecture. Indeed, the proof in the remaining part will show that
K(Z) > é in most cases. Thus to prove Wills’ conjecture for the case k = 3,
it suffices to consider the case that (a,b,c) = (1,2,3s) or ¢ = a + b. These
cases are easy. However, we shall not bother to give another proof of the
k = 3 case of Wills conjecture, as quite a few nice proofs of this case have
been published.) It is also easy to see that x(Z) = 1/2 if and only if a, b, c are

all odd. Therefore, to prove Theorem 1.1, it suffices to prove the following:

1. k(%) < 1/3if (a,b,c) = (1,2,3s) for some integer s, or ¢ = a + b and
a#b (mod 3);

2. k(¥) > 1/3if (a,b,c) does not satisfy any of the two conditions above.
First we observe that the following two statements are equivalent:

1. k(%) >

o=

2. There exist three integers 1, 7, ¢ such that

ki+1 kiv+k—1,  kj+1 kj+k—1, _ ki+1 kl+k—1
[ : In[F————1Inl : | # 0.

a a C c

Indeed, ||ta]| > 1/k if and only if kt € [*EL ML) for some integer i.

For convenience, in the remaining of this paper, we shall let

x
Iy = 2,7,
and let
Fip(x) = U2 I[ki+ 1, ki+k —1;x].
Thus )
k(%) > z if and only if Fi(a) N Fy(b) N Fi(c) # O.



As observed above, our main concern will be whether or not F3(a) N F3(b) N
F3(c) # . This amounts to determine whether or not there exist three
integers k,i,j such that i =j =k =1 (mod 3) and that

Ik, E+ a0 Ifiyi+ ;00 [, 7+ 1;¢] # O.

For this purpose, we first consider those integer pairs (u,v) such that
Hu,u+ ;0N Iv,v+1;¢] # 0O, and uw=v (mod 3).

We call such a pair of integers (u,v) a consistent pair. We shall find all
the consistent pairs and for all the consistent pairs (u,v), determine the
intersections I[u,u + 1;b] N [v,v + 1;¢].

For a real number z, we denote by {x} the fractional part of z, i.e.,
{z} =2 — [=].

In the remaining part of the paper, there are quite a few special numbers
determined by a, b, c that we shall use frequently. The numbers m;, n;, J;
defined below are among these frequently used special numbers.

For any integer ¢ > 0, we let
m; = |3ic/(c —b)],

0; = {3ic/(c —b)},

and let
n; = |3ib/(c —b)].
Then
3ic/(c —b) =m; + 6,
and

Note that m; = n; + 3i. In particular, n; = m; (mod 3). As mq,ny, 0, will
be used more frequently, we let m = mqy,n = ny,6 = d;. Observe that

Lemma 3.1 For any integer ¢, we have
ITm;,m; + 1;¢] C I[ng,m; + 15 0].
Therefore (n;, m;) is a consistent pair and

I[ng,n; + 1,0 N I[m;,m; + 1;¢] = I[my,m; + 1;¢].
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Proof. It suffices to show that
n;/b <m;/c, and (n;+1)/b> (m; +1)/c.
By definition,
n;/b=3i/(c —b) —§;/b, and m;/c=3i/(c—0b)—;/c.
Since ¢ > b, it follows that n;/b < m;/c. Similarly,
(n; +1)/b=13i/(c—b)+ (1 —0;)/b

and
(m;+1)/c=3i/(c—b)+ (1 —9;)/c.

Hence (n; +1)/b > (m; +1)/c. |

Lemma 3.2 Suppose j > 0 is an integer. Then
(mi—j)/c € I[ni—j,ni—j+1;0] if and only if (m;—j)/c > (3i—1)/(c—D);

(m; +1+j)/c € Iln;+j,n;+ 75+ L;b] if and only if (m; + 1+ j)/c <
(3i+1)/(c—0b);

(n;—j)/b € Ilm;—j—1,m;—j;c| if and only if (n;—j)/b > (3i—1)/(c—0b);
(n;+7)/b € Ilm;i+j,m;+j+1;c| if and only if (n;+7)/b < (3i+1)/(c—D).

Proof. By Lemma 3.1, m;/c > n;/b. Hence
(mi = j)/c=mifc—j/c=nifb—j/b= (n; = j)/b.
Thus
(m; —j)/c € I[n;—j,n; —j+1;b] if and only if (m; —j)/c < (n; —j+1)/b.

Since

m;/c=3i/(c —b) —d;/c and n;/b=3i/(c —b)— /b,
this is equivalent to
3i/(c=b) = (b +j) /e <3i/(c = b) = (3 + = 1)/b.
This inequality holds if and only if
(0 +J)/ec = (6:+7 = 1)/b,
which is equivalent to

(0 +J)/e < 1/(c—b).
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Therefore
(mi—j)/c € I[n;—j,n;—j+1;b] if and only if 3i/(c—b)—(8;+7)/c > (3i—1)/(c—b).
This is equivalent to the condition that (m; — j)/c > (3t — 1)/(c — b).
Also by Lemma 3.1, (m; + 1)/c¢ < (n; + 1) /b, which implies that
(mi+1+j)/c < (ni+1+j)/b.
Therefore
(mi+1+43)/c € I[ni+j,ni+j+1;b] if and only if (m;+1+75)/c > (ni+4)/b.

Since

m;/c=3i/(c—b) —d;/c and n;/b = 3i/(c — b) — /b,
the condition above is equivalent to
Biflc—=b)+(J+1=6)/c>3i/(c—0b)+ (7 —)/b.
This is equivalent to
1/(c=b)>(j+1—0)/c

Hence
(m; +1+47)/c€Iln;+ j,n;+7j+1;b]

if and only if
if(c=b)+(+1—0;)/c<(3i+1)/(c—0b),

which means
(mi+1+7)/c<(3i+1)/(c—0).

The other inequalities are proved similarly. i

Corollary 3.1 Suppose u,v,j are non-negative integers.

o [fv/c € I[3j—1,3j;¢c— 1], then (v — 3j,v) is a consistent pair, and
the intersection I[v — 3j,v — 3j + 1;b] N I[v,v + 1; ] is equal to either
[v/c, (v =35+ 1)/b] or I[v,v + 1;];

o [fu/ceI[3j,3j+1;,c—10], then (v—3j —1,v—1) is a consistent pair,
and the intersection I[v — 35 — 1,v — 37;b] N I[v — 1,v;¢] is equal to
either [((v —3j — 1)/b,v/c]| or I[v — 1,v;¢|;
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o Ifu/be I35 —1,3j;c—0b|, then (u—1,u+3j—1) is a consistent pair,
and the intersection Ilu — 1,u;b] N I[u + 3j — 1,u + 3j; ] is equal to
[(w+3j —1)/c,u/b];

o [fu/be I[35,3j + 1;¢—b|, then (u,u + 3j) is a consistent pair, and
the intersection I[u,u+ 1;0] N I[u+ 37, u+ 35 + 1;¢| is equal to [((v —
3j)/b, (v +1)/c]. .

Corollary 3.1 determines all the consistent pairs and the corresponding
intersections. In other words, we have the following:

Lemma 3.3 The pair (u,v) is a consistent pair if and only if there is an
integer j such that v =u + 37 and one of the following is true:

1. v/eeI[3j —1,3j;¢—b.
2. ufbe 135,35+ 1;¢—b).

3. (u+1)/be I35 —1,35;¢—b.

Proof. Corollary 3.1 shows that each of the conditions above is sufficient.
So we only need to prove the necessity.

Suppose (u,v) is consistent. Then there is an integer j such that
v—u=23jand Ifu,u+1;b]NIv,v+1;c #0O.
Since ¢ > b, the intersection
Iu,u+ 1;0] N I, v+ 1; (]
is equal to

either I[v,v+1;¢], or [u/b,(v+1)/c], or [v/c,(u+1)/b].

If
Iu,u+ ;0] N Iv,v+ 1;¢) = Tv,v+ 1;¢],
then
u/b<wv/cand (u+1)/b> (v+1)/ec,
ie.,

(v—=3j)c<wvband (v—3j+1)c> (v+1)b.
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This implies that
v(c—b) <3jcand (v+1)(c—0b) > 3jc.

Hence v/c € I35 — 1,37; ¢ — .

If
TINu,u+ 1;0) N Iv,v + 1;¢] = [u/b, (v+1)/¢],
then
(u+3j)/c=v/c<u/b<(v+1)/e=(u+3j+1)/c
Therefore

3jb <u(c—1b) < 35b+0b.
Hence u/b € I[37,35 + 1;¢ — b).

! Iu,u+ ;0] N Ivw+1;¢) = [v/e, (w+1)/b],
then
(u+3j)/c=v/ce<(u+1)/b<(v+1)/c=(u+3j+1)/c.
Therefore
(35 — 1)b < (u+ 1)(c — b) < 3jb,
ie., (u+1)/be I[3j — 1,3j;c — bl. |

Note that some of the sufficient conditions in Corollary 3.1 for a pair
to be consistent do not appear in Lemma 3.3. This is because these condi-
tions are implied by other conditions, so the conditions in Corollary 3.1 have
redundency. We keep these conditions, as we shall use them later.

For the remaining of this paper, let d be the largest integer such that
dc < (d+ 1)b. By our assumption, ¢ < 2b. Therefore d > 1. The integer d is
one of the frequently used special numbers.

Lemma 3.4 Fori=0,1,---, and for j =0,1,---,d, we have
and

(mi+1+7)/celIn;+j,n;+j+1;b].

Proof. Since
= — an = —
c c—b c b c—Db b

it follows that

n—j _mi—j
<
b c

14



On the other hand,

ni—j+1 3 si+j—1
b Cc—b b ’

Since j < d and ¢; < 1, we have §; + j — 1 < d. It follows from the definition
of d that

Therefore . .
mi—j _ni—j+1
< .
c = b
This proves that (m; — j)/c € I[n; — j,n; — j + 1;b]. The remaining part can
be proved similarly. i

Corollary 3.2 For¢ = 0,1,2,---, for j = 0,1,---,d, the pairs of integers
(n; — j,m; — j) and (n; + j,m; + j) are consistent pairs. Moreover, if j # 0
then

m;—j n;—j+1

Ing—j,ni —j+ 10N Im; —j,m; —j+1;¢] = | P b ],

and

b’ c ’

Ifn;+g,mi+ 5+ L0 N Imy+j5,mi+ 7+ 1;¢c] =]

4 Some easy cases
First we settle some easy cases of Theorem 1.1.

Lemma 4.1 [f(a,b,c) = (1,2,3s) for some integer s, orc =a+b anda # b
(mod 3), then k(Z) < 1/3.

Proof. It is straightforward to verify that
Fy(1) N Fo(2) = {1,2,}.

Since i & 1[37 + 1,35 + 2; 3s] for any integers i, j, we conclude that
F3(1) N F3(2) N F3(3s) = O,

which implies that for & = (1,2, 3s), x(Z) < 1/3.

15



Assume now that c =a+band a #b (mod 3). Assume to the contrary
that x(Z) > 1/3. Then there are integers k,u,v such that k = u =v =1
(mod 3) and

Ik, k+ L;a) N Iu,u+ 1;0 N I[v, v + 15¢] # O.

In particular, (u,v) is a consistent pair. By Lemma 3.3 and Corollary 3.1,
either v/c € I[3j —1,3j; ¢ — b], and

Iu,u+1;0) N Iv,v+ 1;¢) = [v/c, (u+1)/b] or I[v,v+ 1;¢],
or u/be I[35,3j 4+ 1;¢ — b] and
Iu,u+ ;0] N Iv,v + 1;¢] = [u/b, (v+1)/d],
or (u+1)/b€ I[3j —1,3j;¢c—b] and
Iu,u+ ;0] N Iv,v+ 1;¢) = [v/e, (u+ 1)/b].

Note that a = ¢ — b. Hence
Iu,u+ ;0N Iv,v+ ;e NIk, k+ 1;¢—b] # O,

where u = v = k = 1 (mod 3). Therefore in the first case, we must
have k = 3j — 2, and v/c = (35 — 1)/(c — b). Suppose v = 3s + 1, then
2¢ —b=3(jc— s(c—"b)), hence

2c—b=0 (mod 3),
contrary to the assumption that
a=c—b#b (mod 3).

Similar calculation shows that in the second case, u/b = (35 + 1)/(c — b),
which again implies that @ = b (mod 3), contrary to the assumption. In
the third case, we must have

(u+1)/b=(3j—1)/(c=b),
which implies that 2¢c =0 (mod 3), again contrary to the assumption.

To prove Theorem 1.1, it remains to prove that under the condition
(a,b,c) # (1,2,3k) and ¢ # a+b, or ¢ = a+bbut a =b (mod 3), we
have x(Z) > 1.

For z > 0, we let C, be the circle obtained from the interval [0, z] by
identifying the end points 0 and z, and let ¢, : R — C, be the mapping
defined as ¢(t) = ¢ mod z. The mapping ¢, can be viewed as “wrapping”
the real line around the circle C,. Given two points u,v € C,, we denote
by [u,v] (resp. [u,v), (u,v], (u,v)) the closed (resp. half closed, open) arc of
C, from u to v along the clockwise direction, i.e., the increasing direction.
Thus, [u,v) and [v,u) form a partition of C,. In case the real number x is
clear from the context, we may simply write C' for C,, ¢ for ¢,, etc.
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ifc=a+banda=0>b (mod 3
Ifa=1,b=2 and 3 Jfc, then k
if b=2a and a [c, then k(Z) >
Proof. If ¢ < 2a, then
IM1,2;a]) N I[1,2;0] N I[1,2;¢] # Q.
Ifc=a+band a=b (mod 3), then since ged(a, b, c) = 1, we conclude

that none of a, b, ¢ is a multiple of 3, and hence

1e Fg(a) N Fg(b) N Fg(C).

Ifa=1,0=2and 3 Je, then again

1e Fg(a) N Fg(b) N Fg(C).

Assume b = 2a and c is not a multiple of a. Then
3i+1 3i+2
a ' a

Let C = 03/(:7 ¢ = ¢3/c- and for ¢ = 07 17 ) let

Fg(a)ﬂFg(b):{ ’L:O,]_,}

3t +1
a

fi) = o )-

Since f(i +a) = f(i), we know that f(Z) is a finite set.

Let 1,9, -,z be the points of f(Z), ordered cyclically in this order
on the circle C. Now we show that the arcs [x;, z;41] are of the same length.
Assume to the contrary that the arc [x;, z;,1] has length smaller than the
length of the arc [z;,z;11]. Assume that f(u) = z;, f(v) = z;41 and f(w) =
x;. It follows from the definition that the arc [f(w), f(w + v — u)] has the
same length as the arc [f(u), f(v)]. Therefore f(w + v — u) is contained in
the arc [z;,x;41], contrary to the definition of z;1;. So the arcs [z;, z;11]
are of the same length, which simply says that the points of f(Z) are evenly
distributed on C. (In the later proofs, there are similarly defined mapping
f and circle C', and so the points of f(Z) are evenly distributed on C. The
proofs will be the same and shall be omitted.)

Since ¢ is not a multiple of a, we conclude that |f(Z)| > 2. If |f(Z)| > 3,
then since the points of f(Z) are evenly distributed on C, and since the arc
[, 2] has length 1/3 of the total length of C, there is one image point, say

f(@), lies on the arc [%, %] This means that there is an integer 7 such that

3t +1

eI3j+1,35+2;¢.
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Therefore ,
3t+1

€ Fy(a) N Fy(b) N Fy(c) # 0.

If |f(Z)] = 2, then f(2) = f(0), which implies that 6/a is a multiple of 3/c,
i.e., 2¢ is a multiple of a. Because ¢ is not a multiple of a, we conclude that

Cll = 210 (mod 3/c) or (11 W (mod 3/c) or Cll i (mod 3/c)
If 1/a=3/(2¢) (mod 3/c), then
o€l

and we are done as before. If
1/a=1/(2¢) (mod 3/c), or 1/a=5/(2¢) (mod 3/c),

then L 9
s(2/0) € [, 7)
hence 5
P € F3(a) N F3(b) N F3(c) # O.

Lemma 4.3 If b # 2a and ¢ > 2b, then k(%) > %

Proof. Assume that b # 2a and ¢ > 2b. Note that if there are integers ¢, j
such that
I[3i 4+ 1,3i 4+ 2;a]) N I[35 + 1,375 + 2;b] = [z, y]

is an interval of length at least 2/c, then we are done. Indeed, it is easy
to see that F3(c) has nonempty intersection with any interval of length 2/c.

Therefore
Fs(a) N F5(b) N F3(c) D [z,y] N F3(c) # O.

If b > 4a, then let j be the smallest integer such that 3]—;’1 > é, it is easy
to verify that
I[35+ 1,35 +2;b] C I[1,2;q].

Hence
I35+ 1,37 +2;0)NI[1,2;a

has length % > %, and we are done.

Assume 2a < b < 4a. If ba < 2b, then
I[4,5;b] C I[1,2;al,
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and we are done as above. Assume 5a > 2b, and let ¢ be the smallest integer
such that
(6i 4+ 5)a < (3i+ 2)b.

(such an i > 0 exists because b > 2a.) Then

60+ 4 S 31 + 1’
b T a
because otherwise we have
606—1 3i—1
< )
b T a

contrary to the minimality of 7. Therefore
I[6i 4 4,6i 4+ 5;b) C I[3i+ 1,30+ 2;a.

