Star-extremal Circulant Graphs

Ko-Wei Lih^∗ Institute of Mathematics Academia Sinica Nankang, Taipei 115, Taiwan

Email: makwlih@sinica.edu.tw

Daphne D.-F. Liu^† Department of Mathematics and Computer Science

California State University, Los Angeles Los Angeles, CA 90032, U. S. A.

Email: dliu@calstatela.edu

Xuding Zhu^‡ Department of Applied Mathematics National Sun Yat-sen University Kaoshiung 804, Taiwan

Email: zhu@math.nsysu.edu.tw

July 22, 1998 (Revised: March 30, 1999)

Abstract

A graph is called star-extremal if its fractional chromatic number is equal to its circular chromatic number (also known as the star chromatic number). We prove that members of a certain family of circulant graphs are star-extremal. The result generalizes some known theorems of Sidorenko [18] and Gao and Zhu [10]. Then we show relations between circulant graphs and distance graphs and discuss their star-extremality. Furthermore, we give counter-examples to two conjectures of Collins [6] on asymptotic independence ratios of circulant graphs.

∗Supported in part by the National Science Council of R. O. C. under grant NSC87-2115-M-001- 004._† Supported in part by the National Science Foundation under grant DMS-9805945. ‡Supported in part by the National Science Council of R. O. C. under grant NSC88-2115-M-110- 001.

Keywords. Circular chromatic number, fractional chromatic number, circulant graph, distance graph, star-extremal graph, independence ratio.

1 Introduction

Given a positive integer n and a set S ⊆ {1, 2, 3, · · · , ⌊n/2⌋}, let G(n, S) denote the graph with vertex set V (G) = {0, 1, 2, · · · , n−1} and edge set E(G) = {uv : |u−v|_n ∈ S}, where |x|_n := min{|x|, n − |x|} is the circular distance modulo n. Then G(n, S) is called the circulant graph of order n with the generating set S.

Circulant graphs have been investigated in different fields. Such graphs are “star-polygons” to geometers [7]. The well-known Ádám’s conjecture [1] states: G(n, S) and G(n, S^′) are isomorphic if and only if S^′ = kS = {ks : s ∈ S} for some unity k in the ring Z_n. Alspach and Parsons [2] proved that this conjecture does not hold in general. However, it is true for some special classes of circulant graphs. Parsons [15] characterized the set A_k of connected circulant graphs G(n, S) such that the neighbors N(x) for each vertex x induce a k-cycle in G(n, S). Then Ádám’s conjecture was established for circulant graphs in A_k.

In this article, we explore the star-extremality of circulant graphs. A graph is called star-extremal if its fractional chromatic number and circular chromatic number, defined below, are equal.

A fractional coloring of a graph G is a mapping c from I(G), the set of all independent sets of G, to the interval [0, 1] of real numbers such that ∑ {c(I) : x ∈ I and I ∈ I(G)} ≥ 1 for any vertex x in G. The fractional chromatic number χ_f (G) of G is the infimum of the weight, w(c) = ∑ {c(I) : I ∈ I(G)}, of a fractional coloring c of G. For a different but equivalent definition of the fractional chromatic number, we refer the reader to [17].

Let k and d be positive integers such that k ≥ 2d. A (k, d)-coloring of a graph G = (V, E) is a mapping c from V to {0, 1, · · · , k − 1} such that |c(x) − c(y)|_k ≥ d for any edge xy in G. The circular chromatic number χ_c(G) of G is the infimum of k/d for which there exists a (k, d)-coloring of G. The circular chromatic number is also known as the star-chromatic number in the literature [20].

For any graph G, it is well-known [22] that max{ω(G),^{|V (G)|}_{α(G)} } ≤ χ_f (G) ≤ χ_c(G) ≤ χ(G) and ⌈χ_c(G)⌉ = χ(G), (∗) where ω(G) is the clique number (i.e., the maximum number of vertices of a complete subgraph in G); α(G) is the independence number (i.e., the maximum number of vertices of an independent set in G.) Hence, a graph G is star-extremal if the equality holds in the second inequality in (*).

