Circular Choosability via Combinatorial Nullstellensatz
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Abstract
A (p,q)-list assignment L of a graph G assigns to each vertex v of G a set
L(v) € {0,1,...,p — 1} of permissible colors. We say G is L-(p, g)-colorable if G

has a (p, ¢)-coloring h such that h(v) € L(v) for each vertex v. The circular list
chromatic number x.;(G) of a graph G is the infimum of those real numbers ¢
for which the following holds: For any p,q, for any (p, ¢)-list assignment L with
|L(v)| > tq, G is L-(p, q)-colorable. We prove that if G has an orientation D which
has no odd directed cycles, and L is a (p, ¢)-list assignment of G such that for each
vertex v, |L(v)| = df,(v)(2¢ — 1) + 1, then G is L-(p,q)-colorable. This implies
that if G is a bipartite graph, then x.;(G) < 2[mad(G)/2], where mad(G) is the
maximum average degree of a subgraph of G. We further prove that if G is a
connected bipartite graph which is not a tree, then x.;(G) < mad(G).

Keywords: circular choosability, combinatorial Nullstellensatz, orientation, polyno-
mial.
Mathematical Subject Classification: 05C15

1 Introduction

This paper studies circular choosability of graphs, which is a combination of two varia-
tions of graph coloring: circular coloring and list coloring. Circular coloring of a graph,
introduced by Vince [7], is defined as follows: Suppose G = (V, E) is a graph and p > ¢
are positive integers. Take the set Z, = {0,1,...,p — 1} as the set of colors. For two
colors i,j € Z,, the distance between i and j is |i — j|, = min{|i — j|,p — |7 — j|}.
One may view the elements of Z, as p points evenly spaced on a circle of perimeter
p. Then |i — j|, is the length of the shorter arc of the circle between points ¢ and j.

*School of Mathematics, Georgia Institute of Technology, Atlanta, Georgia, USA. email:
snorine@math.gatech.edu

tSupported in part by NSF grant 0200595.

tDepartment of Applied Mathematics, National Sun Yat-sen University, Kaohsiung, Taiwan 80424,
and National Center for Theoretical Sciences. e-mail: tlwong@math.nsysu.edu.tw

SSupported in part by the National Science Council under grant NSC94-2115-M-110-009

IDepartment of Applied Mathematics, National Sun Yat-sen University, Kaohsiung, Taiwan 80424,
and National Center for Theoretical Sciences. e-mail: zhu@math.nsysu.edu.tw

ISupported in part by the National Science Council under grant NSC95-2115-M-110-013-MY3



A (p,q)-coloring of G is a mapping h : V' — Z, such that colors assigned to adjacent
vertices have distance at least g, i.e., for any edge zy of G, |h(z) — h(y)|, > ¢q. The
circular chromatic number x.(G) of G is defined as

Xc(G) = inf{p/q : G has a (p, q)-coloring}.

For finite graphs, the infimum in the definition is always attained and hence can be
replaced by the minimum [7]. It is known that for any graph G, x(G) — 1 < x.(G) <
X(G). So xc(G) is a refinement of x(G), and x(G) is an approximation of x.(G).
Circular chromatic number of graphs has been studied extensively in the literature.
The reader is referred to [10, 12] for surveys on this subject.

List coloring of graphs, initiated independently by Vizing [8] and Erdds, Rubin and
Taylor [2], is another variation of graph coloring. A list-assignment L of a graph G
assigns to each vertex v a set L(v) of permissible colors. We say G is L-colorable if
G has a (proper) vertex-coloring h such that h(v) € L(v) for each v. We say G is
k-choosable if G is L-colorable for any list assignment L for which |L(v)| = k for every
vertex v. The list chromatic number (or choosability) of G, x;(G), is the minimum
integer k such that G is k-choosable.

List circular coloring of graphs, first studied in [11], is the circular version of list
coloring. A (p, q)-list assignment is a mapping L which assigns to each vertex v of G a
set L(v) C Z, of permissible colors to v. An L-(p, g)-coloring of G is a (p, ¢)-coloring
h of G for which h(v) € L(v) for every v € V.. We say G is L-(p, q)-colorable if there is
an L-(p, q)-coloring of G.