Hence I[3j + 1,35 4+ 2;b] N I[3i + 1,3i + 2; a] has length 1/b > 2/c, and we
are done.

Assume now that b < 2a.

First we consider the case that ¢ > 4b. If 2b < 3a, then
12
I11,2:alNI|1,2:8] = |-, =
[1L2a) N[, 20 = [, 7

is an interval of length at least 1/(2b) > 2/¢, and hence we are done. Thus
we may assume 2b > 3a. Let C'= C3/, and ¢ = ¢3/,. For i =0,1,---, let

3i—|—2)
)

Then f(Z) is a finite set of points evenly distributed on C. Assume that
|f(Z)] = g. Then ga is a multiple of b. Because 3a/2 < b < 2a, we know
that g > 5. If g > 6, then as the images f(Z) are evenly distributed on the
circle C, there is one point, say f(j), contained in the arc [, 2]. This means

2a’ a
that there is an integer ¢ such that

fi) = o

3z+1.5<3]+2<3z+2’
a - b T a

which implies that
I35+ 1,3 +2;0] N I[3i + 1,3i + 2;4a]

is an interval of length at least 1/(2b) > 2/c. Hence we are done. Suppose
|f(Z)] = 5. Then 5a is a multiple of b. Because 3a/2 < b < 2a, we know
that ba = 3b. Easy calculation shows that

3 2
2a’ a

fB3) el -,
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and we are also done as above.

If 7b/2 < ¢ < 4b, then since b < 2a, which implies that ¢ < 8a. Hence

1 2
76}#@7

b

I[7,8;c] N I[1,2;a] N I[1,2;0] = I[7,8;¢|N
and we are done.

Assume 3b < ¢ < 7b/2. If 4a > 3b, then

12

b

is an interval of length 2/b — 1/a > % > %, and we are done. Assume that
4a < 3b. Let

I11,2;a] N I[L,2;0] = |

. 3+ 2
C= C3/a>¢ - ¢3/a7 and f(’l) = ¢( b )
Since b is not a multiple of a, we know that |f(Z)| > 2. Since the points of
f(Z) are evenly distributed on C, we conclude that there is one point, say

f(4), contained in the arc [%, %] This implies that there is an integer 7 such
that either

I[35+ 1,3 +2:b] C I[3i + 1,30 + 2;q],

or
I[35 + 1,35 + 2;b] N I[3i + 1, 3i + 2; ]

is an interval of length at least 1/(2a). In the former case, we are done as
I[35 41,375 +2;b] has length at least 2/¢; in the latter case, because 4a < 3b,
which implies that % > % > %, we are also done.
Assume 5b/2 < ¢ < 3b. If 5a > ¢, then easy calculation shows that
5
— e I[4,5;¢] N I[1,2;0] N I[1,2;al,
c
hence we are done. Therefore we may assume 5b/2 < ba < ¢ < 3b. Again,

let
31+ 2
€ = Cyar6 = by, and f(i) = 6(*=).

Suppose f(Z) contains g points, then ga is a multiple of b. Since 5b/2 <

5a < 3b, we know that g > 6, which implies that there is one point, say
f(4), contained in the arc [%, %] Similarly to the previous paragraph, we

can show that for some integers 7, 7, we have

I13j+ 1,35 +2;0] N I[3i + 1, 3i + 2;d]

has length at least %, and hence we are done.

If 2b < ¢ < 5b/2, then easy calculation shows that
2
7 € I1,2;a] N I[4,5;cl,

and we are done. This completes the proof of Lemma 4.3. i
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5 Strongly consistent pairs

In the remaining part of the proof of Theorem 1.1, we assume that 2a < ¢ <
2b, ¢ # a+ b and b # 2a. We shall prove that under these conditions, there
are three integers u, v, w such that

Iu,w+ 1;a) N Iv,v + ;0N Iw,w + 1;¢] # O

and that u =v=w =1 (mod 3). As shown in Section 3, this is equivalent
to the statement that «(Z) > 3.

In Section 3, we have determined all the consistent pairs (u,v) of integers,
i.e., those pairs (u,v) such that I{u,u + 1;b] N I[v,v + 1;¢] # @ and u = v
(mod 3). For all the consistent pairs (u,v), we have also determined the
intersection [[u,u + 1;b] N I[v,v + 1;¢|. Now we shall take those intervals
I[3i 4+ 1,3i + 2;a] into considerations. We say a consistent pair (u,v) is
strongly consistent if there is an integer ¢ such that

I[3i + 1,3i + 2;a] N T[u,u + 1;0] N [v,v + 15 ¢] # O.

Using this notion, to prove Theorem 1.1, it suffices to prove Proposition 5.1
below.

Proposition 5.1 Under the assumption that ¢ # a + b, b # 2a, and 2a <
¢ < 2b, there is a strongly consistent pair (u,v) such that v=1 (mod 3).

We shall prove Proposition 5.1 by contradiction, i.e., assuming proposi-
tion 5.1 is not true, we shall derive a contradiction. Thus for the remaining
part of this paper, we assume the following

General Assumption: ¢ # a + b, b # 2a, 2a < ¢ < 2b, and there is no
strongly consistent pair (u,v) for which v=1 (mod 3).

In order to derive a contradiction, we shall try to find as many strongly
consistent pairs as possible. Lemma 5.1 below is just a combination of Corol-
lary 3.2 and the definition of strongly consistency.

Lemma 5.1 Suppose i, j,{ are non-negative integers.

o If I[3i + 1,3t + 2;a] contains the point 3j/(c — b), then (n;,m;) is
strongly consistent.

o If (nj — 0)/b € I[3t + 1,3i + 2;a] N I[3j — 1,35;¢ — b], then
(nj—0—1,m; —{—1) is strongly consistent. In particular, if { < d—1
and (n; —£)/b € I[3i + 1,3t + 2;a] then (n; — € —1,m; — ¢ — 1) is
strongly consistent.
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o If (nj + 0)/b € I[3i + 1,3i + 2;a] N I[35,35 + 1;¢ — b], then
(nj + €, m; + 0) is strongly consistent. In particular, if ¢ < d and
(nj+0)/b € I[3i+1,3i+2;a] then (n;+¢, m;+1) is strongly consistent.

o If (mj — 0)/c € I[3i + 1,3i + 2;a] N I[3j — 1,3j5¢ — b], then
(nj — €,m; — L) is strongly consistent. In particular, if ¢ < d and
(m;—10)/c € 1[3i+1,3i42;a] then (n;—{,m;—{) is strongly consistent.

o If (mj+40)/ceI3i+1,3i+2;a]NI[35,3] + 1;¢—b], then (nj +{ —
1,m; + ¢ — 1) is strongly consistent. In particular, if ¢ < d+ 1 and
(m; +{)/ce€I[3i+1,3i+2;a] then (nj+{—1,m; +{—1) is strongly
consistent.

Corollary 5.1 Suppose i,j are non-negative integers and that 1[3i + 1, 3i +
2;a] contains the point 35/(c —b). If (3i+1)(c—b)/a < 3j—~v and m; =2
(mod 3), then

d; > b/(c —b) >

if 3i+2)(c—b)/a>3j+~yand m; =0 (mod 3), then

1—6; >~b/(c—1b) > 7.

Proof. Suppose i, j are integers such that
3j/(c—0b) € 1[3i+1,3i+2;a] and (3i + 1)(c —b)/a < 3j — 7.
First note that 35 /(c—b) € I[3i+1, 3i42; a] implies that (3i+1)(c—b)/a < 3j.
Thus v > 0.
If 6; <~b/(c —b) then

5;/b < 7/(c—b) < 3j/(c = b) — (3 +1)/a.

Since n;/b=3j/(c—b)—0;/band 35/(c—b) € I[3i+1,3i+2; a], we conclude
that
(3i42)/a >3j/(c—b) >n;/b> (3i +1)/a.

Hence n;/b € I[3i + 1,3i + 2;a], and it follows from Lemma 5.1 that
(nj —1,m; — 1) is strongly consistent, which implies that m; #2 (mod 3).
Therefore m; = 2 (mod 3) implies that 6; > vb/(c — b). Since 2b > ¢, it
follows that vb/(c — b) > 7.

Assume now (3i + 2)(c — b)/a > 3j + ~y. Similarly, because 3j/(c — b) €
I[3i + 1,3i + 2; a], we know that v > 0. If 1 — §; < ~vb/(c —b), then

(1=0;)/b<~/(c=b) < (3i+2)/a—3j/(c—D).
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Therefore (n; +1)/b = 3j/(c —b) + (1 — 9;)/b < (3i + 2)/a, which implies
that (n; +1,m; + 1) is strongly consistent (by Lemma 5.1). Hence m; # 0
(mod 3). Therefore m; =0 (mod 3) and (3i +2)(c —b)/a > 3j + v implies
that 1 —0; > ~vb/(c —b) > . i

Lemma 5.2 Suppose i,j are non-negative integers.
IfI3i+1,3i+2;a] D I[3j — 1,3j;¢—0b] thend =1 and m; =0 (mod 3);
if I[3i+1,3i 4+ 2;a] D 1[35,3j + ;¢ —b] thend =1 and m; =2 (mod 3).

Proof. If
I[3i+1,3i + 2;a] D I[3j —1,3j;¢—b),
then it follows from Corollary 3.2 that
(TLj,’fTLj), (nj — 1,mj — 1), R (le — d,mj — d)

are strongly consistent. Since d > 1 and none of the integers m;,m; —
1,--+-,m; — d is equivalent to 1 modulo 3, we must have d = 1 and m; =0

(mod 3).

If
I[3i+1,3i 4+ 2;a] D I[35,3] + 1;¢— 1],

then it follows from Corollary 3.2 that
(nj,m;),(n; +1,m; +1),---,(n; +d,m; +d)

are strongly consistent. Since d > 1 and none of the integers m;, m; +

1,--+-,m; + d is equivalent to 1 modulo 3, we must have d = 1 and m; = 2
(mod 3). |

Corollary 5.2 There are no non-negative integers i, j such that
I[3i+1,3i 4+ 2;a] D I[35 — 1,35 + 1;¢—b].
Proof. If
I[3i+1,3i+2;a] DI[3j — 1,3+ 1;¢— 1],

then
I[3i +1,3i + 2;a] D I[3j — 1,35;¢ — b

which implies that m; =0 (mod 3). On the other hand,
I[3i +1,3i 4+ 2;a] D I[35,3j + 1;¢—b]
which implies that m; =2 (mod 3), an obvious contradiction. i

In the remaining part of the paper, we let
C= C':z/(cw), = ¢3/(cfb)a
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and for 1 =0,+£1,£2,---, let

f(i) = ¢((Bi+1)/a).

Then f(Z) is a finite set of points that are evenly distributed on the circle
C. We assume that |f(Z)| = ¢, and denote these ¢ points, according to

their clockwise cyclic ordering, by g, 21, -+, x,—1. We shall refer the points
To, L1, ", Tg—1 AS 1Mage points.
Since the ¢ points g, x1, - - -, 24—1 are evenly distributed on the circle C,

any half open arc [z,y) (or (z,y]) of C of length 3/(¢(c—b)) contains exactly
one of the image points.

We assume that f(0) = ¢(1/a) = xo, and f(1) = ¢(4/a) = x,. Because
(Bi+1)/a—1/a =i(4/a —1/a), it follows that f(i) = ¢((3i + 1)/a) = x4,
where the index ip takes the modulo ¢ value of ip. The two integers p, ¢ must
be coprime, for otherwise ¢((3i+1)/a) cannot assume the value x;. Let o, 3
be the unique integers such that 1 < a < ¢—1,0< g <p—1and ap—[(q = 1.
Then « is the smallest positive integer such that ¢((3aw+1)/a) = z;. Clearly
if p=1then a =1 and § = 0. We also note that ¢ = 1 if and only if
¢(4/a) = ¢(1/a), which is equivalent to the condition that ¢ — b is a multiple
of a.

Since ¢(1/a) = zo, ¢(4/a) = z, and the arc [z, z,| has length 3p/(q(c —
b)), it follows that there is an integer ¢t > 0 such that
c—b P

t+=.
a q

The numbers «, 3,p,q,t defined above will be used frequently in the
remaining of the paper. The circle C, the mapping ¢ and those points
Zo,T1, -+, Tq—1 of C will also be used frequently in the remaining.

6 The case c—b> 2a

In this section, we assume that ¢c—b > 2a and we shall derive a contradiction
to our general assumption. First we prove a lemma which will be used in
this section as well as in Section 8. For an interval I of the real line R, we
shall denote the length of I by length(7).

Lemma 6.1 Ifa<c—0b thend=1.

Proof. First we claim that there are integers 7, 7 such that
length(/[3i + 1,3i +2;a]NI[35 — 1,35+ 1;¢—b]) > 1/(c— D).
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If g =1, then ¢ — b = ta for some integer t > 2. If ¢ = 2 then
I[1,2;a] N I[2,4;¢ — b = 1]2,4;¢— ],
which is an interval of length 2/(c — b).
If t = 3 then
I[1,2;a] N I[2,4;¢—b] = 1[3,4;¢— 1],
which is an interval of length 1/(c — b).

If ¢ > 4 then length(I[1,2;a]) > 4/(c — b). Let j be the smallest integer
such that (35 — 1)/(c —b) > 1/a, then it is straightforward to verify that
I[1,2;a] D I[35 — 1,35 + 1;¢—b).

If g =2, then p=1and (¢c—b)/a =t+ 1/2 for some integer t > 1. In
particular (¢ —b)/a > 3/2. The arc [1.5/(c — b),3/(c — b)] of C has length
3/(q(c — b)), and hence contains an image point. Suppose

o((3i+1)/a) € [1.5/(c —b),3/(c —b)].
By the definition of ¢, it means that for some integer j,
(3j —1.5)/(c—0b) < (3i+1)/a <3j/(c—b).
Since (¢ —b)/a > 3/2, it follows that 1/a > 3/(2(c — b)). Therefore

I[3i +1,3i+ 2;a] D I[3j —1,35;¢ — b].

If ¢ > 3, then the arc [2/(c — b),3/(c — b)] of C has length at least
3/(q(c — b)), hence it contains an image point. Suppose

¢((3i+1)/a) € [2/(c —),3/(c —b)].
Then for some integer j,
(3j = 1)/(c—b) < (3i +1)/a < 3j/(c — b).

Therefore either I[3i + 1,3i + 2;a] C I[3j — 1,35 + 1; ¢ — b], which implies
that

I[3i+1,3i 4+ 2;a) N I[3j — 1,3 + 1;¢ — b] = I[3i + 1,3i + 2;.a], or

I[3i +1,3i +2;a] D I[35,3] + L;c — b).

By noting that a < ¢— b, which implies that 1/a > 1/(c—b), we have proved
the claim. Thus we may assume that ¢, j are integers such that

length(I[3i + 1,3i +2;a] N I[35 — 1,35 + Lic— b)) > 1/(c — b).
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This implies that 3j/(c —b) € I[3i + 1,3i + 2;a]. Hence by Lemma 5.1,
(nj,m;) is strongly consistent.

Assume to the contrary of this Lemma that d > 2. That means 2¢ < 3b,
and hence 2/b < 1/(c —b). Since

length(I[3i +1,3i 4+ 2;a] N I[35 — 1,35 + 1;¢ — b)) > 1/(c — b) > 2/b,
there are two consecutive integers u, u + 1 such that

u/b, (u+1)/beI[3i+1,3i+2;a] NI[3j —1,3j + ;¢ —b.

If both points u/b, (u+1)/b are contained in I[3j —1, 3j; c—b], then since
3j/(c —b) € I[3i + 1,3i + 2; a], we may assume that u + 1 = n;. Therefore
both points n;/b and (n; — 1)/b are contained in the intersection

I[3i+1,3i+2;a) N I[3j — 1,35 + L;c— b].

By Lemma 5.2, both (n; — 1,m; — 1) and (n; — 2,m; — 2) are strongly
consistent. However, we have observed in the second previous paragraph
that (n;,m;) is also strongly consistent. This is in contrary to the general
assumption, as one of the integers m;, m; —1, m; —2 is equivalent to 1 modulo

3.

If u/b<3j/(c—">b)and (u+1)/b> (u+ 1)/b, then by applying Lemma
5.2 as above, we conclude that

(nj — 1,mj — 1), (nj,mj), (n]' + 1,mj + 1)
are all strongly consistent, contrary to the general assumption. If u/b >
3j/(c —b), then since 3j/(c — b) € I[3i + 1,3i + 2;a], we may assume that
u+ 1 =mn; + 1. Similarly as above, we can conclude that

(nj,my), (nj+1,m;+1), (n;+2,m;+2)

are all strongly consistent, contrary to the general assumption. i

Thus for the remaining part of this section, we may assume that d = 1.
This implies that 3b < 2¢ and hence ¢ — b > b/2 and ¢ — b > ¢/3.

Lemma 6.2 3a > ¢ —b.

Proof. Assume to the contrary that 3a < c—b. We shall show that, contrary
to Corollary 5.2, there exist integers ¢, 7 such that

I[3j — 1,3 + 1;¢ — b] C I[3i + 1,30 + 2; a).
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If ¢ > 3, then the arc [1/(c —b),2/(c — b)] of C' contains an image point.
Suppose

¢((Bi+1)/a) € [1/(c = b),2/(c = b)].