The notion of star-extremality for graphs arose from the study of the chromatic number and the circular chromatic number of the lexicographic product of graphs. The lexicographic product G[H] of G and H is the graph with vertex set V (G)×V (H) and in which (v_1, w_1)(v_2, w_2) is an edge if and only if v_1v_2 ∈ E(G) or v_1 = v_2 and w_1w_2 ∈ E(H) (Informally, we substitute a copy of H for each vertex of G.) It was proved in [10] that, if G is star-extremal, then χ_c(G[H]) = χ_c(G)χ(H) for any graph H. Therefore for any star-extremal graph G, the circular chromatic number, and hence the chromatic number, of the lexicographic product G[H] is determined by χ_c(G) and χ(H). Klavžar [12] also used star-extremal graphs to investigate the chromatic numbers of lexicographic products of graphs.

The star-extremality for circulant graphs was first discussed by Gao and Zhu [10]. They proved that if all the vertices of G(n, S) have degree ≤ 3, then G(n, S) is star-extremal. On the other hand, there exist non star-extremal circulant graphs (see Section 3 below or [10].) In general, it seems a difficult problem to determine whether or not an arbitrary circulant graph is star-extremal.

As circulant graphs are vertex-transitive, we know that χ_f (n, S) = n/α(n, S), (∗∗) where χ_f (n, S) and α(n, S) denote, respectively, the fractional chromatic number and the independence number for G(n, S). Therefore the determination of the independence number of a circulant graph is equivalent to the determination of its fractional chromatic number. Recently, Codenotti et al. [5] have proved that it is NP -complete to compute the independence number for general circulant graphs. However, for some circulant graphs including the ones discussed in this article, the independence number can be computed in polynomial time.

In Section 2, we focus on the family of circulant graphs whose generating set S consists of consecutive integers. Given integers k < k^′ ≤ n/2, let S_{k,k}′ denote the set {k, (k + 1), · · · , k^′}. We will determine the exact value of α(n, S_{k,k}′ ) for any n ≥ 2k^′ and k^′ ≥ (5/4)k. This result is used to prove that the circulant graphs G(n, S_{k,k}′ ) are star-extremal for all n ≥ 2k^′ and k^′ ≥ (5/4)k.

For some special values of k, k^′, and n, the circulant graphs G(n, S_{k,k}′ ) have appeared in several articles. It was proved in [10] that G(n, S_{1,k}′ ) (i.e., k = 1) is star-extremal for all n ≥ 2k^′. When k^′ = 2k − 1 and n ≥ 4k − 1, the circulant graph G(n, S_{k,2k−1}) is a triangle-free regular graph with degree 2k. Sidorenko [18] proved that α(n, S_{k,2k−1}) = 2k for 6k − 2 ≤ n ≤ 8k − 3 and applied this result to answer a question of Erdős [16], namely, the existence of triangle-free regular graphs on n(≠ 3, 7, 9) vertices with its independence number equal to the degree. Gao and Zhu [10] then applied Sidorenko’s result to show that the circulant graphs G(n, S_{k,2k−1}) are star-extremal for 6k − 2 ≤ n ≤ 8k − 3.

Let Z denote the set of all integers. For a given finite set S of positive integers, the distance graph, denoted by G(Z, S), has Z as its vertex set and uv forms an edge if |u − v| ∈ S. Thus the distance graph G(Z, S) can be viewed as the limit of circulant graphs G(n, S) as n approaches infinity. In Section 3, we explore the relation of star-extremality between circulant graphs and distance graphs for general sets S.

The independence ratio of a graph G is defined to be α(G)/|V (G)|. In Section 4, we show that for a given S, the fractional chromatic number of the distance graph G(Z, S) is equal to the reciprocal of the asymptotic independence ratio of circulant graphs G(n, S) as n approaches infinity. Applying this fact, we present counterexamples to two conjectures of Collins [6] on the asymptotic independence ratio of circulant graphs.

2 Circulant graphs with interval generating sets

We shall discuss the star-extremality of circulant graphs whose generating sets are of the form S_{k,k}′ = {k, (k + 1), · · · , k^′}, where k < k^′ ≤ n/2. For the case that k^′ ≥ (5/4)k, we determine the exact values of α(n, S_{k,k}′ ) for all n. Using this result, we show that such circulant graphs are star-extremal.