Suppose G = (V, E) is a graph and £ : V — {0, 1,...,p} is a mapping. We say G is
?-(p, q)-choosable if for every (p, q)-list assignment L with |L(v)| = ¢(v), G is L-(p, q)-
colorable. The question of interest is for which mappings ¢, G is ¢-(p, q)-choosable.
We say a graph G is circular t-choosable if for any p > tq, and with £(v) = [tq]| for
all v, G is ¢-(p, q)-choosable. The circular list chromatic number of G (or the circular
choosability of G) is defined as

Xc,i(G) = inf{t : G is circular ¢-choosable}.

Unlike in the definition of circular chromatic number, it is proved by Norine [5] that
the infimum in the above definition of the circular list chromatic number of a graph is
not always attained and hence cannot be replaced by the minimum.

The concept of circular list coloring of graphs is relatively new, and some basic
questions remain open. It is unknown whether x.;(G) is always a rational number for
a finite graph G. It is also unknown whether x.;(G) is bounded from above by ay;(G)
for some constant «. A necessary and sufficient condition on £ is given in [6] under
which a forest is ¢-(p, ¢)-choosable. The problem of ¢-(2k+ 1, k)-choosability of cycles is
also studied in [6], where a sharp sufficient condition is given under which a cycle C, is
(-(2k+1, k)-choosable. The circular list chromatic numbers are known for trees, cycles,
complete graphs, odd wheels, etc. It is known that graphs of maximum degree k£ has
circular list chromatic number at most &+ 1 [11], the circular list chromatic number of



planar graphs is at most 8 [3], Outerplanar graphs G of girth at least 2n 4 2 are shown
to have x.;(G) <2+ 1/n [9]. Circular list coloring of graphs in which the list L(v) of
permissible colors to each vertex is a circular consecutive set is studied in [4].

This paper studies the circular list chromatic number of graph by using combinato-
rial Nullstellensatz. We generalize a result of Alon and Tarsi [1] concerning choosability
of graphs with an orientation containing no odd directed cycles and prove the following
result: Suppose a graph G has an orientation D in which there is no odd directed
cycle. If L is a (p,q)-list assignment with |L(v)| = d};(v)(2q — 1) + 1 for each vertex,
then G is L-(p,g)-colorable. The ¢ = 1 case is proved by Alon and Tarsi [1]. As a
consequence of this result, every bipartite graph G has circular list chromatic number
at most 2[mad(G)/2], where mad(G) = maxycq 2|E(H)|/|V (H)| is the maximum av-
erage degree of subgraphs H of G. However, for bipartite graphs, a stronger result
holds. We prove in Section 4 that if G is a connected bipartite graph which is not a
tree, then x.;(G) < mad(G). In Section 5, several questions are asked.

2 Circular choosability and orientation

We shall need the following theorem, called the combinatorial Nullstellensatz [1], in our
proofs.

Theorem 2.1. Let F be a field and let f(z1,%2,...,Ty) be a polynomial in Fxi,xa, ..., Ty].
Suppose the degree of f is equal to 2?21 t; and the coefficient of H?Zl (I,‘;j in f is
nonzero. Then for any subsets Si,Sa2,...,S, of F with |Sj| = t; + 1, there exist

s$1 € 51,82 € S9,...,8, €5, so that

F(s1y82,0y50) # 0.

For an orientation D of a graph G, we denote by d},(v) the out-degree of v in
D. A subgraph D' of D is eulerian if for each vertex v, dj,(v) = d;,(v). An eulerian
subgraph D’ is called an odd eulerian subgraph (respectively, an even eulerian subgraph)
if D’ has an odd (respectively, even) number of edges. Denote by EE(D) and EO(D)
the number of even eulerian subgraphs and the number of odd eulerian subgraphs of
D, respectively. The following result is proved by Alon and Tarsi.

Theorem 2.2. [1] Suppose G has an orientation D for which EE(D) # EO(D). If L
is a list-assignment with |L(v)| = d},(v) + 1 for each vertez v, then G is L-colorable.

We first generalize Theorem 2.2 to (p, ¢)-list colorings. An eulerian subgraph D’ of D
corresponds to a mapping k : E(D) — {0, 1} such that ZeeE;g(u) k(e) = ZeeEl_)(v) k(e).