Then for some integer j,
(37 =2)/(c=b) <Bi+1)/a<(3j = 1)/(c=b).
Because 1/a > 3/(c —b), i.e.,
length(1[3i + 1,3i + 2;a]) > 3/(c — b),
we conclude that

I[3j —1,3j + L;c— b C I[3i +1,3i + 2; al.

If ¢ =2, then p =1 and (¢c—b)/a = t+1/2 for some integer ¢t > 3. Hence
(c—0b)/a > 3.5. The arc [1/(2(c—b)),2/(c—b)] of C has length 3/(¢q(c—b)),

hence it contains an image point. Suppose
¢((3i+1)/a) € [1/(2(c = b)), 2/(c = b)].
Then for some integer j,
(3j —25)/(c—=b) <Bi+1)/a<(37—1)/(c—0b).
Because 1/a > 3.5/(c —b), i.e.,
length(I[3i + 1,3i + 2;a]) > 3.5/(c — b),
we conclude that
I[3j —1,3j+ 1;¢—0b] C I[3i + 1,3i + 2;al.
If g =1 then ¢ — b = ta for some integer t > 4. If t > 5 then
length(1[1,2;a]) > 5/(c —b).
Then it is obvious that for some integer 7,
I35 — 1,35 + 1;¢—b] C I[1,2;a].

If t = 4 then
I[5,7;¢—b] C I[1,2;al.

Lemma 6.3 3a # ¢ — 0.
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Proof. Assume to the contrary that 3a = ¢ —b. Then
I[1,2;a] D I[3,4;¢— bl U I[5,6;¢—b].
By Lemma 5.2,
my=m=2 (mod 3), and my = [2(m+9)] =0 (mod 3).

This is an obvious contradiction, as 0 < 26 < 2. [ |
Lemma 6.4 ¢ —b < 2qa.

Proof. Assume to the contrary that 2a < ¢ —b < 3a. (Note that we have
already shown that ¢ — b < 3a.) Since (¢ — b)/a = t + p/q for some integer
t, we have t = 2. First we assume that p > 3. The arc [2/(c — b) — 3/(q(c —
b)),2/(c — b)] of C has length 3/(q(c — b)). Therefore it contains an image
point. Suppose

¢((3i +1)/a) € [2/(c —b) = 3/(q(c = 1)), 2/(c = b)].
Then for some integer j,

3j—1-32 - o
J g o B3it1l _3j-1

c—b — a T c¢—b

Since the interval I[3i + 1, 3¢ + 2; a] has length

P 3
1:2+q>2+q
a c—b  c—0’

we conclude that, in contrary to Corollary 5.2,

I[3j —1,3j + ;¢ —b] € I[3i +1,3i + 2; ).

If p =2 then ¢ = 25 + 1 for some integer s. Therefore

c—b_2+ 2
a 2s+1°

Then it is straightforward to verify that
I[6s+ 5,65+ T7,c—b] C I[3s+1,3s + 2;q],

again in contrary to Corollary 5.2.

Finally we assume that p = 1. Then (¢ — b)/a = 2+ 1/q. It is straight-
forward to verify that

I[3,4;¢—b] C I[1,2;al], and

28



Il6g—1,6q;¢c—0] CI[3(¢g—1)+1,3(¢ — 1)+ 2;a].
By Lemma 5.2,

m=2 (mod 3), and mg, =0 (mod 3).

As (¢ —b)/a = 3 —(q —1)/q, by Corollary 5.1 we have § > (¢ — 1)/q.
Then
2q(m+1) > 2g(m +9) > 2q(m + 1) — 2,

which implies that
mag = 120(m +8)] 20 (mod 3)

(note that m+1 =0 (mod 3)), contrary to the previous conclusion. i
Lemma 6.5 2a # ¢ —b.

Proof. If 2a = ¢ — b then I[1,2;a] = I[2,4; ¢ — b|, contrary to Corollary 5.2.
i

Thus we have proved that under the general assumption, we have ¢ — b <
2a.

7 A technical lemma

The results in Sections 4 and 6 prove Theorem 1.1 for the cases
c—b>2a, c<2a, b=2a, c=a+b.

It remains to show that Theorem 1.1 is also true for those triples a, b, ¢ such
that
2a < c<2a+0b, and ¢ # a+ b, b # 2a.

We note that the intersection F3(a) N F3(b) N F3(c) is becoming smaller as
the triple (a, b, ¢) is closer to the plane ¢ = a+b. Indeed, if the triple (a, b, ¢)
is on the plane c=a+band a =b (mod 3), then

F3(a) N F3(b) N Fg(C) = @7

and hence k(7) < % Therefore it is natural that it becomes more difficult to
prove that F3(a) N F3(b) N F3(c) # O when the triples become closer to the
plane ¢ = a+b. The proofs for the remaining cases are more complicated and
involved. In this section, we prove a technical lemma which will be crucial
to the proofs in the next two sections.
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Lemma 7.1 Let |(tq +p)(m+90)] = w and {(tq+p)(m +6)} = '. Then
w=0 (mod3) and ¢ =0, i.e., (tg+ p)(m+6) is an integer equivalent to
0 modulo 3. In particular (tq + p)d is an integer.

Proof. Recall that (c —b)/a =t + 2. As we have already proved Theorem
1.1 for ¢ — b > 2a, it remains to consider the cases that t = 0,1. However,
the proof for ¢t = 1 is also valid for ¢ > 2.

First we consider the case t = 0. Thus we assume that (¢ — b)/a = p/q,
and we shall prove that p(m + J) is an integer equivalent to 0 modulo 3.
Observe that since p/q < 1, we have 1/a < 1/(c — b).

Claim 7.1 There are integers 1,7 such that

I[3i+1,3i+2;a] C I[3j — 1,35 + L;c — b].

Indeed, if ¢ = 2 then p =1 and
I[1,2;a) C [0,1/(c —b)].

If ¢ > 3 then the arc [2/(c — b),3/(c — b)] of C' contains one of the image
points. Suppose f(i) € [2/(c—b), 3/(c—b)], then it follows from the definition
of f(i) that there exists an integer j such that

(37 —1)/(c=b) < (3i+1)/a <3j/(c—b).
Since 1/a < 1/(¢ — b), we conclude that
I3 +1,3i +2;a) C I[35 — 1,3j + L — b].

This completes the proof of Claim 7.1.

Suppose [[3i + 1,31 + 2;a] is contained in I[3j5 — 1,35 + 1;¢ — b]. By
symmetry, we may assume that

I[3i+1,3i 4+ 2;a] N I[3j — 1,3j;¢ — b] # O.
Since (¢ —b)/a = p/q, for any integer k, we have 3kq/a = 3kp/(c —b), hence
I13(i + kq) + 1,3(i + kq) + 2;a] C I[3(j + kp) — 1,3() + kp) + 1;¢ —b]
and that
I[3(i + kq) + 1,301 + kq) + 2;a) N I[3() + kp) — 1,3(j + kp);c — b] # O.

Let
7 = max{0, 3jc/(c—0b) — (3i +2)c/a}.
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Then for all k, we have

max{0, 3(j +kp)/(c—0b) — (3(i+kq) +2)/a} =T.

Let 78 =0 when 7 = 0, and 7* = 7+ 1 — {7} if 7 > 0. Alternately, we
can define 7* as 7* = [7] when 7 = 0 or 7 is not an integer, and 7* =7 + 1
when 7 is a positive integer.

Claim 7.2 For any integer k, (njixp — 7%, Mjskp — T°) 15 Strongly consistent.

Indeed, if 7 = 0 then
3(j+ kp)/(c—0b) € I[3(i+ kq) + 1,3(i + kq) + 2; al.
By Lemma 5.1, (nj4kp, Mjt+kp) is strongly consistent. If 7 > 0 then
7 =3(j + kp)e/(c — b) — (3(i + kq) + 2)c/a.

Hence 7/c = 3(j + kp)/(c — b) — (3(i + kq) + 2)/a. Therefore

Myjphp — T _ 3(j+kp)_5j+kp_z_1_{7—}
c c—b c c c
34k +2 St (L= {T})
a c

As2/c<1/a, 0 < dj4kp+ (1 — {7}) < 2, it follows that

Myjhp — T — 1 +{T}

. € I[3(: +kq)+ 1,3(0 + kq) + 2; q]

N I[3(j + kp) — 1,3(j + kp);c — b).

By Lemma 5.1, (044, — 7%, mjipp,—77) is strongly consistent. This completes
the proof of Claim 7.2.

Therefore for all &,
Mjskp — 7" # 1 (mod 3).
Since

Mjtkp = Lmj + (5]‘ + k:p(m + 5)J
= my+ [k(w+d) + ;]

we have
mj+kp — 7'* — (mj — 7'*> = UC(U) + (5/) + 5JJ
Claim 7.3 w# 2 (mod 3).
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Assume to the contrary that w = 2 (mod 3). If mj —7* =0 (mod 3),
then for all £ > 0,

Mjtkp — T = Lk(w + (Sl) + 5JJ
2k + [kd" 4+ 0;| (mod 3).

Let ko > 2 be the least integer such that kod’ + 9; < kg — 1 (such an integer
k exists because 0 < §;,¢" < 1). Then we have

ko — 2 < koo’ + 8; < ko — 1.
This implies that
Mjtkop — T = 2ko + | (ko — 1)0" +6;] =3kg—2=1 (mod 3),
contrary to the fact that for all k,

Mjskpy — 7 Z 1  (mod 3).

If mj —7* =2 (mod 3), then

My = 7" = 24 [k(w +0) + 6]
= 2+42k+ [kd'+0;] (mod 3).

Let ko > 1 be the least integer such that ko0’ + 6; < ko. Then
ko — 1 §k05/+(5]‘ < ko.

Hence
Mjskep — 7 =1 (mod 3),

again contrary to the fact that for all k,
Mjkpy — 7 Z 1  (mod 3).

This completes the proof of Claim 7.3.
Claim 7.4 Ifw =0 (mod 3), then §' = 0.

Ifw=0 (mod 3), then

Mjrkp — 7 = (mj — 1) + [k§']  (mod 3).

If mj —7*=0 (mod 3), then

Mjrkp —7° = [kd']  (mod 3).

32



Assume to the contrary that ¢’ # 0. Let ko be the least integer such that
koo’ > 1. Then

Mjihp — T = k']
= 1 (mod 3),

contrary to the fact that for all &,
Mk — 7 Z 1  (mod 3).

If mj —7* =2 (mod 3), then
Mjtkp — 7 =2+ (k'] (mod 3).

Assume to the contrary that ¢’ # 0. Let ky > 3 be the least integer such
that kod’ > 2. Then

Mjtkop — T = 2+ | k0’|
1 (mod 3),

contrary to the fact that for all k,
Mk — 7 Z 1  (mod 3).

This completes the proof Claim 7.4
Claim 7.5 w# 1 (mod 3).

Assume to the contrary that w = 1 (mod 3). We shall only consider the
case when 7 > 0, i.e., (31 +2)/a < 3j/(c — b). The case when 7 = 0 needs
to be discussed separately, but the idea is the same. We shall just point out
the difference at the appropriate places of the proof, and omit the details for
that case.

By Claim 7.2,
m; —7"#1 (mod 3).

Assume first that
m; —7" =0 (mod 3).

Then
mj+kp — T* = Uf(UJ + (5/) + (S]J
= k+ |k +4;] (mod 3).

We now prove by induction that for all k,

Mjsorpy — 7 =0 (mod 3),
Mjseety — T =2 (mod 3),
2l€6l+5] <k+1,

(2k +1)0" +0; > k+ 1.
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When k = 0, we have m; —7* =0 (mod 3) by assumption. Moreover,
mj, — 7" =1+[6+0;] (mod 3).
Since mj, — 7 # 1 (mod 3), we must have
Mmjip — 7" =2 (mod 3)

and hence
§ +0; > 1.

Suppose the above statement is true for integers < k. Then

mj+2(k+1)p i 2(]%' + 1) + LQ(k + 1)5/ + 6JJ (H’lOd 3)

By the induction hypothesis, we have
2k6'+0; <k+1, and (2k+1)0' +6; > k+ 1.

This implies that
E+1<2(k+1)0+06 <k+3.

If 2(k+1)0" +6; > k + 2, then we would have
12(k+1)0"+ ;] =k +2,

and hence
Mjt2(k+1)p — Tr=1 (mod 3),

contrary to our previous conclusion. Therefore we have
2(k+1)0" +6; < k+2

and
Moty — T =0 (mod 3).

Also we have
Mjyohiayy — 7 =2k +3+ [(2k +3)8" 4+ 9;] (mod 3).
Since k+ 1 <2(k+ 1)’ +6; < k + 2, we have
k+1<(2k+3)d +6; <k+3.

Because
Mjsktsy — 7 # 1 (mod 3),

we conclude that
k+2<(2k+3)0+d <k+3
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and
mj+(2k+3)p -7 =2 (mod 3)

Now 2kd’ +6; < k+1 and (2k+1)0'+9; > k+ 1 for all k implies that
' =1/2 and §; > 1/2.

Next we show that 0, < {r}. Assume to the contrary that ¢6; > {7}.
Then
5]‘ - {T} Z 0.

Recall that
T =3jc/(c —b) — (3i + 2)c/a,

hence
T/c=3j/(c—b)— (3i+2)/a.
Therefore
m; —7+1  3j _&_14_@
c  c—b c c c
B 3i+2_5j—{7}
N a c

As2/c<1/a,0<6; — {7} <1, it follows that

v
MiTT T I[3i41,3i+2:d]

N I35 —1,3j;¢c—bl.

C

By Lemma 5.1, (n; — 7% 4+ 1,m; — 7* + 1) is strongly consistent. However
m; —7"+1=1 (mod 3), contrary to the general assumption.

Summing up the discussion above, we have proved that
8 =1/2, 6; >1/2, and §; < {7}.
It follows then that
mipy—7 =146+ =2 (mod 3),

and
5j+p:5j+6/_1:6j_]—/2< 1/2

Since {7} > ¢; > 1/2, we conclude that

510 — {7} < 0.
Then the same calculation as above shows that
Mjpp — 7 — 1 _ 3(j +p) _5j+p T 2—{r}
c c—b c c c
o3+ +2 2 {1} + 054y
a c ’

35



Therefore

R |
Mjtp 77 = 2 136 +q) +1,3(i + q) + 2: q]

N IB(G+p) —1,3(j+p)c—1bl.
By Lemma 5.1, (nj4, — 7" —1,m;4, —7* — 1) is strongly consistent. However

mjyp — 7" —1 =1 (mod 3), contrary to the general assumption. This
completes the proof for the case when m; — 7* =0 (mod 3).

We note that in the proof of this case, we assumed that 7 > 0. In case
7 = 0, then instead of showing that {7} > d,, we should prove that

(Bi+1)/a <3j/(c—0b)—d;/a,

and instead of considering (m; — 7" +1)/c and (m;4, — 7* — 1) /¢, we should
consider (n; +1)/b and n;4,/b, respectively. The rest of the argument is the
same.

Now we consider the case when m; —7* =2 (mod 3). Then

Moy = G+ )+ 0)] 7
= mj—i-w—T*—l—L(Sj—l—(S'J
= [d;+4'| (mod 3).

Since mji, — 7" # 1, we conclude that
mjyp —7 =0 (mod 3).

Thus we may replace j by j + p in the proof for the case when m; — 7 =
0 (mod 3), and obtain a contradiction to the general assumption. This
completes the proof of Claim 7.5, as well as the proof of the t = 0 case of
Lemma 7.1.

The case t > 1 of Lemma 7.1 is proved similarly. The following two
paragraphs point out the difference.

If t > 1, then 1/a > 1/(c — b). We observe first that there are integers
1, 7 such that
3j/(c—b) € I[3i+ 1,3 + 2;al.

Indeed, if ¢ > 3 then there is an image point contained in the arc [2/(c —
b),3/(c—0b)] of C. If

f@@) € [2/(c=b),3/(c=b)],
then the image arc
[6((3i + 1)/a), ¢((3i + 2)/a)]
contains the points 3/(c — b) which implies that for some j, I[3i+ 1, 3i +2; a]

contains the point 3j/(c —b). The case ¢ = 1 or 2 are easy, and we omit the
details.
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It is easy to see that the fact that I[3i + 1,3i + 2;a| contains the point
3j/(c —b) implies that for all & > 0,

3(j+k(tg+p))/(c—=0b) € I[3(i + gk) + 1,3(i + gk) + 2; a].

By Lemma 5.1, M kuqip) Z 1 (mod 3) for all integer k. The rest of the
proof is the same as the corresponding part of the proof for the case when
t = 0, and we omit the detail. | |

The following corollary is an easy consequence of the fact that §; = {jd}
for any integer j.

Corollary 7.1 For any j, (tq+p)d; is an integer. Therefore §; = s;/(tq+p)
for some integer s;. In particular,

0<6; <(tg+p—1)/(tqg+p).

8 The case 2a >c—b > a

In this section, we assume that 2a > ¢ — b > a, and we shall derive a
contradiction to the general assumption. Since 2a > ¢—b > a and (c—b)/a =
t + p/q for some integer ¢, we must have t = 1, i.e.,

(c—b)la=1+p/q.

We also note that by Lemma 6.1, we may assume that d = 1, hence 3b/2 <
¢ < 2b. In particular, 3 < 3b/(c —b) =n+J < 6.

Lemma 8.1 ¢ # 2.