One of the tools we shall use is the following multiplier method, which was first used in [10] and has been applied to solve problems concerning coloring of circulant graphs as well as distance graphs [3, 19]. Given a circulant graph G(n, S) and a positive integer t, let λ_t(n, S) := min{|ti|_n : i ∈ S}, and let λ(n, S) := max{λ_t(n, S) : t = 1, 2, 3, · · ·}, where the multiplications ti are carried out modulo n and |x|_n is the circular distance modulo n. For any positive integer t, the mapping c on {0, 1, 2, · · · , n − 1} defined by c(i) = ti is an (n, λ_t(n, S))-coloring for G(n, S) (multiplications are carried out modulo n.) Hence, χ_c(n, S) ≤ n/λ(n, S). Combining this with (*) and (**), we obtain the following result.

Lemma 1 ([10]) Let G(n, S) be a circulant graph. Then λ(n, S) ≤ α(n, S). Moreover, if λ(n, S) = α(n, S), then χ_f (n, S) = χ_c(n, S) = n/α(n, S), i.e., G(n, S) is star-extremal.

The value of λ(n, S) can be calculated in polynomial time. To be precise, we have the following:

Lemma 2 Let G(n, S) be a circulant graph. Then λ(n, S) = λ_t(n, S) = |ts|_n = |t(−s)|_n for some t, 1 ≤ t ≤ ⌈n/2⌉, and s ∈ S. Proof. By definition, λ_t(n, S) = λ_{n−t}(n, S) = λ_t′ (n, S) for any t ≡ t^′ (mod n), and |ts|_n = |t(−s)|_n. Q.E.D. Sidorenko [18] proved that α(n, S_{k,2k−1}) = 2k if 6k − 2 ≤ n ≤ 8k − 3. Later on, Gao and Zhu [10] proved that λ(n, S_{k,2k−1}) = 2k under the same condition on n. Combining these two results with Lemma 1, the following was obtained in [10].

Theorem 3 If k^′ = 2k − 1, then the circulant graphs G(n, S_{k,k}′ ) are star-extremal for all n, where 6k − 2 ≤ n ≤ 8k − 3.

Other special sub-families of the circulant graphs G(n, S_{k,k}′ ) that have been studied include the following two.

Theorem 4 ([10]) If k^′ ≤ n/2, then G(n, S_{1,k}′ ) is star-extremal and χ_f (n, S_{1,k}′ ) = χ_c(n, S_{1,k}′ ) = n/⌊^n_{k′+1} ⌋.

Theorem 5 ([10]) Suppose k^′ = k + l ≤ n/2. If n − 2k^′ < min{k, l}, then G(n, S_{k,k}′ ) is star-extremal and χ_f (n, S_{k,k}′ ) = χ_c(n, S_{k,k}′ ) = n/k.

The proofs of Theorems 4 and 5 are obtained, respectively, by showing α(n, S_{1,k}′ ) = λ(n, S_{1,k}′ ) = ⌊^n_{k′+1} ⌋ and α(n, S_{k,k}′ ) = λ(n, S_{k,k}′ ) = k under the assumptions on k and k^′.

We note here that the circulant graphs G(n, S_{1,k}′ ) in Theorem 4 are indeed powers of the cycle C_n on n vertices. Given n and r, the r-th power of C_n, denoted by C^r_n, has the same vertex set as C_n, and u, v are adjacent if their distance on the cycle C_n is not greater than r. Therefore G(n, S_{1,k}′ ) = C^{k′}_n by definition.

In their study of the circular chromatic number of planar graphs Gao, Wang, and Zhou [9] defined a family of planar graphs Q_n, called triangular prisms, which have vertex set V = {u_0, u_1, u_2, · · · , u_{n−1}}∪{v_0, v_1, v_2, · · · , v_{n−1}}, and edge set E consisting of two n-cycles (u_0, u_1, · · · , u_{n−1}) and (v_0, v_1, · · · , v_{n−1}) and 2n edges (u_i, v_i), (u_{i+1}, v_i) for every 0 ≤ i ≤ n − 1 (u_0 = u_n). In [9], the argument to compute the values of χ_f (Q_n) is long. The proof can be shortened considerably by applying known results in circulant graphs. The family of planar graphs Q_n are precisely the second powers of even cycles. Indeed, (v_0, u_1, v_1, u_2, v_2, · · · , u_{n−1}, v_{n−1}, u_0) is a cycle of length 2n, and Q_n ∼= C^2_{2n}. Hence, by Theorem 4, χ_f (Q_n) = χ_c(Q_n) = 2n/⌊^{2n}_{k+1} ⌋.