Here E}(v) is the set of arcs in D with v as their tails, and E,(v) is the set of arcs
in D with v as their heads. For any positive integer ¢, we call a mapping k : E(D) —
{0,1,...,2q — 1} eulerian (with respect to g) if for each vertex v,

Yo oke)= > kle).

eEEB‘(v) e€E(v)



Suppose k is an eulerian mapping (with respect to ¢) and p > ¢ is an integer. We
assign a weight wy 4(k) to k as follows:

wp(k) = J[ are (P a),

e€E(D)

where ay(.)(p, q) is defined as

ar(ey (D, q) = > [T (=€7).

JC{—q+1,...q-1},|T|=k(e) j€J

Here i = /—1 and e*™/? i a complex number for any j. However, for any integers
k(e),p, q, the number ay)(p,q) is real, because it is easy to check that the conjugate

of aye)(p, q) is

ar(e) (D, q) = > [T(=e72"/7) = ayey(p, q)-

JC{—q+1,...,¢—1},|J|=k(e) j€J

If ¢ = 1, then wy (k) = (—1)™, where m = |{e € E(D) : k(e) = 1}|. So EE(D) #
EO(D) is equivalent to > wy 1(k) # 0, where the summation is taken over all eulerian
mappings k.

Theorem 2.3. Suppose a graph G has an orientation D for which ) wy (k) # 0,
where the summation is taken over all eulerian mappings k with respect to q. If L is a
(p, q)-list assignment with |L(v)| = d};(v)(2q — 1) + 1, then G is L-(p, q)-colorable.

Proof. Assume G has vertices vy, vo, ..., v,. Consider the polynomial f(x1,z2,...,x,) €
Clzy,z2,...,x,] defined as

q—1
flx1,mo,. .. xy) = H H (zj — eth/pgcj,).

(Uj ,Uj/)GD t=—q+1

Let ¢ : Z, — C be defined as ¢(k) = e?™#/P. Tt is obvious that a mapping h: V — 7,
is a (p, q)-coloring of G if and only if

f(@(h(v1)), ¢(h(v2)), - .., ¢(h(vn))) # 0.

Thus with S; = {¢(a) : a € L(v;)}, the graph G is L-(p, q)-colorable if and only if there
exist $1 € S1,89 € S9,...,8, € S, such that f(s1,s2,...,8,) #0.

Let t; = d},(vj)(2¢ — 1) for j = 1,2,...,n. Then the degree of f is |E|(2¢ — 1) =
Z?Zl tj. To prove Theorem 2.3 by using Theorem 2.1, it suffices to show that the
tj

coefficient of []_, =

; is nonzero.
j=1%; 18 nonzero



For an arc (vj,v;r) of D and for 0 < k < 2¢—1, let a;, be the coefficient of x?qflfkmé?,

in Hg;i g1 (T — e2mit] Pg;). Clearly, ay is determined by the integer & (independent of
the arc (zj,;)) and

ap = Z H(_e27rij/p).

JC{—q+1,...q—1},|J|=k jE€J

Thus if k(e) = k, then ay, is equal to ay(.) defined above.
It is easy to see that a mapping &k : E(D) — {0,1,...,2¢ — 1} makes a contribution
to the coefficient of H?Zl 7% in f(x1, o, ... ,2,) if and only if k is eulerian, and the

j
. tie o
coefficient of H?Zl z; in fis equal to

> e
k is eulerian e€D

Le., the coefficient of J[7_, :1:? in f(x1,22,...,2,) 18 equal to Y, ic eulerian Wr.a(F)-

By our assumption, ), iq eulerian Wr.q(k) 7 0. Hence G is L-(p, q)-colorable. O

Theorem 2.4. Suppose G is a graph and D is an orientation of G which contains no
odd directed cycle. Let L be a (p, q)-list assignment for G such that |L(v)| = df(v)(2q—
1) + 1 for each vertex v. Then G is L-(p,q)-colorable.