Proof. If ¢ = 2, then p =1 and (¢ — b)/a = 3/2. Therefore
1[2,3;¢—b] C I[1,2;a], and

6,7;¢c—b] C I[4,5;a.
By Lemma 5.2, we have m =0 (mod 3) and ms =2 (mod 3). However if

m =0 (mod 3) then my = |2(m + )| = |20] Z£2 (mod 3). |

Lemma 8.2 If ¢ = 3 then p # 2.
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Proof. Assume to the contrary that ¢ = 3 and p = 2. Then (¢ — b)/a =
5/3.Therefore
I[1,2;a] D 1[2,3;¢— 1.

By Lemma 5.2, m=n=0 (mod 3). By Lemma 7.1,
(g+p)(m+68)=5m+8)=5=0 (mod 3).

Therefore 6 = 0 or 3/5. If § = 0, then 3 < 3b/(c —b) = n < 6, contrary
to the previous conclusion that n = m = 0 (mod 3). If § = 3/5, then
3b/(c—b)=n+9J=3+3/5(because n =0 (mod 3) and b >c—b > b/2).
Therefore

b b c—1b
—_ = = 27
a c—b a
contrary to the general assumption. i

Lemma 8.3 ¢ # 3.

Proof. Assume to the contrary that ¢ = 3. Then since p # 2 we must have
p = 1. Therefore (¢ — b)/a = 4/3, hence 6/(c —b) € I[4,5;a]. By Lemma
5.1, we have my # 1 (mod 3). Moreover, since 4(c — b)/a = 6 — 2/3 and
5(c—b)/a =6+ 2/3, it follows from Corollary 5.1 that if my =2 (mod 3),
then dy > 2/3; if my =0 (mod 3), then d < 1/3.

Next we show that m3 Z 0 (mod 3). Since (¢ — b)/a = 4/3, we have
7(c —b)/a =9+ 1/3. Recall that 2¢ < 3b, which implies 1/¢ > 1/(3(c — b)).
As

mg/c=9/(c—0b) —d3/c,

we have

(m3+2)/c = 9/(c—b)+(2—103)/c
> 9/(c=b)+1/(3(c—10))
= T7/a.

On the other hand, as ¢ < 2b we have
(2—193)/c<2/c<1/(c—Db),
hence (m3 +2)/c < 10/(c — b) < 8/a. Therefore
(m3+2)/c e I[7,8;alNI[9,10;c — b].

By Lemma 5.1, (ng + 1,ms3 + 1) is strongly consistent. Therefore mg % 0
(mod 3).
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Similarly, m/c = 3/(c — b) — 6 /c implies that

(m—1)/c = 3/(c—=b)—(1+0d)/c
> 3/(c—=b)—2/c>2/(c—1D)

= 1.5/a,
and
(m—1)/c < 3/(c—b)—1/c
< 8/(3(c—=1b)) =2/a.
Hence

(m—1)/ceI[1,2;a]NI[2,3;c—b].
By Lemma 5.1, (n —1,m — 1) is strongly consistent, hence m # 2 (mod 3).

By Lemma 7.1,
4m+9) =0 (mod 3).

If m=0 (mod 3), then 46 =0 (mod 3). Hence either 6 = 0 or § = 3/4.
If § = 3/4 then my =1 (mod 3), contrary to our previous conclusion. If
d =0 then mg =0 (mod 3), again contrary to our previous conclusion.

If m=1 (mod 3), then 4(m +0) = 0 (mod 3) implies that 40 = 2
(mod 3), hence § = 1/2. But then my =2 (mod 3) and d, = 0, contrary to
the first paragraph of this proof. i

For the remaining part of this section, we assume that ¢ > 4. First we
consider the case when p = 1.

Lemma 8.4 Ifp=1theng# 1 (mod 3).

Proof. Assume to the contrary that p = 1 and ¢ = 3s + 1 for some integer
s > 1. Then
(c=b)Ja=1+1/g=(3s4+2)/(3s+ 1).

It follows that for ¢ > 0,

3(s+i+1)a  3(s+i+1)(3s+1)
c—b N 35+ 2
: 3(s+i+1)
= 3 1) — —~
(s+i+1) 35 1 2
3i+1
= 3 ) 4+ 2 — .
(s43) + 3s + 2

Therefore for i =0,1,---, s,

3(s+i+1)/(c=b)€I[3(s+1i)+1,3(s+1)+ 2;a],
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and that
I[3s+ 1,35+ 2;a] D I[3s+2,3s+ 3;¢—b], and

I[6s+1,65+2;a] D1[3(2s4+1),3(2s+ 1)+ 1;¢—b.

By Lemma 5.2, mgyy =0 (mod 3) and mgsr1 =2 (mod 3), and by Lemma
5.1, mgyip1 #1 (mod 3) fori =0,1,---,s.

Assume first that m =0 (mod 3). Then since my; =0 (mod 3), for
1=0,1,---,s, we have

Metit1 = Lm5+1 + 654,_1 +wm + Z(SJ
= |51 +1i0] (mod 3).

Since mgs11 =2 (mod 3), we have d541 +s6 > 2. Let iy be the least integer
such that dg41 + 490 > 1. Then 1 <1y < s, and

1 S 53—!-1 +Z[)5 < 2,

hence
Mgrigr1 = 1 (mod 3),

contrary to the previous conclusion.

Assume now that m =1 (mod 3). Then

Mgio = Lms+1 + 55+1 +m + (”
= |14 6541 +6] (mod 3).

Since ¢ > 4 which implies that s > 1, we know that s+ 2 < 2s+ 1 and hence
msr2 Z1  (mod 3). Therefore

ds41+0 > 1, and myo =2 (mod 3).
Moreover, since
B(s+ 1)+ D(c—b)/a=3(s+2) - (¢-3)/q,
it follows from Corollary 5.1 that
ds12 =051 +0—1>(q—3)/q.

Therefore § > (¢ — 3)/q.
If s > 2 then s+ 3 < 2s + 1, which implies that mg,3 £ 1 (mod 3).

However,

Msy3 = Lms+2 + 58+2 +m + 6J
16+ 06,.0] (mod 3).
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Since ¢ > 7 and § > (¢ —3)/q, 0s12 > (¢ — 3)/q, we conclude that ms, 3 =1
(mod 3), which is a contradiction. Thus we may assume that s = 1, i.e.,
g = 4. By Lemma 7.1, (p + q)(m 4+ 0) = 5(m +0) = 0 (mod 3). Since
m=1 (mod 3) we have 56 =1 (mod 3). Hence 6 = 1/5 or 4/5. However
since

Msr1 =mg = [2(m+9)] =0 (mod 3),

we conclude that 2§ > 1, hence § = 4/5. Then 3b/(c—b) =n+0d=4+4/5
implies that b/(c — b) = 8/5. Therefore
ng = 19/(c—0)] =2
and
93 =4{90/(c—b)} =2/5.

However, 7(c — b)/a = 9 — 1/4. It follows from Corollary 5.1 that d3 >
(1/4)b/(c — b) = 2/5, a contradiction.

Finally we consider the case when m =2 (mod 3). Since 3b/(c — b) =
m+ ¢ and 3b/2 < ¢ < 2b, we have m = 5, i.e., 3b/(c —b) = 5+ §. Now for
i=0,1,--

Meyir1 = [ms+1 + 5S+1 + Z(m + 5)J
= 2+ |i0+ ds11] (mod 3).

If s0 + 0511 < s—1, then let j* be the smallest integer such that j*0+ 641 <
7% — 1. Then 2 < 5* < s and by the minimality of j*, we have

e 2< 4 e < 57— L

This implies that
Msijop1 =1 (mod 3),

contrary to our previous conclusion. Therefore,
SO+ 0511 > 5 — 1,

which implies that
0>1—(14d6s11)/s.

As g = 3s + 1, straightforward calculation shows that

(g+1)d = (3s+2)d
2 (q+1)—3_355+1—(2+255+1)/5
> qg—09.

By Lemma 7.1, (¢4 1)(m+6) =0 (mod 3). Since (¢+1) =2 (mod 3)
and m =2 (mod 3), it follows that (¢ + 1)d =2 (mod 3). Therefore the
possible values for (¢ + 1) are ¢ —2,q — 5 and ¢ — 8.
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If (¢+1)6 = ¢—8 then ¢ > 8. Hence s > 3, which implies that (¢+1)d >
q — 6, a contradiction.

If (g+1)0 = q— 2, then § = (¢ —2)/(¢+ 1). This implies that

02541 ={(2s + 1)0} = 1/(¢+1).

However, since (¢ — b)/a = (3s + 2)/(3s + 1), straightforward calculation
shows that (6s+1)(c—b)/a = 3(2s+1)—1/q. Since mos1; =2 (mod 3), by
Corollary 5.1, we should have dy5,1 > 1/¢, which is an obvious contradiction.

If (4+1)0 =q—>5theng>5and § = (¢—5)/(¢+1). This implies that

3b/(c—b) =5+ (¢q—5)/(¢+ 1), hence b/(c — b) = 2q/(q¢ + 1). Therefore
b = 2a, contrary to our general assumption. i

Lemma 8.5 Ifp=1 then ¢ Z2 (mod 3).

Proof. Assume to the contrary that p = 1 and ¢ = 3s + 2 for some integer
s > 1. Then

(c=b)/a=(p+q)/qg=(3s+3)/(35s +2).
It follows that for ¢ > 0,

3(s+i+1)a  3(s+i+1)(3s+2)
c—b N 3s+3
: 3(s+i+1)
= 3 —=—-
(s+i+1) 35 + 3
3i
= 3 )+ 2 — .
(s+i)+2- 373

Therefore for i =0,1,---, s+ 1,
3(s+i+1)/(c—b)eI[3(s+1i)+1,3(s+1)+ 2;al,

and that
I[3s+1,3s+2;a] D I[3s+ 2,35+ 3;¢—b], and

I13(2s+1)+1,3(2s + 1) + 2;a] D I[3(2s 4+ 2),3(2s + 2) + 1;¢ — b].

By Lemma 5.2, msy; =0 (mod 3) and mgso =2 (mod 3), and by Lemma
5.1, mgripz1 Z1 (mod 3) for i =0,1,---,s+ 1.

Assume first that m =0 (mod 3). Then for ¢ =0,1,---,s+ 1,

Moriv1 = |Msp1 + 0sp1 +i(m+9)]
= |id+ds41] (mod 3).

Since mos12 =2 (mod 3), we conclude that (s + 1)d + 651 > 2. let j* be
the smallest integer such that j*0 + 0,1 > 1. Then 1 < 5* < s and by the
minimality of j*, we have 1 < 5%0 + 0541 < 2. This implies that

Metjy1 = 1 (mod 3),
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contrary to our previous conclusion.

Ifm=1 (mod 3), then

Meyio = Lms+1 + 53+1 +m + (SJ
= |1+ 0511 +d] (mod 3).

Since mgyo # 1 (mod 3), we have d541 + 9 > 1 and myo =2 (mod 3).
Moreover, since

(3(s+ 1) + 1)(c — b)fa = 3(s +2) — (g — 2)/a;
it follows from Corollary 5.1 that d542 > (¢ — 2)/q. Now
Ost2 = {0541 + 0} = 0g31 +0 — L.

Hence § + 0541 > 1+ (¢ — 2)/q, which implies that 6 > (¢ — 2)/q and
ds+1 > (¢ —2)/q. Therefore

Msy3 = Lm3+2 + §s+2 +m + (5J = |_(5 + 55+2J =1 (mod 3)

Since s > 1. Hence s + 3 < 2s 4 2, which implies that msy3 1 (mod 3),
a contradiction.

Finally we consider the case when m = 2 (mod 3). Then for i =
0,1,"',S+1,

Mspiv1 = [Msp1 + 0541 +i(m+0)]
= 2i+ |i0+ ds11] (mod 3).

If (s+1)0+0ds11 < s, then let j* be the smallest integer such that j*0+ds.1 <
7 —1. Then 2 < j* < s+ 1, and

JF=2<70+ 01 <j" — 1
Hence

m5+j*+1 = 22 + Z — 2
1 (mod 3),

contrary to our previous conclusion. Therefore
(S -+ 1)(5 -+ (53+1 Z S.
This implies that § > 1 — (14 d541)/(s + 1), and hence

(g+1)0 > ¢—2—-3611
> q—o.
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By Lemma 7.1, (¢+1)(m+9) =0 (mod 3). Since g+1=0 (mod 3), we
conclude that (¢+1)6 =0 (mod 3). Therefore (¢ + 1)0 = ¢ — 2, and hence
d=(q¢—2)/(¢g+1) =s/(s+1). This implies that dos1o = {(2s +2)d} = 0.
Since Mmoo = 2, and

3(2s+2)/(c—b) € I[3(2s + 1)+ 1,3(2s + 1) + 2;a],

this is in contrary to Corollary 5.1. i
Lemma 8.6 Ifp=1then¢# 0 (mod 3).

Proof. Assume to the contrary that p = 1 and ¢ = 3s for some integer s.
Since g # 3, we know that s > 2. As (¢ —b)/a = (3s + 1)/(3s), it follows
that for ¢ > 0,

3(s+i+1)a  3(s+i+1)(3s)
c—b B 3s+1
: 3(s+i+1)
=3 1) — ——
(s+i+1) 3s+1
31+ 2
- 3 )+ 2 — :
(s +14) + 3s+1

Therefore for e = 0,1,---,s — 1,
3(s+i+1)/(c—b)el[3(s+1i)+1,3(s+1)+ 2;a].

It follows from Lemma 5.1 that mgy; 11 Z1 (mod 3) fori =0,1,---,s— 1.
We consider three cases:

Case 1. m =0 (mod 3).
Assume first that ms; =0 (mod 3). Then

Msyit1 — Mgyl + LZ(m + (5) + 53+1J
= |id+ds41] (mod 3).

If (s—1)0+0ds41 > 1, then let j* be the smallest integer such that j*0+ds.1 >
1, then 1 < j* <s—1, and

Metjrtp1 = 1 (mOd 3),

contrary to our previous conclusion. Therefore we have (s — 1)d + d541 < 1,
which implies that 6 < 1/(s — 1), and mgs =0 (mod 3). Since

Mmaos = | 256,
we conclude that 2s6 < 1, i.e., § < 1/(2s). By Lemma 7.1,

(g+p)(m+0)=(B3s+1)§ =0 (mod 3).
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Because 0 < 1/(2s), we conclude that § = 0. Hence 3b/(c —b) =n; =0
(mod 3), ie., b/(c —b) is an integer. This is in contrary to the fact that
b>c—b>0b/2.

Assume now that
mey1 = [(s+1)0] =2 (mod 3).
Since (3s 4+ 1)(c—b)/a=3(s+ 1) — (¢ — 1)/q, by Corollary 5.1, we have

_1 _
q b 24 1‘

q c—b q
Since (¢+1)ds11 is an integer (by Lemma 7.1), we must have 0,41 = ¢/(q+1).
Therefore

68+1 >

qg—1 b
1) = 0 — :
q/(q+1) +1 > pP—

It follows that b/(c — b) < ¢*/(¢* —1). Because n = m =0 (mod 3) and
that

3b/(c—b) =n+6 < 3¢/(¢* — 1),
we conclude that n = 3 and § < 3/(¢®> — 1). As ¢ = 3s, this is in contrary to
our previous conclusion that ds+1 = {(s +1)d} = q/(¢ + 1).
Case 2. m=1 (mod 3).

Ifm=1 (mod 3) then, because b > ¢—b > b/2 and 3b/(c—b) = m+9,
we conclude that
3b/(c—b)=4+0§>4.
If mey1 =2 (mod 3), then since (3s +1)(c —b)/a =3(s+ 1) — (¢ — 1)/q,
by Corollary 5.1, we have

g—1 b
O —
+1 ¢ c—b
s He—1)
> 3
This is impossible, because ¢ > 6 and d,,1 < 1. Therefore myy; = 0
(mod 3).
Since

(Bs+2)(c—0b)/a=3(s+1)+2/q,
by Corollary 5.1, we have (1 — d541) > 2/q, i.e., 0541 < (¢ —2)/q. Since

Meya = |Mey1 + 140541 + 0]
= |1+ 0511 +6] (mod 3),

and since s > 2, which implies that mso Z 1 (mod 3), we must have
msio =2 (mod 3) and

0s12 = Osq1 +0 — 1.
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As (¢ —b)/a = (3s+1)/(3s), it follows that
(Bs+4)(c—b)Ja=3(s+2)— (¢ —4)/q.
By Corollary 5.1, we have 0519 > (¢ — 4)/q. Since 6511 < (¢ — 2)/q, we have
6> (q—2)/q.
If s > 3, then
Msps = |[Mgro + M+ g2 + 6]

= L58+2+(5J
= 1 (mod 3),

because ¢ > 9, d512 > (¢ —4)/q and § > (¢ — 2)/q. However, s > 3 implies
that msi3 Z 1 (mod 3), a contradiction. Therefore we have s = 2 and
q = 6. But then since § > (¢ —2)/q = 2/3, we have

Mep1 =mz = [3(m+0)] = [30] =2 (mod 3),
contrary to our previous conclusion.

Case 3. m =2 (mod 3).
If m=2 (mod 3) then 3b/(c —b) =5+ 6. Hence

b/(c—b)=(5+6)/3>5/3.
If mgy1 =2 (mod 3), then as in Case 1, we have that

-1 b
Gopr > L= 2
qg c—b

But this is impossible as d;11 < 1, b/(c —b) > 5/3 and ¢ > 6. Therefore
msr1 =0 (mod 3).