Now we consider the general family of circulant graphs G(n, S_{k,k}′ ). We view the vertices of G(n, S_{k,k}′ ) as circularly ordered in the clockwise direction, and denote by [a, b] the set of integers {a, a + 1, a + 2, · · · , b}, where the addition is taken under modulo n. For example, [2, 5] = {2, 3, 4, 5} and [5, 2] = {5, 6, · · · , n − 1, 0, 1, 2}. Lemma 6 Suppose I is an independent set of G(n, S_{k,k}′ ). Then, for any j, the cardinality of I ∩ [j, j + k + k^′ − 1] is at most k.

Proof. By symmetry, it suffices to show that for any independent set I, the cardinality of I ∩ [0, k + k^′ − 1] is at most k. Suppose i ∈ [0, k + k^′ − 1] is the least element of I. Then i + k, i + k + 1, · · · , i + k^′ /∈ I. Let A = [i + 1, i + k − 1] ∩ I and B = [i+k^′ +1, k^′ +k −1]∩I. If x ∈ A, then x+k^′ /∈ B. This implies |A|+|B| ≤ k −1. Therefore |I ∩ [0, k + k^′ − 1]| ≤ k. Q.E.D.

Lemma 7 Suppose G = G(n, S_{k,k}′ ) with n = q(k + k^′) + r, 0 ≤ r ≤ k + k^′ − 1. Then λ(G) ≥ { λ_q(G) = qk if 0 ≤ r ≤ k^′; λ_{q+1}(G) = qk + r − k^′ if k^′ + 1 ≤ r ≤ k^′ + k − 1.

Proof. It suffices to show that λ_q(G) = qk when 0 ≤ r ≤ k^′ and λ_{q+1}(G) = qk+r−k^′ when k^′ + 1 ≤ r ≤ k^′ + k − 1.

If 0 ≤ r ≤ k^′, then λ_q(G) = min{ qk, q(k + 1), q(k + 2), · · · , qk^′, n − qk, n − q(k + 1), n − q(k + 2), · · · , n − qk^′ }. Because qk ≤ q(k + 1) ≤ · · · ≤ qk^′ and n − qk ≥ n − q(k + 1) ≥ n − q(k + 2) ≥ · · · ≥ n − qk^′, it is enough to show n − qk^′ ≥ qk. This is true since n − qk^′ = qk + r ≥ qk.

If k^′ + 1 ≤ r ≤ k^′ + k − 1, then λ_{q+1}(G) = min{ (q + 1)k, (q + 1)(k + 1), (q + 1)(k + 2), · · · , (q + 1)k^′, n − (q + 1)k, n − (q + 1)(k + 1), · · · , n − (q + 1)k^′ }. Because (q + 1)k ≤ (q + 1)(k + 1) ≤ (q + 1)(k + 2) ≤ · · · ≤ (q + 1)k^′ and n − (q + 1)k ≥ n−(q +1)(k +1) ≥ n−(q +1)(k +2) ≥ · · · ≥ n−(q +1)k^′ = qk +r −k^′, it is enough to show qk + r − k^′ ≤ (q + 1)k − 1. This is true since qk + r − k^′ ≤ qk + (k + k^′ − 1) − k^′ = (q + 1)k − 1. Q.E.D.

Theorem 8 Suppose G = G(n, S_{k,k}′ ) and k^′ ≥ (5/4)k. Let n = q(k + k^′) + r, where 0 ≤ r ≤ k + k^′ − 1. Then

α(G) = λ(G) = { qk if 0 ≤ r ≤ k^′; qk + r − k^′ if k^′ + 1 ≤ r ≤ k^′ + k − 1. Equivalently, α(G) = λ(G) = qk + max{0, r − k^′}.

Proof. Let n = q(k + k^′) + r, 0 ≤ r ≤ k + k^′ − 1. By Lemmas 1 and 7, it suffices to show that α(G) ≤ qk + max{0, r − k^′}. If q = 0, the result follows from Lemma 6. Thus we may assume q ≥ 1.

Assume to the contrary that α(G) > qk + max{0, r − k^′}. Let I be a maximum independent set of G. Regard I as a disjoint union of I-intervals, where an I-interval is a maximal interval [a, b] consisting of vertices in I. Then the length (namely, the number of vertices) of any I-interval is between 1 and k. By Lemma 6 and the assumption that q ≥ 1, there are at least two I-intervals. Assume that the independent set I chosen has the minimum number of I-intervals among all maximum independent sets of G.