Proof. Without loss of generality, we may assume that G is connected. By Theorem
2.3, it suffices to show that ), is eulerian Wp.e(k) 7 0. Given an eulerian mapping
k : E(D) — ZZ2% we construct a multi-digraph Dy on the vertex set V of G, with
each arc e = (v;,vjr) of D replaced by k(e) parallel arcs from v; to v;,. Then Dy is an
eulerian digraph, as dEk (vj) = dp, (vj) for each vertex v;. Each directed cycle of Dy
corresponds to a directed cycle of D. Since D has no directed cycle of odd length, Dy
has no directed cycle of odd length. Thus |E(Dy)| is even, i.e., > . k(e) is even.

If d},(v) <1 for each vertex v, then either G is a tree, or G is an even cycle, say of
length 2n. In the former case, there is only one eulerian mapping k defined as k(e) = 0

for all e. Hence
> I mw=1law=1

k is eulerian e€D ecD

as ap = 1. In the later case, there are 2¢ eulerian mappings, defined as k;(e) = j for
7 =0,1,...,2¢g — 1. Thus

2q—1
Yoo Harw= (@)™
k 1s eulerian e€D §j=0

As all the a;’s are real numbers, and ap = 1, Y, is eulerian L lee D @k(e) > 1 in this case.

It remains to consider the case that there is at least one vertex v with dB(“) > 2.
Since |L(v)| = df(v)(2¢ — 1) + 1, we must have p > 4¢g — 1. We need the following
lemma, whose proof is given in the next section.



Lemma 2.5. Suppose p > 2q are positive integers such that either g = p/2 or for some
positive integer d, ¢ — 1 < (2¢ — 1)p/2%+ and 27~ |p. Then for any 0 < k < 2q — 1,
(—1)kak > 0.

Suppose k is an eulerian mapping. Then ) ., k(e) is even, and hence
[T axe) = TT-D"arce).
eeD ecD
By Lemma 2.5 (with d = 1), [[.cp are) = HeeD(—l)k(e)ak(e) > 0 for any eulerian

mapping k. Therefore
> I aw>o

k is eulerian e€D
This completes the proof of Theorem 2.4. O

Corollary 2.6. Suppose G has an orientation D which has no directed cycle of odd
length. If k = max,cy d},(v), then x.,(G) < 2k.

3 Proof of Lemma 2.5

In this section, p is a fixed positive integer. Let w = ¢2™/P. For an integer k and a

subset () C Z,, let
S@= >, [+

JCQ,|J|=kjeJ

As a convention, we let S,(Q) =0 if £ > |Q| and Sp(Q) =1 for any Q. For an integer
1<qg<p/2letI;={-q+1,—q+2,...,-1,0,1,...,¢ — 1}, where arithmetic in Z,
is modulo p. Lemma 2.5 can be re-stated as follows:

Lemma 3.1. If ¢ = p/2 or for some positive integer d, ¢ — 1 < (2¢ — 1)p/2%+! and
291 | p, then for 0 <k <2¢ —1, Si(I;) > 0.

Proof. For @Q C {0,1,2,...,p— 1}, let

Q|
k=0 jEQ
IfQ,RC{0,1,...,p— 1} are disjoint, then it follows from the definition that
fo(2) fr(z) = four(z). (3.1)

Note that zP — 1 = H?;é(az —w’). If p = 2q then H?;é(m —wl) = H?;é(w +w’). As
I,=1{0,1,...,p — 1} \ {p/2}. Hence

p—1
fr@) =@ =1)/(z-1) =
7=0

6



It follows that S;(I;) =1 > 0 for every 0 < k <2¢ — 1.

Assume for some positive integer d, ¢ — 1 < (2¢ — 1)p/29*+! and 297! | p. We need
to show that for any 0 < k£ < 2¢g — 1, Sk(I;) > 0. For an integer 0 < m < d — 1,
and j € {1,2,...,p — 1} such that 5%~ {4, we define the snowflake A, (j) of order m
inductively as follows.

Ao(j) = {4,—J}
An(j) = Ap-1(j) UAp-1(p/2™ — ).
It can be proved by induction that for m > 0,
An(g) ={tp/2" £5:t=0,1,...,2" —1}.