If mos =0 (mod 3), then since

(65 — 1)(c— b)/a = 3(2) + (1 — —),

3s

by Corollary 5.1, we have

-1 b
1=y > T2 2
qg c—2b

which is impossible (as 1 — d9s < 1 ¢ > 6, b/(c — b) > 5/3). Hence we have
maes =2 (mod 3).

Since mgy1 =0 (mod 3) and mes =2 (mod 3), and since
mas = 2(s — 1) + [0s41 + (s — 1)d], (mod 3)
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we conclude that (s —1)0 4+ 0511 < s— 1. If (s = 1)d + 6511 < s — 2,, then let
J* be the least integer such that j*0 + 6,41 < 7 — 1. Then 2 < j* < 5 — 1.
By the minimality of j*, we have j* —2 < %0 + 0,1 < j* — 1, which implies
that

Msijop1 =1 (mod 3),

contrary to our previous conclusion. Therefore we have
§—2<(s—1)0 46541 <s— 1L
This implies that § > 1 — (14 6511)/(s — 1) and hence

(g+1)d q+1—3—=30511 — (4+40511)/(s — 1)

>
> qg—13.

By Lemma 7.1,
(g+1)(m+46)=0 (mod 3).
Asg=0 (mod 3)and m =2 (mod 3), we know that
(g+1)6=1 (mod 3).

Therefore the possible values for (¢ + 1) are ¢ —2,¢ — 5, — 8 and ¢ — 11.

If (g+1)5 = ¢ — 11 then ¢ > 11. Hence s > 4, which implies that
(g4 1)6 > g — 8, a contradiction.

If (¢+1)0 = ¢ — 8 then ¢ > 8, hence s > 3. Therefore
q—8=(q+1)d>q—4—>5541.

This implies that ds.1 > 4/5. Since d,.1 = {(s + 1)}, ¢ = 3s and § =
(¢ —8)/(g + 1), it follows that

Sop1 =1—6/(35+1).

Now 4/5 < 0541 = 1 —6/(3s + 1) implies that 3s + 1 > 30, hence s > 10.
But then

(G+1)6>q+1—3—3001 — (A4+45,.1)/(s—1) > q— 6,

an obvious contradiction.

If (g+1)0 =q—2, then 6 = (¢ —2)/(q + 1). This implies that
025 = {256} =2/(q+1).

However,
(3(2s—1)+1)(c—b)/a=6s—2/q.

47



Since mos =2 (mod 3), this is in contrary to Corollary 5.1

Assume now that (¢ +1)d =g —5. Then ¢ >5and § = (¢ —5)/(¢ + 1).
Hence 3b/(c —b) =5+0 = 6 —6/(¢ + 1), which implies that (¢ —b)/b =
(¢ +1)/(2¢) and hence b = 2a, contrary to our general assumption. i

Combining Lemmas 8.4, 8.5, 8.6, we conclude that p # 1. For the re-
maining part of this section, we assume that p > 2.

Since the integer o+ 3 will be very frequently used in the remaining part
of this section (more than 50 times), we use a single letter h in place of it, i.e.,
we let h = a+ 3. Since ap = B¢+ 1, we have a(p+q) = Bqg+aq+1 = hqg+1.
This formula will be frequently used in the the following.

Let
io = [(¢ —2p)/3], and jo = [(2¢ — p)/3].
(Note that iy could be negative). Since p > 2, we know that
(c=b)Ja=(p+aq)/e=1+2/q.

For and integer j, we have

Gia+ (=t _ Gja+Dp+a)
a g
.
— 3jn4 LAY
—2q+ 3
= 3(jh+1)+p;m

For ig < 7 < jo, since (¢ — 2p)/3+2/3 < iy and jo > (2¢ — p)/3 —2/3, it

follows that _
3(jh+1)

2 e I[3ja+1,3ja+ 2;a].
c_

Moreover, we have
[[Bloh + 2, 320h + 3, C— b] C 1[32006 + 1, 32'0@ + 2, CL],

and
[[Bjoh + 3, ?)joh + 4, C— b] C ][3]00& + 1, 3joOé + 2, a].

By Corollary 5.1, we have

Might1 = (mod 3),
Mjoh+1 = (mOd 3)7

mjny1 # 1 (mod 3), for j =i, i+ 1, -+, jo.

0
2
By Lemma 7.1, (¢ +p)(m+9) =0 (mod 3). In particular, (¢ + p)d is

an integer.
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Suppose h(m + 0) = p + €, where
p = [h(m+0)]

and

e={h(m+9)} = {ho}.
Since ap = Bq + 1, we have

glu+e)+m+06 = qgh(m+38)+m+4d
= gla+B)(m+08)+m+4
= (aq+ fq+1)(m+0)
alg+p)(m+3d)=0 (mod 3).

Hence ge + 0 is an integer. Also observe that
(q+p)(e+p)=(g+ph(m+5) =0 (mod 3).
In particular, we have (¢ + p)e is an integer.
For 5 > 0,

Meig+j)hi1 = Might1 + LJh(m + ) + dighy1 ]
= |U(p+€) + dighs1]
= L]E + §ioh+1J (Il’lOd 3)

Lemma 8.7 p#0 (mod 3).

Proof. Assume to the contrary that x =0 (mod 3). Then for j > 0,

Meig+jht1 = Might1 + LJh(m + ) + dighy1 ]
= [((p+€)+ digh+1]
= [je+ dight1] (mod 3).
Since
Mjon+1 =2 (mod 3),

we conclude that
(Jo — 10)€ + Sight1 > 2.

Let j* be the least integer such that j*e¢ 4+ d;,n+1 > 1, then 1 < 7% < jo — 4o,
and by the minimality of j*, we have

M(ig45*)h+1 =1 (mod 3),
contrary to our previous conclusion. i

Lemma 8.8 p# 1 (mod 3).
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Proof. Assume to the contrary that 4 =1 (mod 3). Since ¢ > 4 we know
that jo > 49 + 1. Hence m;y+1)p41 Z1 (mod 3). On the other hand,

Mg+ Dht1 =  |[Might1 + Oighs1 + 10+ €]
= 1+ LE + 5i0h+1J (HlOd 3)

Therefore
e+ 0ight1 > 1,
Mgt )ht1 = 2 (mod 3),
O(ig+1)ht1 = €+ Oighs1 — L.

Since i < (¢—2p)/3+2/3, ap = Bg+1, h = a+ 3, (c—b)/a= (p+4q)/q,
it follows that

3((lo+1)h+1)/(c—b) € I[3(ip + 1)av+ 1,3(dp + 1)v + 2; @], and

(B(ip + Da+1)(c—=b)/a < 3((ip+ 1)h+1)— (¢+p—5)/q.
By Corollary 5.1,
S(io+vnt1 > (¢ +p —5)/q,
which implies that

e>(q+p—5)/q>(q-3)/q,

and
dioht1 > (¢ —3)/q.

First we consider the case ¢ > 6. Then jy > ig + 2 and hence

M(j94+2)h+1 §é 1 (mod 3)
However
Mig+2)ht1 = 2+ [2€ + 0jgny1]  (mod 3).

As
2<2(q—3)/q+ (¢g—3)/q < 2€+ diynt1 < 3,

we conclude that
LQE + 5ioh+1J = 2.

Hence mjy4o)n41 = 1 (mod 3), which is a contradiction.

If ¢ =4 then p =3 (as p > 2 and ged(p,q) = 1), and (¢ — b)/a = 7/4.
This implies that
I[1,2;a] D 1[2,3;¢— 1]

By Lemma 5.2, m =0 (mod 3). By Lemma 7.1

(g+p)m+38) =0 (mod 3),
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which implies that 76 = 0 (mod 3). Since (¢ — b)/a = 7/4, which implies
that 2(c — b)/a = 3 + 1/2, by Corollary 5.1 we have 1 — ¢ > 1/2, hence
d < 1/2. Therefore § =0 or 6 = 3/7. It is straightforward to verify that

I[18,19;¢ — b] C I[10,11;al, and 10(c¢ — b)/a = 18 — 1/2.
It follows from Lemma 5.2 that
mg =2 (mod 3)
and follows from Corollary 5.1 that
96 = {60} > 1/2.

This implies that 6 # 0, hence 6 = 3/7. Note that 1 < b/(c —b) < 2 and
3b/(c—b) =m+0d. Since m =0 (mod 3), we conclude that

30/(c—b) =3 +0 = 24/7,

which implies that b = 2a, contrary to the general assumption.
Assume that ¢ = 5. Then p = 2,3, or 4. If ¢ = 5 and p = 2, then
(¢ —b)/a="T7/5. Hence
I[4,5;a] D I[6,7;c— b

and 4(c—b)/a = 6—2/5. By Lemma 5.2, my = |2(m+J)] =2 (mod 3) and
by Corollary 5.1 d9 > 2/5. This implies that m Z 0 (mod 3) (for otherwise
we would have my = |20 (mod 3).

It is also straightforward to verify that 7[10,11;a] D I[14,15; ¢—b], which
implies that ms; =0 (mod 3) (by Lemma 5.2).

Ifm=1 (mod 3) then by 7.1, 7(14+6) =0 (mod 3), hence
70 =2 (mod 3).

Therefore 6 = 2/7 or § = 5/7. If 6 = 5/7, then ms = [5(1 + 2)] = 2
(mod 3), contrary to our previous conclusion. If § = 2/7 then 3b/(c — b) =
4+ 6 = 30/7, which implies that b = 2a, contrary to our general assumption.

If m=2 (mod 3), then
72+0)=0 (mod 3).

Hence 6 = 1/7 or 4/7. In any case, d = {20} < 2/5, contrary to our previous
conclusion.

If g =5 and p = 3, then (¢ — b)/a = 8/5. Hence

1[2,3;¢] C I[1,2;al,
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and 2(c—b)/a =341/5. By Lemma 5.2, m =0 (mod 3) and by Corollary
5.1, 6 < 4/5. By Lemma 7.1, 8 =0 (mod 3). Therefore 6 = 0 or 3/8 or
6/8. However, § = 0 would imply that 3b/(c¢ — b) = 3, and hence ¢ = 20,
contrary to our assumption; and § = 6/8 would imply that 3b/(c — b) =
3+6/8 = 30/8, which implies that b = 2a, again contrary to our assumption.
Therefore § = 3/8.

Nowm =0 (mod 3)and ¢ = 3/8 implies that my = [46] =1 (mod 3).
However, straightforward calculation shows that 12/(c —b) € 1[7,8;a]. By
Lemma 5.1, (n4,my) is strongly consistent, contrary to the general assump-
tion.

If g=>5 and p =4, then (¢ —b)/a =9/5. Then
1[2,3;¢—b] C I[1,2;q],

which implie that m =0 (mod 3) (by Lemma 5.1). Moreover, 2(c —b)/a =
3+3/5, which implies that 1 —§ > 3/5 (by Corollary 5.1), hence § < 2/5. By
Lemma 7.1, 9(m+9) =0 (mod 3), which implies that § = 0 or 3/9 or 6/9.
Since 0 < 2/5, 50 9 # 6/9. Also § = 0 would imply that 3b/(c —b) = 3 which
implies that ¢ = 2b, contrary to our assumption. Therefore § = 3/9 = 1/3.
But this implies that 3b/(c —b) = 3+ 1/3, and hence b = 2a, again contrary
to our general assumption. i

Lemma 8.9 p#2 (mod 3).

Proof. Assume to the contrary that 4 = 2 (mod 3). Then for j =
07172a"'7.].0_i07

Mgt htl = Might1 + [Gignr1 + (0 +¢€)]
2] —+ L]G —+ 6i0h+1J (mod 3)

If there is an integer 1 < 7 < jy — ¢ such that
JE+ Oighy1 < J — 1,
then let j* be the least such integer, we would have
J=2< 5%+ ighn <J" - L.

This implies that
Mg+jnr1 =1 (mod 3),

contrary to our previous conclusion. Therefore for 1 < j < jo — i,
j€+5i0h+1 Z ] — 1

In particular,
(Jo —d0)e = (Jo —d0) — 1 — dight1-
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Therefore we have

q+p>(g+p)e>q+p—(1+n)(g+p)/(jo— o).
Recall that

(q+p)e+p) =(g+p)(e+2)=0 (mod3).

It follows that (¢ + p)e = ¢ + p — 3i for some integer i > 1.
We consider three cases:

Case 1: ¢+p=0

(mod 3).
If g+p =0 (mod3), then iy = (¢ —2p)/3, jo = (29 — p)/3 and
(jo —i0) = (¢ + p)/3 and hence

(¢+p)e>q+p—3—30int1 >q+p—6.
Therefore (¢ + p)e = ¢+ p—3 and e =1 —3/(¢+ p). Since ge + § is an
integer, we know that 6 = {3¢/(q + p)}. Because

Sjoh+1 = {Jo€ + 6}, and jo = (2¢ — p)/3,

straightforward calculation shows that d;,p+1 = 0. As mjp+1 =2 (mod 3)
and 3mj,p11/(c—b) € I[3joa+ 1, 3joa+2; a], this is in contrary to Corollary
5.1.

Case 2: ¢+p=1 (mod 3).

Ifg+p=1 (mod 3), then iy = (¢ —2p+2)/3, jo = (2¢ —p—2)/3 and
Jjo—to=1(q+p—4)/3. Hence

12 + 120,
(4> q+p—3— 38 pps — ——Vohtl

q+p—4
Since p > 2, ¢ > 4 and ged(q, p) = 1, we know that ¢ +p > 7, hence

(12 4+ 120ign+1) /(¢ +p — 4) <8.

Therefore the possible values for (¢ + p)e are ¢ +p — 3i for i = 1,2,3, 4.
If (4+p)e =q+ p— 12 then ¢ + p > 12 and hence

12 + 126,41 24
— 3= By — L —6-——
q+p ot = = q+p <

q+p—9,
which is a contradiction.

If (+ple=qg+p—9theng+p>9. Sinceg+p=1 (mod 3), we have
q + p > 10. This implies that

q+p—9>q+p—3—30nt1 — (124 125,,541)/6.
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Therefore 6,41 > 4/5. Since

io = (q —2p+2)/3, Sighy1 = {0 +ioe}, 0 ={9q/(q+p)}

(which follows from the fact that ge 4 § is an integer and e =1 —9/(p+ q)),
we conclude that

Oighr1 = {9¢/(¢+p)—3(¢—2p+2)/(¢+p)}
= 1-6/(g+p)
Therefore 6/(¢ + p) < 1/5, and hence ¢ + p > 30. But then

12 + 126, 1

+p)e > q+p—3— 301 —
(¢+pe = q+p R

> q+ 6 24
qgT?p 2%’

which is a contradiction.

If (g+pe=qg+p—3,thene=1—3/(p+q). Since ge + J is an integer,
we have 6 = {3¢/(q+p)}. Since jo = (2¢ —p —2)/3 and 0,11 = {(joe + I},
easy calculation shows that

Sjon+1 = 2/(q +p).

However, since (¢ —b)/a = (¢+p)/q, jo=(2¢ —p—2)/3 and ap = fq + 1,
it is straightforward to verify that

(3joa +1)(c = b)/a = (3(joh + 1) — 2/q.

Since mjop41 =2 (mod 3), this is in contrary to Corollary 5.1.

Now we consider the case when (¢ + p)e = ¢+ p — 6. If ¢ > 5p then since
ge + ¢ is an integer, we conclude that

6= (q—5p)/(q+p).
I[f m=2 (mod 3) then
3b/(c—b)=5+0=06q/(q+p),

which implies that b = 2a, contrary to the general assumption. If m = 0
(mod 3) then, contrary to our previous conclusion, we have

Mighy1 = Lio(u+€) +m+0]
_ Lq—5p_q—2p+2 6 |
q+p 3 q+p
= 1 (mod 3).
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If m=1 (mod 3) then, contrary to our previous conclusion, we have

Mighs1 = |io(p+€) + 0]
= 1+ [io(2+¢€)+ 7]
-5 -2 2 6
I ks Rk s
q+p 3 q+p
2 (mod 3).

|

Thus we may assume that ¢ < 5p. If 5p > ¢ > 2p then § = (2g—4p)/(¢+
p)-

If m=2 (mod 3), then, contrary to our previous conclusion, we have

Migh+1 = |lo(p+€) +m+ 7]
= 24 [io(2+¢) +46]
2q — 4 —2p+2 6
= g Bt 4z
q+p 3 q+p
1 (mod 3).

]

Ifm=1 (mod 3), then
3b/(c—b)=4+0

and hence
b/(c—b) =2q/(q+p),

which implies that b = 2a, contrary to our general assumption.

If m=0 (mod 3) then, contrary to our previous conclusion, we have

Might1 = |io(p+€) +m+ 9]
= |ip(2+¢€) + 4]
_ L2q—4p_q—2p—1—2 6 |
T q+tp 3 q+p
= 2 (mod 3).

If ¢ < 2p, then 6 = 3(q — p)/(q + p), and
I[1,2;a] D 1[2,3;¢—b.
By Lemma 5.2, m =0 (mod 3). Hence
3b/(c—b) =3+6=06q/(qg+p).

This implies that b = 2a, contrary to the general assumption. This completes
the proof of Case 2.

Case 3: ¢+p=2 (mod 3).
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Ifg+p=2 (mod 3) then
io=1(q—=2p+1)/3, jo=(2¢—p—1)/3
and
jo—io=(¢+p—2)/3.