Two I-intervals [a, b] and [c, d] are called consecutive if [b + 1, c − 1] ∩ I = ∅. Note that the consecutive “relation” is not symmetric, i.e., [a, b] and [c, d] being consecutive does not imply that [c, d] and [a, b] are consecutive. (Indeed, [c, d] and [a, b] are not consecutive if [a, b] and [c, d] are consecutive and I contains more than two I-intervals.) For two consecutive I-intervals [a, b] and [c, d], the cardinality of the set [b + 1, c − 1] is called the gap between them.

First we show that if [a, b] and [c, d] are two consecutive I-intervals, then b + k^′ + 1 ≤ c + k − 1 (or equivalently, b − k + 1 ≤ c − k^′ − 1). Here we assume, without loss of generality, that 0 ≤ a ≤ b < c ≤ d ≤ n − 1. Suppose to the contrary that b + k^′ + 1 ≥ c + k. For any b + 1 ≤ x ≤ c − 1, if y is adjacent to x then straightforward calculations show that y is adjacent either to b or to c. Hence none of the neighbors of x is in I. This implies that the set I^′ = I ∪ [b + 1, c − 1] is independent with |I^′| > |I|, which contradicts our choice of I.

Next we show that the gap between any two consecutive I-intervals is at most k − 2. Suppose to the contrary that there exist consecutive I-intervals [a, b] and [c, d] such that |[b + 1, c − 1]| ≥ k − 1. Since [a, b] ⊆ I, it follows from the definition of S_{k,k}′ that [a + k, b + k^′] ∩ I = ∅. Hence [b + 1, b + k^′] ∩ I = ∅. We partition the interval [b + k^′ + 1, b] (= [0, n − 1] − [b + 1, b + k^′]) into sub-intervals of length k + k^′, except the last sub-interval which may have size less than k + k^′ (when r ≥ k^′ + 1.) If 0 ≤ r ≤ k^′, then the number of such sub-intervals is equal to q. By Lemma 6, |I| ≤ qk, which is contrary to our assumption. If k^′ + 1 ≤ r ≤ k + k^′ − 1, then the number of such sub-intervals is equal to q + 1, and the last interval has size r − k^′. Again, it follows from Lemma 6 that |I| ≤ qk + r − k^′, which is contrary to our assumption. Therefore, the gap between any two consecutive I-intervals is at most k − 2.

Now we show that the gap between any two consecutive I-intervals is greater than 2(k^′ −k). Assume to the contrary that [a, b] and [c, d] are consecutive I-intervals with gap t, t ≤ 2(k^′ − k). Let

I^′ = (I ∪ [b + 1, c − 1]) − ([b + k^′ + 1, c + k − 1] ∪ [b − k + 1, c − k^′ − 1]). It is clear that I^′ is an independent set of G with |I^′| ≥ |I| + t − 2(t − (k^′ − k)) ≥ |I|. Hence, I^′ is a maximum independent set with less intervals than I, which is contrary to our assumption.

We conclude that the gap between any two consecutive I-intervals is between 2(k^′ − k) + 1 and k − 2. In particular, this implies that 2(k^′ − k) + 1 ≤ k − 2, for otherwise, we have already arrived at a contradiction. Now by the assumption that k^′ ≥ (5/4)k, the gap between any two consecutive I-intervals is between^k_2 + 1 and k − 2. This implies that any set of k consecutive vertices in G intersects exactly two I-intervals.

For any consecutive I-intervals [a, b] and [c, d], we claim that |[a, b]| + |[c, d]| ≤ k 2 − 1. First we note that |[a, d]| ≤ k. For otherwise, we would have d ≥ a + k. This implies c ≥ b + k^′ + 1 since [a + k, b + k^′] ∩ I = ∅. Then the gap between [a, b] and [c, d] would be greater than k − 2, a contradiction. It follows that |[a, b]| + |[c, d]| ≤ k − 2(k^′ − k) − 1 ≤^k_2 − 1 since k^′ ≥ (5/4)k.

Now choose two consecutive I-intervals [a, b] and [c, d] such that |[a, b]| + |[c, d]| is the largest among all pairs of consecutive I-intervals. Let [u, v] be the I-interval preceding [a, b] (i.e., [u, v] and [a, b] are consecutive I-intervals) and let [x, y] be the Iinterval following [c, d]. Since |I| > qk ≥ k and since the union of any two consecutive I-intervals contains at most^k_2 − 1 vertices, we know that there are at least five Iintervals. So the intervals [a, b], [c, d], [u, v], and [x, y] are distinct.