Because 52 14, Am—1(j) N Am—1(p/2™ — j) = 0 and Ap,(j) has cardinality 2™+,
Note that for j # 0, we have

Fag(i) (@) = (2 + ) (@ +w™7) = 2 + (2cos ?)w +1. (3.2)

We prove by induction on m that for 1 < m < d,

2m+171’j

o $2m+1 _ (

Fani) (@) = 2 cos )" + 1. (3.3)

p

We consider the base case m = 1 and the induction step simultaneously. By (3.1) we
have

fam) (@) = fap_ 1)@ fan,_1p/2m—j) (@)

= (22" — (2cos w)ﬁm*l +1)

x (z?" — (2cos %)mw_1 +1)
= 22" 201 — 2(cos 272:7-].)2)(1,‘2”1 +1
= 22" = (2 cos w)mw +1,

where we use (3.2) when m = 1 and the induction hypothesis for m > 1.

We say a snowflake A,,(j) is proper if m = 0 and 1 < j < p/4, or m > 0 and
p/2mt2 < j < p/2m+L. By (3.2) and (3.3), for a proper snowflake A of order m, we
have Si(A) > 0 for all ¥ > 0 and

82m+1 (A), S[] (A) > 0

For every j € I, — {0}, choose m(j) so that the snowflake A,,;)(j) is defined,
Ap)(7) € I, and subject to these conditions, m(j) is maximum. Denote A, (j) by

7



A(j) for brevity. Note that the snowflake A(j) is proper, as otherwise the snowflake
Ap(j)+1(7) is defined and lies in I, in contrary to the choice of m(j). For every j, h € I,
we have A(j) = A(h) or A(j) N A(h) = (. Therefore there exists J C I, such that the
snowflakes A(j) for j € J are pairwise disjoint and UjcjA(j) = I, -{0}. Therefore we
have
fr,@) = (@ + V) [ fagy(@)
JjeJ

and thus f7, (z) is a polynomial with non-negative coefficients. It remains to show
that all the coefficients of f; (z) are positive. By (3.4), it suffices to show that if
S = {A(j) : j € J} contains a snowflake of order m, then it contains a snow flake of
order m—1. Note that if S contains a snowflake of order m, then g—1 > (2 —1)p/2™+!
and A,_1((2™ — 1)p/2™*1) € S as the number (2™ — 1)p/2™*! is contained in no
snowflake of order m and A,, 1((2™ — 1)p/2™*1) C I,. This completes the proof of
Lemma 2.5. O

4 Bipartite graphs

It is known [1] that any graph G has an orientation D which has maximum out-degree
[mad(G)/2]. If G is a bipartite graph, then any orientation of G has no odd directed
cycle. By Corollary 2.6, we have the following corollary:

Corollary 4.1. If G is a bipartite graph, then x.;(G) < 2[mad(G)/2].
In this section, we prove a strengthening of Corollary 4.1.

Theorem 4.2. Suppose G is a bipartite graph. Let G’ be obtained from G by replacing
each edge with 2q—1 parallel edges. Let D' be an orientation of G'. Let L be a (p, q)-list
assignment for G such that |L(v)| = d},(v)+1 for each vertez v. If p = 2q or for some
positive integer d, g — 1 < (2% — 1)p/2¢F" and 24" | p, then G is L-(p, q)-colorable.

Proof. The proof is basically the same as the proof of Theorem 2.3. Let D be an
arbitrary orientation of G. Consider the polynomial

g—1
f(]?l,:ljg, ce ,In) = H H (I] - 627”k/p$j/).

(vj ;0 )€D k=—q+1

Let S; = {¢(a) : a € L(v;)}, where ¢ is defined as in the proof of Theorem 2.3. It suffices
to prove that there exist s; € S1,s9 € Sa,...,s, € S, such that f(s1,s2,...,5,) # 0.
Let t; = d},(vj) for j = 1,2,...,n. Then the degree of f is |[E(D’')| = > i1 tj. By
using Theorem 2.1, it suffices to show that the coefficient of H?Zl x;j is nonzero.
For 0 < k < 2¢g—1, let ai be defined as in the proof of Theorem 2.3. For each vertex v
of G, let £(v) = df, (v)—d},(v)(2¢—1). We call a mapping k : E(D) — {0,1,...,2¢—1}



compatible with £ if for each vertex v,

> kle)— > k(e) =£(v).