Hence
6 + 6(51'0 h+1

+p> +ple > q+ _3_35i — .
¢+p>(qg+pe>q+p e

Since ¢ + p > 7, we have
(¢+ple=qg+p-—38.
Therefore the possible values for (¢ + p)e are ¢ +p — 3 and ¢ +p — 6.

If (¢+p)e = g+p—3, then € = 1-3/(g+p) and hence 6 = {(¢—2p)/(q+p)}
(recall that ge + 0 is an integer). Because

jon+1 = {Joc + 0}

and jo = (2¢ — p — 1)/3, straightforward calculation shows that

djon+1 = 1/(q+p).

However, it is easy to verify that
(3joar+1)(c —b)/a = (3(joh + 1) — 1/q.
Since mjyp41 =2 (mod 3), this is in contrary to Corollary 5.1.

It remains to consider the case when (¢ + p)e = ¢ + p — 6. The proof
is similar to the corresponding part of the proof for Case 2. If ¢ > 5p then
0 = (q—5p)/(q+ p) (by using the fact that ge + § is an integer). If m = 2
(mod 3) then

3b/(c—b) =5+0=06q/(q+p),

which implies that b = 2a, contrary to the general assumption. If m = 0
(mod 3) then, contrary to our previous conclusion, we have

Might1 = |io(p+€) +m+ 9]
_ Lq—510_q—210+1 6 |
q+p 3 q+vp
= 1 (mod 3).

If m=1 (mod 3) then, contrary to our previous conclusion, we have

Might1 = Lio(p + €) + 9]
1+ [i0(2+€)+ 6]

-5 —2p+1 6
4P p+

q+p 3 q+p
2 (mod 3).

|
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Thus we may assume that g < 5p. If 5p > ¢ > 2p then

6= (2¢—4p)/(q+p).

If m=2 (mod 3), then, contrary to our previous conclusion, we have

Migh+1 = |_io(,u+€)+m—|-5j
= 24 [ig(24¢€) + 4]
20 — 4 —2p4+1 6
_ 2+Lq P q—2p+ |
q+p 3 q+p
= 1 (mod 3).

Ifm=1 (mod 3), then 3b/(c —b) =4 + 6 and hence

b/(c—b) =2q/(q+p),

which implies that b = 2a, contrary to our general assumption. If m = 0
(mod 3) then, contrary to our previous conclusion, we have

Might1 = |io(p+€) +m+ 9]
= |io(2+¢€)+ 4]
2g—4p qg—2p+1 6

= q+p 3 g+t pJ
= 2 (mod 3).
If ¢ < 2p, then § =3(¢ — p)/(¢ + p), and
I[1,2;a] D 1I[2,3;¢— 1.
By Lemma 5.2, m =0 (mod 3). Hence
3b/(c—b)=3+d=06q/(q+p).
This implies that b = 2a, contrary to the general assumption. i

Combining Lemmas 8.7, 8.8, 8.9, we obtain the final contradiction. There-
fore under the general assumption, we cannot have 2a > ¢ — b > a.

9 Thecasea >c—b»

In this section we assume that a > ¢ — b, and derive a contradiction to our
general assumption. Since a > ¢ —b and (¢ —b)/a =t + p/q, we have t =0

and (¢ —b)/a = p/q.

o7



Lemma 9.1 If there are integers i,j such that
I[3i+1,3i + 2;a] C I[3j — 1,37;¢—b),

or
I[3i +1,3i + 2;a] C I[3§,3j + 1;¢ — b,

then ¢ < 3a. In general, we have ¢ < 4a.

Proof. Suppose to the contrary that there are integers i, j such that
I[3i+1,3i + 2;a] C I[3j — 1,3j;¢—b], and ¢ > 3a.

Since I[3i + 1,3i + 2;a] has length 1/a > 3/c, it follows that there is an
integer u such that

ufe,(u+1)/c,(u+2)/ceI[3i+1,3i+2;a]NI[3j —1,35;¢c—b].
By Lemma 5.1,
(u—3j,u),(u+1—-3j5,u+1),(u+2—3j,u+2)

are all strongly consistent pairs. One of the three integers w,u + 1,u + 2 is
equivalent to 1 modulo 3, which is in contrary to the general assumption.

The case when I[3i+ 1,3i+ 2;a] C I[37,3) + 1; ¢ — b] is proved similarly.
Next we show that in general we have ¢ < 4a.

If ¢ =2, then 1/a = 1/2(c — b). Hence I[4,5;a] C I[2,3;c — b], which
implies that ¢ < 3a.

If ¢ > 3, then since the arc [2/(c —b),3/(c — b)] of C has length at least
3/(q(c — b)), it contains an image point. Suppose

f(@) = o((3i+1)/a) € [2/(c = b),3/(c = b)].
This means that for some integer 7,

Bj —1)/(c=b) <Bi+1)/a <3j/(c—0).
Since 1/a < 1/(c —b), it follows that

I[3i+1,3i +2:a] C I[3j — 1,3j + 1;¢ — b].

Assume to the contrary of the Lemma that ¢ > 4a, ie., 1/a > 4/c. Tt
follows that there is an integer u such that for £ =0,1,2, 3,

(u+0)/cel3i+1,3i+2;al.
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Now it is easy to see that either there is an ¢ € {0, 1, 2,3} such that u+¢ =1
(mod 3) and

(u+0)/ceI[3i+1,3i+2;a]N1[35 —1,35;¢— 0
or there is an ¢ € {0,1,2,3} such that u+¢=2 (mod 3) and
(u+0)/ceI[3i+1,3i+2;a] N I[35,35 + 1;¢— b].
Applying Lemma 5.1, we obtain a contrary to the general assumption. i
Let f(m +6) = p+ €. Then
plp+e)=pB(m+3d) =0 (mod 3)
(cf. Lemma 7.1). In particular, pe is an integer.

Also observe that

qut+e)+m-+0 = gb(m+0)+m+9
= (¢ +1)(m+0)
= ap(m+9)
= 0 (mod 3).
In particular, ge 4+ 9 is an integer.

Recall that m; +0; = 3j¢/(c—b) = j(m+9) and n; +J; = 3jb/(c —b) =
j(n+0). In the following, we shall frequently use the formula that

mjg+1 + Ojpp1 = j(pu +€) +m+ 0.
Lemma 9.2 p # 1.
Proof. If p = 1 then ¢ > 2 = 2p, ie, (¢ —b)/a = p/q < 1/2. Hence
2/a < 1/(c —b), which implies that
I[1,2;a) C [0,1/(c — b)].
By Lemma 9.1, ¢ < 3a. By Lemma 7.1, we have
pim+0)=m+5=0 (mod 3).

Therefore 6 = 0 and m = 0 (mod 3). Recall that m + 6 = 3¢/(c — b) =
3b/(c—b)+3 =n+d+3, it follows that b/(c—b) =n/3 = s and ¢/(c—b) =
m/3 = s+1 for some integer s. Since ¢ > 2a and a/(c—b) = g, it follows that
s > 2q. Therefore b > 2a. It follows that 4/b < 2/a. Since 4/b > 4/c > 1/a,
we conclude that

4/b € I[1,2;a] C [0,1/(c—0)].

Hence, by Lemma 5.1, (4,4) is strongly consistent, contrary to the general
assumption. [ |

99



Lemma 9.3 p # 2.

Proof. Assume to the contrary that p = 2. Since ged(p,q) = 1, we know
that ¢ = 2u + 1 for some integer u. It follows that (3u+ 3/2)/a = 3/(c — ),
i.e., the point 3/(c — b) is the middle point of the interval /[3u+ 1, 3u+2;a].
By lemma 5.1, (n,m) is strongly consistent, and hence m # 1 (mod 3).
Since 1/a > 1/b, at least one of the points n/b,(n + 1)/b is contained in
I[3u+ 1,3u + 2;al.

If (n+1)/b € I[3u+1,3u+ 2;al, then by Lemma 5.1, (n +1,m + 1) is
strongly consistent, and hencem =2 (mod 3). By Lemma 7.1, 2(m+4) =0
(mod 3). But this is impossible because 0 < 2§ < 2.

If n/b € I[3u+1,3u+ 2;a] then by Lemma 5.1, (n — 1, m — 1) is strongly
consistent, and hence m = 0 (mod 3). Thus m = 3s for some integer s.
By Lemma 7.1, 2(m 4+ 6) =0 (mod 3). Therefore 20 =0 (mod 3) hence
0 = 0. Then it follows from the definition of m,n and ¢ that

b/(c—b)=s, ¢/(c—b)=s+1.
Since 1/c < 1/(2a), we conclude that

q/c<q/(2a) =1/(c—=b)=s/b=(s+1)/c.

Therefore ¢ < s, and hence 1/b < 1/(2a). This implies (by the definition of
n) that

(n+1)/b<3/(c—b)+1/b< (3u+2)/a,

hence (n+1)/b € I[3u + 1,3u + 2;a], and by Lemma 5.1, (n + 1,m + 1)

is strongly consistent, contrary to the general assumption (as m + 1 = 1

(mod 3)). i
For the remaining, we assume that p > 3. Let iy = [¢ — 2p/3] and

Jo =g — p/3]. In other words,

ifp=0 (mod 3), then ic =q—2p/3 and jo = q — p/3;

ifp=1 (mod 3), then ic =q—2p/3+2/3 and jo=q—p/3 —2/3;

if p=2 (mod 3), then iy = q—2p/3+1/3 and jo = q¢— p/3 — 1/3. Since

p > 3, we know that iy < jo, and that ig = j if and only if p = 4.

Since ap = B¢+ 1, and (c — b)/a = p/q, we have

3ja(c—0b)  3jap
e
_ 3B+ 1)
q .
— 38+,
q
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or equivalently,

Jja 3508 3J

a _c—b+q(c—b)'

This formula will be used frequently in the remaining.
Lemma 9.4 Forig < j <jo, mjgs1 #1 (mod 3).

Proof. Note that

37 1 —b 37
Bja+)e=b) 4.5, 3+p
q
and
3ja+2)(c—=0 ) 37+2
Bja+2)c=b) 5.5, 3+2
q
Since

3q —2p < 319 < 35 < 3jo < 39 — p,

we conclude that .
(3ja+1)(c =)

- <3(jB+1),
and . 5 )
o+ 2e=b) 5 555y
Hence

3B+ 1)/(c—b) € IBja+ 1,3ja + 2;a).
By Lemma 5.1, (n,311,mjs+1) is a strongly consistent pair for j = g, iy +

1,--+,jo. Hence mjgy1 #1 (mod 3) for j =ig,io+ 1, -+, jo. | |

Lemma 9.5 If p = 1 (mod 3), then (ng,—1)s+1 — L, Mao-1)p41 — 1) s
strongly consistent.
Proof. Assume p=1 (mod 3). Then 3ig = 3¢ — 2p + 2, and hence

(3(ip — 1o + 1)(c — b)

a

— 3 —1p4 o= P
q q

| +1
3(20—1)ﬁ+3—pq

> 3((ip—1)3+1) — 1.
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Similarly, we have

(3(ip — D)a + 2)(c — b)

- 3((io—1)ﬁ+1)—;

< 3((ip— 1B +1).
This implies that

I[3(ip — Da+ 1,3(ip — 1) + 2; d
C IB((lo—1B+1)—1,3((ip — 1)+ 1);¢—b).

Since ¢ > 2a, we have

ma-ngr1 — 1 3((o—1)F+1) 14061811
c c—b c
3((ip—1)p+1) 2
> -
c—b c
3((ip—1)p+1) 1
> -
c—b a
3(ig — 1 2 1
< (lo—Da+2 1
a a
B 3(ip — Na+1
— - ]

Since (¢ —b)/a =p/q, p > 4 and ¢ < 4a (by Lemma 9.1), we have

1/¢ > 1/(4a) = p/(4q(c — b)) = 1/(q(c — b)).
This implies that

Meg-vst1 =1 _ 3 =1)F+1) 1

c - c—b c
_ 3((lp —1)B+1) 1
c—b q(c—10)
3 — Na+2
=

Therefore,

Mo—1)p+1 — 1
&

I[3(ip — Do+ 1,3(ip — 1) + 2; a]

C I[3((i0— DB+ 1) — 1,3((ip — )G+ 1);¢ — b].

By Lemma 5.1, (n(io,l)gﬂ —L,mgy—1)p41 — 1) is strongly consistent.

Lemma 9.6 m;341 =0 (mod 3).
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Proof. We consider three cases.
Case 1 p=0 (mod 3).
In this case, 3ig = 3¢ — 2p. It follows that

(3o +2)(c—b)  (3ia+2)p
a N q
q
= 3(ipB+1).

Therefore

(3iga +2)  3(iof + 1)

a c—b
Since 1/a < 1/(c —b), it follows that
I[3ige + 1, 3iga + 2;a] C I[3(ioB + 1) — 1,3(ipB + 1); ¢ — b].
Recall that 2/c¢ < 1/a. Therefore

Migpy1 — 1 3(i0f+1) 1+ dip1
c c—b c
3(lof+1) 2
- c—b c
1
a

- 3(igf + 1)

- c—b

(3i00& + 1)
a

Since . .
Migp+1 — 1 < 3(205 + 1) (3200& + 2)

c ) a ’
we conclude that

=1 . . : :
moﬂ%l € I[3ipa + 1, 3ipax + 2;.a] N I[3do3 + 2, 3io3 + 35 ¢ — b].

By Lemma 5.1, (nj,541 — 1, miyp+1 — 1) is strongly consistent. Therefore
Miyp+1 — 1 % 1 (HlOd 3)
By Lemma 9.4, m; 511 # 1 (mod 3). Therefore
Migp+1 =0 (mod 3).
Case 2 p=1 (mod 3).
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In this case, 3ig = 3¢ — 2p + 2. It follows that

(3ipa+1)(c—b)  (3ipa+1)p
a B q
Sioﬁq + 3@0 —l—p
q

= 3(ipf+1)—(p—2)/q.

Assume to the contrary that m;s41 # 0 (mod 3). Then by Lemma 9.4,
Mipp+1 = 2 (mod 3). By Corollary 5.1,

(p—2)b
q(c—10)

As 1/a =p/(q(c — b)), we conclude that

diop+1 >

-2 b -2
p >P a

Oigf+1 > =(p—2)/p.

c—b q c—b
By Corollary 7.1, §;,5+1 = s/p for some integer s, hence we must have
Oigpr1 = (p—1)/p.
Now (p —1)/p = diyp+1 > (p — 2)b/(pa) implies that
(p—1)a > (p— 2)b.
As p > 4, we have 3a > 2b, hence

4/c < 2/a=2p/(q(c —b)) < 3/b.

This implies that
q < 2p.

Indeed, if ¢ > 2p, then
4/c <2p/(q(c—b)) <1/(c =),
which implies that 3/b < 4/¢, contrary to the above.
By Lemma 9.5, (n(io,l)gﬂ —1,mgy—1)841— 1) is strongly consistent. Now
M(ig—1)p+1 = Migp+1 — K+ [Gig1 — €]
Since € < (p — 1)/p and ;.41 = (p — 1)/p, we conclude that
Mig-1)5+1 = Mig1 — 4 (mod 3).

Since m(;y—1)p41 #Z 2 (mod 3) and m;,341 =2 (mod 3), we conclude that
w#0 (mod 3).
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Thus either p =1 (mod 3) or p =2 (mod 3). Assume first that u = 1
(mod 3). Since d;,341 = (p — 1)/p, we conclude that J # 0, and hence € # 0
(as ge + J is an integer). Because pe is an integer, ¢ > 1/p, and hence

\_6 + (5i0ﬂ+1J =1
This implies that

Migr1)+1 = Migs1 + U+ |digpy1 + €]
= 1 (mod 3).

By applying Lemma 9.4, we conclude that j, = i, i.e., p = 4. Since p < ¢ <
2p, and ged(p, ¢) = 1, the possible values for ¢ are 5 and 7.

If g =7¢then « =2, 8 =1andig =q—2p/3+2/3 =05 Hence
W+ e=m+49,ie., up=m,e=79. Moreover

Migs+1 + 0igp1 = do(u+e€) +m+0
= 6(m+9).

Since m;yp+1 = 2 (mod 3) and ;541 = (p — 1)/p = 3/4, we conclude
that 60 = 2+ 3/4 = 11/4. However, by Lemma 7.1, 40 is an integer, which
is an obvious contradiction.

If g=5thena=4,3=3andig =q—2p/3+2/3 =3. Since
Bm+6)=3(m+0)=p+e

and p =1 (mod 3), we conclude that 36 = 1+ e. Therefore 6 # 0, which
implies that € # 0 (because ge + ¢ is an integer.) As 4e is an integer, we
know that € > 1/4. Because 40 is an integer, we know that § = s/4 for
some integer s. Now 35 = 1 + e implies that 6 = ¢ = 1/2. But ip = 3
implies that 0;,541 = {3€¢ + 6} = 0, contrary to the previous conclusion that

Oipg+1 = (p—1)/p = 3/4.

Assume next that p =2 (mod 3). Ilf p=4, theng=5o0r7. If ¢ =7,
we obtain the same contradiction as above. If ¢ =5 then o =4, § = 3 and
1o = 3. Since

Bim+9)=3(m+06)=p+e
and 4 = 2 (mod 3), we conclude that 30 = 2 4+ €. Since ¢ > 1/4 and
40 is an integer, it follows that § = 3/4 and € = 1/4. But iy = 3 implies
that ;541 = {3¢ + d} = 1/2, contrary to the previous conclusion that
Oigg1 = (p = 1)/p = 3/4

Thus we may assume that p > 7, and hence jo —ig > 1. For i < j < 7,
we have

Mjgr1 = Migpyr + (7 —i0) (1 + €) + dippr1]
= 2+2(j —io) + [(j —io)e + dipps1] (mod 3)
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If
(Jo —d0)e + digp+1 < Jo — fo,
then let j* be the least integer such that
(7" —do)e + dippr1 < J* — 0.