We now show that [x, y] (respectively, [u, v]) is the only I-interval included in

[b + k^′ + 1, c + k − 1] (respectively, in [b − k + 1, c − k^′ − 1]). Because [a, b], [c, d] ⊆ I, we have ([a + k, b + k^′] ∪ [c + k, d + k^′]) ∩ I = ∅. In addition, by the arguments above, [a, b], [c, d] and [c, d], [x, y] are the only two I-intervals included in [a, a + k − 1] and [c, c + k − 1], respectively. Hence [x, y] ⊆ [b + k^′ + 1, c + k − 1] and [x, y] is the only I-interval included in [b + k^′ + 1, c + k − 1]. Similarly, we can show that [u, v] is the only I-interval included in [b − k + 1, c − k^′ − 1].

According to the choice of [a, b] and [c, d], we have |[u, v]| ≤ |[c, d]| and |[x, y]| ≤ |[a, b]|. Therefore |[u, v]| + |[x, y]| ≤ |[a, b]| + |[c, d]| ≤^k_2 − 1. Let I^′ = (I ∪ [b + 1, c − 1]) − ([u, v] ∪ [x, y]). By the discussion in the previous paragraph, it is clear that I^′ is an independent set with |I^′| ≥ |I| + k 2 + 1 − ( k 2 − 1) > |I|, which contradicts our maximality assumption about I. Q.E.D.

Corollary 9 If k^′ ≥ (5/4)k, then G(n, S_{k,k}′ ) is star-extremal.

Theorem 10 Suppose G = G(n, S_{k,k}′ ) with n = q(k + k^′) + r, 0 ≤ r ≤ k + k^′ − 1, and q > 1 k − k^′ − k^′ k + k^′ − kk^′ (k − k^′)(k + k^′) . Then G is star-extremal. Moreover, the values of α(G) and λ(G) are the same as in Theorem 8.

Proof. Let I be a maximum independent set of G. The I-intervals are similarly defined as in the proof of Theorem 8. Assume that the chosen set I has the minimum number of I-intervals among all maximum independent sets of G. Then the gap between any two consecutive I-intervals, as shown in the proof of Theorem 8, is between 2(k^′ − k) + 1 and k − 2.

In the following, we show that for any i, |I ∩ [i, i + k + k^′ − 1]| ≤ 2k − k^′. Let a be the least element of I ∩ [i, i + k + k^′ − 1] and let [a, b] be the first non-empty intersection of an I-interval with [i, i + k + k^′ − 1]. Note that when a = i, [a, b] may be a part of an I-interval. Similarly, let [c, d] be the last non-empty intersection of an I-interval with [a, a + k]. By the proof of Theorem 8, [a, b] and [c, d] are the two I-intervals included in [a, a + k − 1], so [a, b] ≠ [c, d].

In addition, it is true that I ∩ [c − (k^′ − k), c − 1] = ∅ since the gap between any two consecutive I-intervals is at least 2(k^′ − k) > k^′ − k. Because I ∩ ([c + k, d + k^′] ∪ [a + k, a + k^′]) = ∅, the following is clear. I ∩ [i, i + k + k^′ − 1] ⊂ I ∩ [a, a + k + k^′ − 1] = [c, d] ∪ (I ∩ (A ∪ B)), where A = [a, c−(k^′−k)−1]∪[d+1, a+k−1] and B = [a+k^′, c+k−1]∪[d+k^′+1, a+k+ k^′ −1]. For each vertex x ∈ A, we have x+k^′ ∈ B. So if x ∈ I ∩A, then x+k^′ ∈ B −I, and vice versa. This one-to-one correspondence implies that |I ∩(A∪B)| ≤ |A| = |B|. Therefore, |I ∩ [i, i + k + k^′ − 1]| ≤ |A| + |[c, d]| = k − (k^′ − k) = 2k − k^′.

For each 0 ≤ i ≤ n − 1, let n_i = |I ∩ [i, i + k + k^′ − 1]|. Then (k + k^′)|I| = n−1∑ i=0 n_i ≤ n(2k − k^′). Now if 0 ≤ r ≤ k^′, then by Lemmas 1 and 7, it suffices to show that α(G) = |I| ≤ qk. Assume to the contrary that |I| ≥ qk + 1. Since n ≤ q(k + k^′) + k^′, we have

(k + k^′)(qk + 1) ≤ (q(k + k^′) + k^′)(2k − k^′).