e€E}(v) ecEL(v)
en a mapping k makes a contribution o a o the coefficient of ]/, 7 in
Th ing k mak tribution of [],¢ p a(e) to the coefficient of [T7_, =7
f(x1,29,...,x,) if and only if k is compatible with &, and the coefficient of H?Zl $§.j

in f is equal to
2 I axcor-

k is compatible with £ eeD

Given a mapping k : E(D) — ZZ=" compatible with ¢, we construct a multi-digraph
Dy, on the vertex set V' of G, with each arc e = (vj,v;) of D replaced by k(e) parallel

arcs from v; to vj. Then Dy, is a digraph with the property that d}“,k (v)—dp, (v) =¢(v).
Let A be one partite set of the bipartite graph G. Let ||{]| = >, c4&(v). Then the
total number of edges in the digraph Dy is

> (dh, (v) +dp, (v) =[] (mod 2).

veEA
Le., Y ccpp) k(e) = [[£]] (mod 2). Tt follows from Lemma 2.5 that for any mapping
k: E(D) — ZZ% compatible with ¢,

(_1)\\5\\ H ap(e) > 0.

eeD

> [T ek #0.

k is compatible with £ eeD

Hence

O

Corollary 4.3. For any connected bipartite graph G which is not a tree, x.;(G) <
mad(G).

Proof. Let r = mad(G). It suffices to prove that for any € > 0, for the mapping ¢
defined as ¢(v) = [(r +€)q], G is ¢-(p, q)-choosable.

Observe that if for some positive integer k, for ¢'(v) = [(r + €)kq], G is ¢'-(kp, kq)-
choosable, then G is ¢-(p, q)-choosable. Indeed, if L is an ¢-(p, g)-list assignment, then
L' defined as L'(v) = Ujerw){kd, kj +1,...,kj +k — 1} is a (kp, kq)-list assignment
satisfying |L'(v)| > ¢'(v). If G is ¢'-(kp, kq)-choosable, then G is a L'-(kp, kq)-colorable.
If b’ is an L'-(kp, kq)-coloring of G, then h(v) = |h'(v)/k] is an L-(p, q)-coloring of G.

Thus we may assume that either p = 2¢q or there is a positive integer d, ¢ — 1 <
(2¢ — 1)p/2%+1 and 29-! | p and ¢ is sufficiently large. For a positive integer ¢, let
G(q) be obtained from G by replacing each edge of G with 2¢ — 1 parallel edges.



It is obvious that mad(G(g)) = mad(G)(2¢ — 1). It is known [1] that G(¢) has an
orientation D' with d, (v) < [mad(G(g))/2] for each vertex v. It follows from Theorem
4.2 that G is L-(p,q)-colorable, provided that |L(v)| = df; (v) + 1 (note that since
G is connected and is not a tree, r > 2, we have p > 2¢q). If ¢ > (2 — r/2)/e,
then d},(v) + 1 < r(2¢ — 1)/2 4+ 2 < (r + €)g. Hence G is ¢-(p, g)-choosable, with

(v) = [(r + e)q. O

Corollary 4.4. If G is a connected bipartite planar graph of girth g and G is not a
tree, then x.1(G) < 2g/(g — 2).

Proof. Tt follows from Euler formula that G have mad(G) < 2¢/(g — 2). O

5 Some remarks and open problems

Theorem 2.4 can be viewed as the circular version of the following result proved by
Alon and Tarsi.

Theorem 5.1. [1] Suppose D is an orientation of a graph G which has no odd directed
cycles. If L is a list assignment which assigns to each vertez v a set L(v) of dj{)(v) +1
colors, then G is L-colorable. I.e., G has a coloring h with h(v) € L(v) for each vertex
.

Theorem 2.3 is the circular version of Theorem 2.2. However, it seems more difficult
to check the condition in Theorem 2.3. For a directed graph D, the condition EE(D) #
EO(D) is equivalent to Y, is eulerian Wp,1 (k) # 0 for any p. Currently we do not know
any directed graph D for which EE(D) # EO(D) and yet ), is eulerian Wp.e(k) =0
for some p,q. A natural question is whether there are such directed graphs.