Then ig + 1 < j* < jp, and by the minimality of j*, we have [(j* — ig)e +
digp+1] = 7* —io — 1. It follows that mjs; = 1 (mod 3), contrary to
Lemma 9.4. Therefore we have

(Jo — d0)e + digp+1 = Jo — o,
and hence m;op+1 =2 (mod 3). It follows from above that

€ > 1—10ip41/(Jo— o)
= 1—(p—1)/(p(jo — o))

Since jo — ig = (p — 4)/3, it follows that

pe>p—3(p—1)/(p—4).

Since p > 7, we conclude that pe > p — 6. Because p(u+¢€¢) =0 (mod 3),
we conclude that pe = p—3 or p—6. If pc = p—6, then 3(p—1)/(p—4) > 6,
and it follows that p = 7 and e = 1/7. Hence jo —ip = 1 and

Gjop+1 = {0igp+1 + €} ={6/7T+1/7} = 0.
Since mj,p1 =2 (mod 3), and (by the proof of Lemma 9.4)
3(Jof +1)/(c = b) € I[3jocx + 1, 3jocx + 2; a,
this is in contrary to Corollary 5.1.
If pe = p — 3, then § = {3¢q/p} (because ge + 4 is an integer) and hence

Oigp+1 = {ioe + 0}
{3q —2p+2 3 ﬁ

I==)+—}
3 p- P
p—2
p 9
contrary to the previous conclusion that d; 511 = (p — 1) /p.

Case 3p=2 (mod 3).
Assume to the contrary that m;p1 =2 (mod 3). Asp=2 (mod 3),
we have 3ig = 3¢ — 2p + 1. Therefore
(Bipa+1)(c—b)  (3ipa + 1)p

a q
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3105(] + 320 +p

q
_ BigBq+3¢—p+1
q
= 3B+ 1) —p;.

Because (by the proof of Lemma 9.4)

3(i0f 4+ 1)/(c = b) € I[3ipax + 1, 3ipa + 2; a],

by Corollary 5.1,
digp+1(c —b)/b>(p—1)/q.
As 1/a =p/(q(c — b)), we conclude that

p—1 b

52' >
0B+1 q c— b

>77

1

However, by Corollary 7.1, 6;,341 = s/p for some integer s, which is a con-

tradiction.

Lemma 9.7 Ifp=0 (mod 3), then mjp41 =2 (mod 3).
Ifp=2 (mod 3) and mjpy1 =0 (mod 3), then ;541 = 0.
Ifp=1 (mod 3) and mjps1 =0 (mod 3), then either 6,311 =0, or

djo8+1 =1/p, 2p>qand (p—1)a > (p — 2)b.

Proof. If p=0 (mod 3), then 3jy = 3¢ — p, and it follows that

(3j0cx +2)(¢ = b)/a = 3(jof + 1) +p/q.

If mjp+1 =0 (mod 3), then by Corollary 5.1,

pb

q(c —b)’
Asb/(c—0b) > a/(c—0b) = q/p, we conclude that

1 —djop+1 >

b
1_§joﬁ+1>£ >£g:1,

gc—b  qp

which is an obvious contradiction.
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If p=2 (mod 3), then 3jy5 =3¢ —p — 1, and it follows that

(3j00[ + 2)(6 — b) _ (3j0a + 2)]9
a q
_ 3joBq + 3jo + 2p
q

= 30+ +@—-1/a
If mjopr1 =0 (mod 3), then by Corollary 5.1,

(p—1)b
q(c—10)

1= 0jop1 >

As 1/a =p/(q(c — b)), we conclude that

p—1 b _p—lé a
g ¢c—b g ac—b
p—1 a p—1

¢ c=b p
As pd; is an integer for all j, we conclude that

1 —Gjopr1 >

>

Gjop+1 = 0.
Ifp=1 (mod 3), then 3jy = 3¢ — p — 2. Therefore
(Bjor +2)(c —b)/a=3(jof +1) + (p = 2)/q.
If mjopr1 =0 (mod 3), then by Corollary 5.1,

(p—2)b
q(c—0)

1= 01 >

As 1/a =p/(q(c — b)), we conclude that
-2 0 -2
p > p a

1— 6j,541 > = (p—2)/p.

c—>b qg c—0b
Hence 6,541 < 2/p. By Corollary 7.1, §;,5+1 = s/p for some integer s, hence
either
Gjop+1 =0,
or
Jjo8+1 = 1/p.

If 6,841 = 1/p, then (p —1)/p =1 = 6;,p11 > (p — 2)b/(pa) implies that
(p—1)a > (p — 2)b. This implies that ¢ < 2p. Indeed, if ¢ > 2p then since
2/c < 1/a, we conclude that

4fc < 2/a=2p/(g(c — b)) < 1/(c — D).

It is easy to see that 4/c < 1/(c — b) implies that 3/b < 4/c. Hence 3/b <
2/a, which implies that 2b > 3a, contrary to the previous conclusion that
(p—1)a > (p —2)b (as p > 4). This completes the proof of Lemma 9.7. }
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Lemma 9.8 p # 4.

Proof. Suppose p = 4, then ¢y = jo = ¢ — 2. By Lemma 9.6, m; 311 =
mjop+1 =0 (mod 3). By Lemma 9.7, either 6,31 = 0 or

djop+1=1/p, 2p > g and (p —1)a > (p — 2)b.

Assume first that d, 311 = 1/p = 1/4. Then p < ¢ < 2p. Therefore either
g=d5o0rq=".

If g =5then o« =4, f = 3 and 7o = 3. Hence i3 + 1 = 10, and
1/4 = 0;yp+1 = {106}. This is impossible, because by Lemma 7.1, 6 = s/4
for some integer s.

If g=7then a =2, 3 =1 and iy = 5. Hence 1o + 1 = 6, and we obtain
the same contradiction.

It remains to consider the case that ;541 = 0. Because ged(p,q) = 1,
we know that either ¢ = 4s 4+ 1 or ¢ = 4s 4 3 for some integer s > 1.

Note that 5 r )
(3iga + - =0 _540841).
As (¢ —b)/a = 4/q, we have
Bija 1 3if+1) 2
a c—b qlc—10b)’

and

Bia+2 _ 3(igf+1) 2
a c—b q(c—b)

First we show that 2a > b. Indeed, if to the contrary that 2a < b, then
because d;,3+1 = 0, we have

NiyB+1 +1 _ 3(@05 + 1) 1 1
b c—b b

o 3wb+1) n ks

- c—b 2a

3(iof + 1) P
c—b * q(c—b)

. 3200[+2
_ Mat?
Therefore
i 1 . 4
”Oﬁf € I13(iof +1),3(i0B +1) + 1:c — b

N I[3ipa + 1, 3igax + 2; al.
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Hence by Lemma 5.1, (n;,p11 + 1,m;,p+1 + 1) is strongly consistent. As
Migp+1 +1 =1 (mod 3), this is in contrary to the general assumption.

Ifg=4s+1,thena=3s+1, =3 and ig =4s— 1. If ¢ = 45+ 3, then
a=s+1,06=1and ig =4s+ 1. In any case,

iwf+1 = 2 (mod 4).

Since ;541 = {(408 + 1)d} = 0, it follows that § # 3/4,1/4. Since 49 is

an integer, it follows that the possible values for § are 0 and 1/2.

First we consider the case that 6 = 0. Then 9, = 0 for all j, and € = 0.
It is straightforward to verify that

3o+ Vatl _ 3(lo+ DA+ 1

a c—b q(c—b)’
3(ip + Na+2 3((1’0+1)6+1)Jr 5

a c—b qlc—0b)

As q > 5, it follows that

I[3(ip + D+ 1,3(i0 + 1) + 2; a]
CIB((lg+1)B+1),3((ig+ 1)+ 1)+ 1;¢ —b].

By lemma 9.1, 2a < ¢ < 3a. Recall that m,11)s41 + dio+1)8+1 = Migp4+1 +
diop+1 + 4 + €. Therefore

Mio+1)p+1 = 4 (mod 3),

and
d(io+1)a+1 = 0.

By using the facts that 6(;,4+1)541 = 0, 2a < ¢ < 3a and a < b < 2a, it is easy
to verify that

i 1 . :
MGt VBT 2 11370 + 1o + 1, 3(io + Do + 2; ),

c
and +1
% € I[3(ig + 1a + 1,3(i + 1) + 2; al.
By Lemma 5.1, (n@y+1)8+1, Mo+1)8+1) 1S strongly consistent, and
(NGo+1)841 + 1, Mg11)s41 + 1) is strongly consistent. As ng,1)p41 = p

(mod 3), by the general assumption, we have =2 (mod 3).
If 2/b < 5/(q(c — b)), then it is easy to verify that

N(ig+1)+1 T 2

2 € I[3(ip+ 1)+ 1,3(ip + 1) + 2; a],
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which implies that (n¢,+1)8+1 + 2, M(ig+1)8+1 + 2) is strongly consistent, con-
trary to the general assumption. Thus we may assume that 2/b > 5/(q(c—b)),
which implies that 8a > 5b.

If ¢ > 11, then since

g _ 11 11
=L > >
c—b 4da” 4da” 2

we conclude that 116 > 9c¢ > 18a, contrary to the previous conclusion that
8a > bb. Therefore we have 5 < ¢ < 10. As ged(g,4) = 1, the possible values
for g are 5,7 and 9.

Ifg=50rq=29, then § = 3, and pu = |3(m + )| = (mod 3),
which is an obvious contradiction (as 6 = 0). If ¢ = 7, then ﬁ = 1, hence
w=m=mn=2 (mod3). As a < b < 14(c — b)/5, we have 21/4 <
n+d=3b/(c—>b) <42/5. Asn =2 (mod 3) and 6 =0, son = 8§, i.e
3b/(c —b) = 8. It follows that

Miys2)p41 — 2 3((0+2)6+1) 2
b c—> b
B 3((ip+2)8+1) 3
B c—b "~ 4(c—b)

It is straightforward to verify that

3(io+2)a—2  3(ig+2)8+1) 8

a B c—b ~ 7(c—b)
S(io+2a—1  3((ip+2)F+1) 4

a B c—b C T(e—b)

Hence

m(““)lf“_z € I[3(io+ 2)o — 2,3(ig + 2)ox — 1;
N I[3((g+2)8+1) — 1,3((ig + 2)8 + 1); ¢ — b).

By Lemma 5.1, (n(i0+2)ﬁ+1 — 3, M(ig+2)8+1 — 3) is strongly consistent. But
Mip+2)8+1 = 20 =1 (mod 3), which is in contrary to the general assump-
tion.

Now we consider the case that § = 1/2.
Ifg=4s+1,then a =3s+ 1, 3 =3 and 1o = 4s — 1, and
iopf+1 = 1 (mod 3),
1
§(i0ﬁ+ 1) = 2 (mod 3).
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Because

Mmiys+1 = L(Zoﬁ + 1)(m + 1/2”

= m+2
0 (mod 3),

we conclude that n=m =1 (mod 3).

As 2a > b, we have 3b/(c —b) =n+1/2 < 6a/(c —b) =6s+ 1+ 1/2, it
follows that n < 6s. Asn =1 (mod 3), we conclude that n < 6s — 2. So

3b 1
<6s—2+ —
c—b~ ° +2’
which implies that
2b
<4s—1
c—p-= 0D
and hence
c—b 2
> .
¢ T 4s+1

As a/(c—b) = (454 1)/4, we conclude that

a a c—b

c—b ¢
4s+1 2

4 4s+1
1

5

This is in contrary to the general assumption.

Assume now that ¢ = 4s+ 3. Then a = s+ 1, § =1 and 1y = 4s + 1.
Since f=1and § =1/2, we have uy=m =n (mod 3) and e =9 = 1/2.

Since 2a > b, we have

3b 6a 1
p_— n+1/ <C_b 6s + +2

Hence n < 6s+ 3. If n < 6s+ 1, then
3b/(c—b)=n+1/2<6s+3/2,

and
2b/(c—b)=n/3+1/6 <4s+ 1.
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Therefore (45 +3)b < (4s+ 1)c and ¢ — b > 2¢/(4s + 3). It follows that

v

a a 2
— =1/2.

¢ c—bds+3 /
This is in contrary to the general assumption.

Thus we may assume that 65 +2 <n < 6s+ 3. If n =6s + 2, then

b 5  3q
frd 2 — —_
c—b 76710
and it follows that
2—-1/2 - 5
b q(c —b)
Therefore
Nptnser +2 - 3+ DF+1)  2-1/2
b c—>b b
(i
- (o + 1)+ 1) N 5
c—b q(c—b)
N a
< 3((ip+1)B+1)+1
- c—b )
Because
Maepn +2 _ o+ DFEY) | 2-1/2
b c—>b b
(i
- ((20+1)5+1)+}
c—b b
(i
- ((lo+1)5+1)+i
c—b 2a
B 3((ip+ 1)+ 1) N 2
B c—b q(c—b)
3(7 1 1
> (Zo —+ a)Oé + :

we conclude that

N(ig+1)8+1 T 2

2 € I[3(io + 1)a+1,3(ig + 1)a + 2; a]

C I[3((io +1)B+1),3((ig + DB+ 1) + L;¢ — b].
By Lemma 5.1, (ngo11)841 + 2, M(ip+1)8+1 + 2) is strongly consistent.

However, py =n =2 (mod 3). Hence,

Meg+1)s+1 = Lmioﬂ+1 + 5i05+1 +p+ GJ
= 2 (mod 3),
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which implies that mg,41811 +2 = 1 (mod 3), contrary to the general
assumption.

If n=6s+3,then u=n=0 (mod 3). Because

b c—b b
3((ip+1)B+1) N 5
c—b q(c—b)
3(io+ 1)+ 2
a
3((ip+1)B+1)+1
c—b ’

Mgt 1 _ 3o+ DE+1)  1-1/2

and

Nig+1)s+1 T 1 3((ip+1)5+1) N 1-1/2
b c—b b
3((ip+1)5+1) N 1

c—b 4a
3((ip+1)5+1) N 1

c—b q(c—b)
3(20 + 1)& +1

> )
a

we conclude that

N(ig+1)8+1 T 1

2 € I[3(ip+ 1)a+1,3(ip + 1) + 2; d

C I03(lio+ D)3 + 1),3((io + 1)B + 1) + Lic — b].

By Lemma 5.1, (n(ioﬂ)@ﬂ + 1, mg+1)p41 + 1) is strongly consistent.

However, y = n = 0 (mod 3). Hence, mgyi1)p1 +1 = p+1 =1
(mod 3), which is in contrary to the general assumption. i

Lemma 9.9 ¢ #0 (mod 3).

Proof. Assume to the contrary that © =0 (mod 3). For any j > 0,

Miig+)8+1 = Migp1 + I+ [J€ + dippr1]
= |je+ digpral-

If (jo — i0)€ + 6ipp+1 > 1, then let j* be the least integer such that

j*e + 6ioﬁ+1 > L
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Then 1 < j* < jg — 2. By the minimality of j*, it follows that
Mig+j8+1 = 1 (mod 3),
contrary to Lemma 9.4. Therefore we have (jo —ig)e + 0;yp+1 < 1, and hence
Mjo+1 = 0 (HlOd 3)a

and
Sjos+1 = (Jo — t0)€ + Sippr1-

By Lemma 9.7, p £ 0 (mod 3).

Ifp=2 (mod 3), then by Lemma 9.7, §;,341 = 0. Since jo —ig # 0, this
implies that e = 0. As ge + ¢ is an integer, it follows that 6 = 0 and hence
d; = 0 for all j.

Now =0 (mod 3) and € = 0 implies that for all j,
mjs+1 =0 (mod 3).

In particular,
Mjo+1p41 =0 (mod 3).

Since ¢ < 4a, and p > 5, it follows that

1/e>1/(4a) = p/(4g(c — b)) > 1/(q(c = b)).

As 0(jo+1)p+1 = 0, we have

Mip+nser 2 3o+ DB+1D) 2
c c—b c
(i
L BGerBEn 2
c—b q(c—10)

On the other hand,

BUot+Da+1)c=b)  Blot+la+1)p
a q
_ BUo+1)Bg+30Go+1)+p
q

— 3o+ I+ D+

As ¢ > 2a, we have

3(jo + 1)+ 2 3((Jo+1)B+1) 1
> + =
a c—b a
3((7 1 1 2
R CESEEE
c—b c

_ Miotnypt1 + 2

c
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Therefore

M(o+1)g+1 + 2

€ I[B(jo+ a+1,3(jo+ o+ 2;a
N I[3(Go+1)8+1),3((o+1)8+ 1) + Lic— 0.

By Lemma 5.1, (n(jo+1)5+1+1, m(jp41)541+1) is strongly consistent. However,
Mjo+1)s+1 + 1 =1 (mod 3), contrary to our general assumption.

Ifp=1 (mod 3), then by Lemma 9.7, either 0,341 = 0, or
djo6+1 = 1/p, 2p > g and (p — L)a > (p — 2)b.