A contradiction emerges after simplifying this inequality.

If k^′ < r ≤ k + k^′ − 1. It sufffices to show that |I| ≤ qk + r − k^′. If |I| ≥ qk + r − k^′ + 1, then

(k + k^′)(qk + r − k^′ + 1) ≤ (q(k + k^′) + r)(2k − k^′).

This inequality leads to a contradiction, too. Q.E.D.

3 Circulant graphs and distance graphs

Circulant graphs and distance graphs are closely related. Given a finite set S of positive integers, the distance graph G(Z, S) can be viewed as the limit of the sequence of circulant graphs G(n, S) as n approaches infinity. Therefore, for a given S, if G(n, S) is star-extremal for all n, then G(Z, S) is star-extremal. However, the reverse of this implication is not always true. Take S = {1, 3, 4, 5}. It is known [3] that G(Z, S) is star-extremal, while it was proved [10] that χ_f (10, S) = 5 < χ_c(10, S) = 6. So G(10, S) is not star-extremal.

In this section, we prove that, for a given S, if the distance graph G(Z, S) is star-extremal, then there exist infinitely many n such that the circulant graphs G(n, S) are star-extremal.

The fractional chromatic number χ_f (Z, S) for a distance graph G(Z, S) has very close connections with T -coloring [13] and an earlier number theory problem about the density of sequences with missing differences. For references about these connections, we refer the reader to [4, 11, 14]. Among the results in [4], it is proved that χ_f (Z, S) always exists and is a rational number for any finite S.

A homomorphism (or edge-preserving map) from a graph G to another graph H is a mapping f : V (G) → V (H) such that f(u)f(v) ∈ E(H) if uv ∈ E(G). If such a homomorphism exists, we say that G admits a homomorphism to H and denote this by G → H. If G → H, then we have χ_f (G) ≤ χ_f (H) and χ_c(G) ≤ χ_c(H) by composition of functions.

Lemma 11 For a given S, G(Z, S) → G(n, S) for all n ≥ 2 max S, where max S denotes the largest member of the set S.

Proof. Define a mapping f : Z → [0, n − 1] by f(x) = x mod n. It is easy to verify that f is a homomorphism from G(Z, S) to G(n, S). Q.E.D.

Corollary 12 For a given S, χ_c(Z, S) ≤ χ_c(n, S) and χ_f (Z, S) ≤ χ_f (n, S) for all n ≥ 2 max S.

Theorem 13 If G(Z, S) is star-extremal for a given S, then there exists a positive integer m such that G(km, S) is star-extremal for any positive integer k.

Proof. By a result in [4], we may assume χ_c(Z, S) = χ_f (Z, S) = p/q for some rational number p/q. Let d = max S. According to Corollary 12, it is enough to show that, for some m ≥ 2d, there exists a (p, q)-coloring for any G(km, S) because we would then have p/q = χ_f (Z, S) ≤ χ_f (mk, S) ≤ χ_c(mk, S) ≤ p/q. Since χ_c(Z, S) = p/q, by a result in [10], there exists a (p, q)-coloring f : Z → [0, p − 1] of G(Z, S). Partition non-negative integers into blocks such that each block consists of p^d consecutive vertices. Consider the restriction of f to these blocks. By the pigeonhole principle, there exist two blocks with the same color sequence. Let x and y be the leading vertices of these two blocks such that x < y. Then f(x + i) = f(y + i) for 0 ≤ i ≤ p^d − 1. Let m = y − x. Define the mapping f^′(j) = f(x + j) for 0 ≤ j ≤ m − 1. It is clear that f^′ is a (p, q)-coloring for G(m, S).

For k ≥ 2, define a mapping f^{′′} : [0, km − 1] → [0, p − 1] by f^{′′}(v) = f^′(v mod m). It is clear that f^{′′} is a (p, q)-coloring for G(km, S). Q.E.D.

4 Independence ratio

In this section, we discuss relations between the independence ratio and the fractional chromatic number of circulant graphs and distance graphs. Based on these relations, we give counter-examples to two conjectures of Collins [6].