Question 5.2. Is it true that if D is a digraph with EE(D) # EO(D), then for any
P4 22, is eulerian Wo.a(F) 7# 07

One intuitive explanation of the difference between list coloring and list (p,q)-
coloring might be as follows: In list coloring, one of the color in L(v) is used to color v,
the other colors are “killed” by the neighbours of v. Coloring one “critical” neighbour
u of v kills one color of L(v), as the color assigned to u cannot be used by v. In a list
(p, q)-coloring, again, one color is used by v, but coloring one “critical”neighbour u of
v kills 2¢g — 1 colors in L(v), as the 2¢ — 1 colors close to the color of u cannot be used
by v. We do not know what neighbours of v are critical (or more likely, the neighbours
of v are all “fractional” critical), however, maybe a neighbour u of v which is critical in
list (p, q)-coloring is also critical in list coloring. The comparison of Theorem 2.4 and
Theorem 5.1 seems to support such an intuition. If this intuition is correct in general,
the following question has a positive answer.

Question 5.3. Suppose G is a graph and | : V(G) — ZZ° is a mapping. Assume
G is L-colorable for any list-assignment L with |L(v)| = l(v). Is it true that G is
L'-(p, q)-colorable for any (p, q)-list assignment L' with |L'(v)] = (I(v) —1)(2g—1)+1?
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A positive answer to Question 5.3 would imply that for any graph G, x.,;(G) <
2x1(G). We remark that the following question asked in [11] remains open:

Is there a constant o such that for any graph G, x.i1(G) < ax)(G)? If such a
constant exists, what is the smallest o?

A positive answer to either Question 5.3 or Question 5.2 implies a positive answer
to the following question:

Question 5.4. Assume G has an orientation D for which EE(D) # EO(D). Assume
L is a (p, q)-list assignment such that for each vertez v, |L(v)| = d},(v)(2¢ — 1) + 1. Is
it true that G is L-(p, q)-colorable?

A positive answer to Question 5.3 also implies that every 2-choosable graph is
circular 2-choosable. Denote by 6, . the graph consisting of three internally disjoint
paths connecting u and v, where the lengths of the three paths are a, b, ¢, respectively.
It is known [2] that a connected graph G is 2-choosable if and only if the heart of G
(i.e., the graph obtained from G by repeatedly deleting degree 1 vertices) is Ky or an
even cycle or 032 05. To prove that every 2-choosable graph is circular 2-choosable,
it suffices to show that K, even cycles and 6, 9 are circular 2-choosable for every
positive integer k. The graph K is trivial and even cycles are settled in [5]. The
only case remain unsolved is 03 29;. The best known upper bound for the circular
list chromatic number of 63 2 9, is obtained in [3], namely, x.;(022.2r) < 2.5. We can
improve this bound a little bit.

First of all, it is proved in [5] that x.;(K24) = 2, which implies that x;(6222) = 2.
By Corollary 4.3, for k > 2, x¢1(02,2,2k) < 2(2k +4)/(2k +3) <16/7. So x¢,1(02,2,2k) <
16/7 for any k > 1.

Conjecture 5.5. For any k > 1, x.;(02.2,.21) = 2.

Even if Conjecture 5.5 is true, neither the problem of characterizing all graphs G
with x.;(G) = 2 nor the problem of characterizing circular 2-choosable graphs is solved.
This is due to the fact that graphs G with x.;(G) = 2 need not be circular 2-choosable.

Conjecture 5.6. For any k > 1, 639 is circular 2-choosable.

Conjecture 5.6 is stronger than Conjecture 5.5. If this conjecture is true, we do have
a characterization of all circular 2-choosable graphs. The following theorem confirms
the k =1 case of Conjecture 5.6.

Theorem 5.7. For any (p, q)-list assignment L of Ko 3 with L(z) = 2q for every vertex
z, K3 is L-(p, q)-colorable.

Proof. We consider Z, as a set of points on a circle of perimeter p and that the arith-
metic is modulo p. The interval [a, b], is defined as [a,b], = {a,a +1,...,b—1,b}. In
particular generally [a, b], # [b, al,.