Since

M (jot1)8+1 L€+ 0jos1]  (mod 3),

OGornps1 = L€+ 0jopr1}
€ (r—1)/p,

IN

we conclude that either

Me+1p+1 =0 (mod 3),

or
Mmgjo+1)p+1 = 1 (mod 3), and dj,41)s41 = 0.
Since
1/c>1/(4a) = p/(4q(c—b)) > 1/(q(c— D)),
(c=0b)/a = p/q,
ap = Bq+1,
we have
(BGo+Da+1)(c=b) _ (3Go+Da+1)p
a q
_ BUo+1)Bg+30o+1)+p
q
) 1
= 3((o+1)B+1)+ <
Hence
mirnpsr +2 U0+ DB+ | 2= 0o
c c—b c
a((
RS ESI!
c—b c
a((
RIS
c—b q(c—b)
3o+ 1a+1
- )
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On the other hand, as 2/c < 1/a < 1/(c —b), we have

Meornsr1 +2 3o+ 1DE+1) ey
c - c—b
] 1 2 ] 1 1 1
< m1n{3<]0+ )(l/—l— 73((j0+ )ﬁ—f_ )+ }
a c—b
Therefore

M(jo+1)B+1 +2
C

€ I[3(o+ Da+1,3(j+ Da+2;a

N IB((Jo+ 1) +1),3((Go + 1B+ 1) + L;¢ = b].

By Lemma 5.1, (n¢jo+1)84+1 + 1, m(jo+1)841 + 1) is strongly consistent. Hence
MGo+na1 Z 0 (mod 3),

Therefore we have mj,41)841 = |€ + djop1] = 1 (mod 3) and
O(jo+1)8+1 = 0.

However, by using the fact that 0(jy4+1)s+1 = 0, the calculation above
shows that

mo+1)p+1 + 1
C

€ I[30o+ Da+1,3(j+ Da+2;a
N I[3(Go+1)8+1),3((o+1)B+ 1) + Lic— 0.

By Lemma 5.1, (n(j,11)8+1, M(jo+1)s+1) is strongly consistent, again contrary
to the general assumption. i

Lemma 9.10 4 # 1 (mod 3).

Proof. Assume to the contrary that ¢ = 1 (mod 3). We consider three
cases.

Case 1 p=0. Then jo =q— p/3 > q— 2p/3 = iy, hence

Mig+1p+1 Z 1 (mod 3).

As
Mgt = 1+ [€+0ipp11]  (mod 3),

we conclude that

Mgt = 2 (mod 3),
€+ 52'0/3-&-1 > 1
Oip+1)p+1 = €+ 0igpy1 — 1.

Since 19 = ¢ — 2p/3, (¢ —b)/a = p/q and ap = Bq + 1, it is straightforward
to verify that

B0+ Da+1)(c=b)/a=3((lo+1)F+1) = (p—3)/q¢
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By Corollary 5.1, we have

—3 b -3 —-3
p P a _p-3

51’ >
(0+1)ﬁ+1 q c— b q c— b p

As 0(ip41)8+1 = € + Oipp+1 — 1, we conclude that e > (p — 3)/p.
If p > 6 then jo—ip = p/3 > 2. Hence m;,12)p41 Z1 (mod 3). However
M(ig+2)8+1 = M(ig+1)s+1 + U+ L5(z‘0+1)ﬁ+1 + €J
= [dio+1)p+1 + €] (mod 3).

Since Op4+1)8+1 > (p —3)/p > 1/2 and € > (p — 3)/p > 1/2, we have
Mip+2)8+1 = 1 (mod 3), which is in contrary to the general assumption.

If p = 3 then by Lemma 7.1, we have 3(m +6) = 0 (mod 3), which
implies that 30 = 0 (mod 3), hence § = 0. Then d;,3,1 = € = 0, contrary
to our previous conclusion that € + d;,541 > 1.

Case 2 p=1 (mod 3). By Lemma 9.5, (ng,-1)g+1 — 1, Mip-1)p41 — 1) is
strongly consistent. Hence

Mig-1)+1 7 2 (mod 3).

Note that

MGo—1)+1 = Migs+1 — 1+ [Gigp41 — €]
= 24 [diyp+1 —€] (mod 3).

Thus we conclude that
Miy-1)p+1 = 1 (mod 3), € > ;541 and dio—1)p41 = 1 + Gipp41 — €.
Since iy = g — 2p/3 + 2/3, it is straightforward to verify that

(3(io = Da +2)(c =b)/a=3((io —1)F+1) = 1/qg.

If 6(is—1)+1/¢ > 1/(q(c — b)) then we would have

mi-ngr1 30— +1)  dip-1)s4
c c—b c
€ I[3(ip — 1)a+1,3(ip — 1)+ 2; d]

N I[3((i0 — 1B +1) — 1,3((io — 1)B + 1);c — b].

which implies that (n,—1)s+1, Me—1)s+1) is strongly consistent, contrary to
the general assumption. Therefore we may assume that

O(io—1)p+1 = 1+ 0ipp11 — € < ¢/(q(c — b)).
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Since 3(ig — 1) = 3¢ — 2p — 1, we have

(3(ip — L)ax + 1)(¢ — b) = 33— 1)+ 1 ptl
a q
> 3((io—-1)8+1) =1
and
(3(io — Da+2)(c—b) o 1
- = 3= 1F+1)
< 3((io—1)B+1)
Therefore

113(io—1)a+1,3(i0— 1)a-+2;a] < I[3((io—1)3+1)—1,3((io— 1)+ 1); c—1].
By Lemma 9.1, ¢ < 3a. Hence ¢/(q(c — b)) < 3a/(q(c —b)) = 3/p. Therefore
€ — 5@'0,6’-1—1 >1-— 3/]9

Since pd;,p11, pe are integers, we conclude that e—d;,5,1 > 1—2/p. Therefore
digp+1 =0o0r 1/p,ande=1—1/por 1 —2/p.

If 6ipp+1 = 1/p, then € = 1 — 1/p, which implies that m,11)s41 = 2
(mod 3) and d(;,11)s+1 = 0. By Lemma 9.8, p # 4, hence ig + 1 < jo. By the
proof of Lemma 9.4,

(B(ip+1)B+1)/(c—0b) € I[3(io + 1)+ 1,3(ip + 1) + 2; al.
This is in contrary to Corollary 5.1.

If 6;yp4+1 = 0, then m;y41)841 = 1(mod3). This is in contrary to Lemma
9.4 (because p # 4, by Lemma 9.8).

Case 3 p=2 (mod 3). Then p > 5, and jy — ig > 1. By Lemma 9.4,
Mo+1)p+1 7 1 (mod 3).

Since
Mg+t = [1 4 digpe1 + €] (mod 3),

it follows that
Oippr1 + €21, maor1)p41 =2 (mod 3), and d(iy+1)p4+1 = ipp41 + € — 1.
Straightforward calculation shows that
Blio + Na+1)(c=b)/a=3((io+ 1)+ 1) = (p—4)/q
By applying Corollary 5.1, we conclude that

d(io+1)a+1(c = b)/b > (p—4)/q.
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Therefore

-4 b —4
p >P a

5@' >

This implies that € > (p — 4)/p.

Assume that p # 5. Then p > 8 and jy > ig+2. Therefore m ;12541 #Z 1
(mod 3). On the other hand,

Mig+2)8+1 = M(ig+1)8+1 T M1+ le + 5(io+1)5+1J
= LG + 5(i0+1)5+1J (mod 3)

As mo41)p+1 = 2 (mod 3), p =1 (mod3), e > (p—4)/p > 1/2 and
S(ig+1)8+1 > (p —4)/p > 1/2, we conclude that m(, 42541 =1 (mod 3), a
contradiction.

Now we consider the case that p = 5. This turns out to be a very subtle
case.

Since 19 = ¢ —2p/3+1/3, (¢ —0b)/a = p/q and ap = fBqg + 1, it is
straightforward to verify that

(Bipar +2)(c —b)/a = 3(igB+ 1) + 1/q.
Since (by Lemma 9.6) m;341 = 0 (mod 3), it follows from Corollary 5.1
that 1
1—9; -——
0B+1 > q c— b
Since b/(c —b) > a/(c — b) = ¢q/p, we have
By Lemma 7.1, pd; is an integer for all j. Hence
1= bigps1 = 2/p=2/5.
Therefore d;,541 < 3/5.
On the other hand,
M(ig+1)8+1 = Migp41 + [+ Léioﬁ-&-l + EJ‘
Since jo — 9 > 1, by Lemma 9.4, m(;o41)841 1 (mod 3). It follows that

Mig+1)5+1 = 2 (mod 3),

and
5(i0+1)5+1 = (5i05+1 +e—1

30



It is straightforward to verify that
B(ig+ Da+1)(c—0b)/a=3((io+1)F+1)—1/q.

By Corollary 5.1,
0 > L b > 1
(i0+1)B+1 qc b

];.
Therefore
S(ip+1)3+1 > 1/5.

Hence
Oipt1)a41 = Oigpp1 +€— 1> 2/5.

This implies that
diopt1 = 3/5, Oigr1)p+1 = 2/5, and € = 4/5.

Since 5 L
S 16 N §
5 51064-1 > qc—b /5(1,

we have 2a > b.

Since ge + ¢ is an integer and ¢ = 4/5, we conclude that 0 = {q/5}.
Suppose ¢ = i(mod5), where 1 < i < 4 (since ged(p,q) = 1 we know that
i # 0). Suppose ¢ = bk +i. Then 6 = {¢/5} = i/5. By Lemma 7.1,
p(m+0) =0 (mod 3). Therefore 5m+i=0 (mod 3), which implies that
m =i (mod 3).

Suppose m = 3s + ¢. Then
3c/(c—=b)=3s+i+0d=3s+i+i/b.
This implies that
¢/(c=b)=s+2i/5 and b/(c —b) = s — 1+ 2i/5.

Recall that
a/(c—b)=q/p=(bk+1i)/5b=k+i/5.

If s < 2k then ¢ < 2a, contrary to our assumption. If s > 2k +1 then b > 2a,
contrary to our previous conclusion. | |

Lemma 9.11 p # 2.

Proof. Assume to the contrary that p = 2. Then for j > i,

Mjgr1 = Migpy1 + (J —do)p + [Gigpr1 + (J — do)e]
= 2(j — o) + [Gigp+1 + (4 —io)e] (mod 3).
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By Lemma 9.8, p # 4, hence j5 > 1.
If

(Jo = i0)€ + Gigpr1 < jo —do — 1,
then let j* be the least integer such that
(J* — o)+ Gigpr1 < J* —io — 1,
we would have g + 2 < j* < jy, and
J =i —2 < (J* —io)e+ Gippr1 < JF —io — L.

This implies that
mjsr1 =1  (mod 3),

contrary to Lemma 9.4. Therefore we have
(Jo — 90)€ + Oigpt1 = Jo — 10 — 1.
So
€>1— (14 dip+1)/(Jo — i0) > 1 —2/(jo — io).

If p=0 (mod 3), then jo —ig = p/3, hence pe > p — 6.

Ifp=1 (mod 3), then since p # 4, we have p > 7. As jo—io = (p—4)/3,
we conclude that

€21-3/(p—4) = 30is+1/(p —4).

Therefore
pe>p—3p/(p—4) = 30igs11p/(p — 4).
Since p > 7, we have p/(p — 4) < 7/3. Hence pe > p — 14.

Ifp=2 (mod 3), then jy—iy = (p—2)/3. Since p > 5 and p/(p —2) <
5/3, it follows that

pe >p—3p/(p—2) — 30,5410/ (p — 2) > p — 10.

By Lemma 7.1, p(u+¢€) =0 (mod 3). Therefore we conclude that:

if p=0 (mod 3), then pe =p — 3;
ifp=1 (mod 3), then the possible values of pe are p—3,p—6,p—9,p—12;
if p=2 (mod 3), then the possible values of pe are p—3,p —6,p — 9.

If pe = p — 12, then p > 12, which implies that
pe>p—3p/(p—4) = 30ip11p/(p — 4) > p — 12,

which is an obvious contradiction.
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If pe =p—9, then p Z0 (mod 3)). Therefore, p > 10. When p = 2
(mod 3), then p/(p — 2) < 5/4, and hence
pe >p—3p/(p—2) = 3dippr1p/(p —2) >p -9,
which is an obvious contradiction.
When p =1 (mod 3), then ig = ¢ —2p/3 +2/3. Ase=1—9/p and
ge + 0 is an integer, it follows that § = {9¢/p}. Therefore
digpr1 = {(iof+1)d}
{(5 + ioE}
= {9¢/p— (¢ —2p/3+2/3)9/p}
= 1-6/p.

Since p > 10, which implies that p/(p —4) < 5/3, and that

pe > p—3p/(p—4) = 3di,p41p/(p — 4),
we conclude that
51'0,6’—4—1 Z 4/5

Therefore 6/p < 1/5, hence p > 30. But this implies that p/(p —4) < 30/26,
hence
pe>p =9,

which is an obvious contradiction.

Assume now that pe = p — 6. Then p Z0 (mod 3), e =1 —6/p, and
d = {6¢/p} (because ge + ¢ is an integer.)

First we show that

2q/p—1<b/(c—b) <2q/p.

The first inequality follows easily from the fact that 2/c¢ < 1/a = p/(q(c—b)).
To show that the second inequality holds, we assume to the contrary that

b/(c —b) > 2q/p. Then 2/b < p/(q(c —1)).

Ifp=1 (mod 3), then i = ¢ — p/3 + 2/3. Since § = {6¢/p}, straight-
forward calculation shows that

Gigp+1 = {ioe + 6} =1 —4/p.
Therefore
Nigp+1 + 1 3(ioB+ 1) + 1 — ipp41
b c—b b
3(igf + 1) N i
c—>b pb
c—b
3i00( + 2
—Y

33



As shown in Lemma 9.4,

i + 1 3(igf+ 1)
< ;
a c—b

Therefore

Niop+1 + 1

2 i + 1, 3igar + 2; al

e I
N I[3(i0B+1),3(i0f+ 1) + 1;¢— b].
By Lemma 5.1, we know that (n;,5+1 + 1, m;,p41 + 1) is strongly consistent.

By Lemma 9.6, m;3+1 = 0 (mod 3), this is in contrary to the general
assumption.

If p=2 (mod 3), then ig = g —p/3+1/3. However, the same argument
as above still works, and derives a contradiction.

Therefore we have proved that

2q/p— 1 <b/(c—b) <2q/p.
This implies that
6q/p —3 < 3b/(c —b) < 6q/p.

Recall that by definition § = {3c¢/(c — b)} = {3b/(c — b)}. Now 6 = {6¢/p}
implies that

{6q/p} = {3b/(c = b)}.
It follows that
n+d6=3b/(c—b) =6q/p—2or6g/p—1,
and

m+d=3b/(c—b)=6q/p+1or6q/p+ 2.

Ifp=1 (mod 3), then ig = g — (2p — 2)/3, and hence

Miggr1 = |do(p +€) +m+ 4]
= - 23— ) +mtd
= Lm+(5—(j;]+4p_4j (mod 3).

If m+4 6 =6q/p+1then myp1 =1 (mod 3). If m + 0 = 6¢/p + 2 then
Migp+1 = 2 (mod 3). In any case, this is in contrary to Lemma 9.6.

If p=2 (mod 3), then ip = g — (2p — 1)/3, and hence

Miggr1 = |io(p +€) +m+ 0]
. 2p—1 6
= lla=T)B= )+ m )
= Lm+(5—fjj+4p_2j (mod 3).

84



If m+4 6 = 6qg/p+1then m;p; =1 (mod 3). If m + 0 = 6¢/p + 2 then
Migp+1 = 2 (mod 3). In any case, this is in contrary to Lemma 9.6.

Finally we consider the case that pe =p—3. If p=0 (mod 3), then by
Lemma 9.7,
Mmjos+1 =2 (mod 3).

By the proof of Lemma 9.4, we know that
3(joS +1)/(c—b) € I[3ipa + 1, 3ipcx + 2; al.

Therefore, by Corollary 5.1,
5j05+1 > 0.

However, since e = 1 — 3/p, § = {3¢/p}, it follows that

8jopt1 = {joe + 9} = {(q —p/3)(1 — 3/p) + 3q/p} = 0,
which is a contradiction.

Ifp=1 (mod 3), then jo =q—p/3—2/3,iy = q—2p/3+2/3,e =1-3/p
and 6 = {3¢q/p} (because ge + 4 is an integer). Therefore

3q 3q—p—2}_2
D D

0jo+1 = {Jo€ + 0} = D

Y

and

3q—2p+2}_p—2

) 3
Siope1 = {ioe + 0} = {pq =

D p
This implies that
Mjsr1 = Miga1 + (Jo — o)t + [ (Jo — i0)€ + Sippt1]
3(jo — o)
= [bips1 — ———]
B p p
= 0 (mod 3).

This is in contrary to Lemma 9.7.

Ifp=2 (mod 3), then jo=¢—p/3—1/3 and iy = ¢—2p/3+1/3. Since
e=1-3/p, and § = {3¢/p}, it follows that
3¢ 3q—2p+1 p—1
PR A

Sigpr1 = 10 +ige} =

)

and

3q 3q—p—1}_1
p p

0jos+1 = 10 + joe} = P
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It follows that

Mjor1 = Migg+1 + (Jo — do)p + [(Jo — to)€ + digpr1]
3(jo — o)
= g1 — — ]
D p
= 0 (mod 3).
This is again in contrary to Lemma 9.7. | |
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