Fora € Zy, let Bpy(a) =[a—qg+1,a+q—1], ={a—q+1,a—q+2,...,a+q—1}.
When p is clear from the context, we write By(a) for B, (a). For a,b € Z,, let
By(a,b) = Bg(a) U By(b).
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Let the two parts of Ky3 be {uj,us} and {vi,ve,v3}. Let L be a (p,q)-list as-
signment of Ko 3 with |L(z)| = 2¢ for each vertex z. If there exist a € L(u;) and
b € L(usg) such that for j =1,2,3, L(vj) € By(a,b), then color u; by color a, color us
by color b, and color each v; with an arbitrary color in L(v;) \ By(a,b), we obtain an
L-(p, q)-coloring of K3 3.

Assume that for each a € L(u1),b € L(ug), there is an j = f(a,b) € {1,2,3} such
that L(v;) C By(a,b). Note that this implies that L(u;)NL(u2) = @, and hence p > 4q.

If L(v;) = L(v2), then we can find an L-(p, g)-coloring K3 — {v;} (which exists
because even cycles are circular 2-choosable), and then color v; the same color as vy to
obtain an L-(p, ¢)-coloring of K5 3. Thus we assume that L(v;) # L(v;r) if j # j'.

We say an interval [a,b], of Z, is clean if for some j € {1,2}, a,b € L(u;) and

[a, b]p N L(U:J,fj) = @ Let [ao, bo]p, [al, bl]pa ey [agk_l, b2k—1]p be all the maximal clean
intervals of Z,, and without loss of generality, assume that a1, as3,...,a2,1 € L(u1)
and ag, ag, ..., as,_9 € L(us).

For distinct 4,5 € {0,1,...,2k—1}, L(u1)UL(u2) C [ai+1,b]pU[aj41, bi]p (here we let
agy, = ap). Therefore 4q = |L(uy)|+|L(uz)| = |L(ur)UL(uz)| < [[ait1,bjlpl+laj 41, bily|-
The following lemma is proved in [5].

Lemma 5.8. Assume p > 4q — 3. If a,b,c,d € Z, in this cyclic order, and |[b,c|p| +
I[d,al,| > 2q+ 1, then
|By(a,b) N By(c,d)| <2¢—1.

It follows from Lemma 5.8 that |By(b;,air1) N Bg(bj,aj11)] < 2¢ — 1. Hence
f(biyaiy1) # f(bj,aj41), which implies that & = 1. Without loss of generality, as-
sume f(bp,a1) =1 and f(by,ap) = 2.

Let ap = t1,12,...,t2g = by be all the elements of L(uz) and let a1 = s1,592,...,82 =
by be all the elements of L(u;). Since |[a1, si]p| + |[ti, bolp| > 2¢ + 1, by Lemma 5.8,
|By(bo, a1) N By(ti,si)| < 2q—1. Hence f(t;,s;) # f(bo,a1) = 1. Similarly, f(t;,s;) # 2.
So f(ti,s;) =3 fori=1,2,...,2q.

Lemma 5.9. Suppose ay,as,...,as4q are distinct elements of Z, appear in this cyclic
order. Then

2
r\'jipr,q(ajv‘12q+j) = 0.

Proof. We prove the lemma by induction on p. If p = 4¢, then we may assume that
a; = 1— 1 for i = 1,2,...,4q, and it is easy to see that ﬂ?q:IBp’q(aj,aqu) = 0.
Assume p > 4q. Then there is j € Z, \ {a1,...,a4q}. Let ¢ : Z, — Z,_1 be defined
as ¢(t) =tift < jand ¢p(t) =t —1if t > j. It is easy to verify that ¢t € B, 4(x)
implies that ¢(t) € By_14(¢(x)). Thus t € ﬂ?ipr’q(aj,aqu) implies that ¢(t) €

ﬂ§i1Bp71,q(¢(aj)a¢(a2q+j))- By induction hypothesis, ﬂ?iprfl,qw(aj)a¢(a2q+j)) =
(). Therefore m?qlep,q(aj,a’Zq-i-j) = 0.

O

It follows from this lemma that L(vs) Z ﬂ?iqu(sj,tj), in contrary to the earlier
conclusion that f(¢;,s;) =3 fori=1,2,...,2q. O
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