Let S = {a_1, a_2, · · · , a_l} be a set of positive integers with a_1 < a_2 < · · · < a_l. In her study of the asymptotic independence ratio of the circulant graphs G(n, S), Collins introduced the S-graph, denoted by G(S), which has vertex set V = {0, 1, 2, · · · , a_1 + a_l − 1} and edge set E = {uv : |u − v| ∈ S}. Note that G(S) is not necessarily a circulant graph.

Given n and S, let μ(n, S) := α(n, S)/n and μ(S) := α(G(S))/(a_1 + a_l) denote the independence ratio of the circulant graph G(n, S) and the S-graph G(S), respectively. The asymptotic independence ratio L(S) of a given set S is defined in [6] by L(S) := lim_{n→∞} μ(n, S). According to (**), we have μ(n, S) = 1/χ_f (n, S). Combining this with the fact that χ_f (Z, S) = lim_{n→∞} χ_f (n, S), the following result is obtained.

Theorem 14 L(S) = 1/χ_f (Z, S) for any given S.

A set S = {a_1, a_2, · · · , a_l}, a_1 < a_2 < · · · < a_l, l ≥ 2, is called reversible if a_1 + a_l = a_2 + a_{l−1} = · · · = a_⌊ l_{2 ⌋} + a_⌈ l_{2 ⌉}. Collins [6] proved that L(S) = μ(S) if S is reversible and proposed the following:

Conjecture 1 ([6]) Suppose S = {a_1, a_2, · · · , a_l}, a_1 < a_2 < · · · < a_l, l ≥ 2, is a reversible set. Then α(n, S) = ⌊nμ(S)⌋ for any integer n satisfing n > a_1 + 2a_l.

We now give a counter-example to Conjecture 1. The interval set S_{k,k}′ studied in Section 2 is reversible. However, by Lemma 6 and Theorem 8, we have μ(S_{k,k}′ ) = k/(k + k^′) and α(n, S_{k,k}′ ) ≠ ⌊nμ(S_{k,k}′ )⌋ when k^′ ≥ (5/4)k, n = q(k + k^′) + r, and r ≥ k^′ + 1.

For a non-reversible set S, Collins [6] gave two methods for constructing reversible sets from S. Let S = {a_1, a_2, · · · , a_l} and let x = a_{l−1} + a_l and y = a_1 + a_l. Define Ŝ = S ∪ (x − S) (here x − S is the set {x − i | i ∈ S}) and S̃ = S ∪ (y − S). Collins [6] showed that L(S) ≥ max{μ(Ŝ), μ(S̃)} and proposed the following:

Conjecture 2 ([6]) L(S) = max{μ(Ŝ), μ(S̃)}.

For a counter-example to this conjecture, take S = {1, 2, 3, 6}. It is known [13] and easy to see that ω(Z, S) = χ(Z, S) = 4, so χ_f (Z, S) = χ_c(Z, S) = 4. Hence L(S) = 1/4. But Ŝ = {1, 2, 3, 6, 7, 8}, S̃ = {1, 2, 3, 4, 5, 6}, μ(Ŝ) = 2/9, and μ(S̃) = 1/7.

References

[1] A. Ádám, Research Problem 2-10, J. Combin. Theory, 2 (1967), p. 393.

[2] B. Alspach and T. Parsons, Isomorphism of circulant graphs and digraphs, Discrete Math., 25 (1979), pp. 97-108.

[3] G. J. Chang, L. Huang, and X. Zhu, Circular chromatic numbers and fractional chromatic numbers of distance graphs, European J. Comb., 19 (1998), pp. 423- 431.

[4] G. J. Chang, D. D.-F. Liu, and X. Zhu, Distance graphs and T -coloring, J. Combin. Theory Ser. B, 75 (1999), pp. 259-269.

[5] B. Codenotti, I. Gerace, and S. Vigna, Hardness results and spectral techniques for combinatorial problems on circulant graphs, manuscript, 1998.

[6] K. L. Collins, Circulants and sequences, SIAM J. Discrete Math., 11 (1998), pp.

330-339.

[7] H. S. M. Coxeter, Twelve geometric essays, Chapter 6, Southern Illinois Univ.

Press, Carbondale/Edwardsville, 1968.

[8] W. Deuber and X. Zhu, The chromatic number of distance graphs, Discrete Math., 165/166 (1997), pp. 195-204.

[9] G. Gao, Y. Wang, and H. Zhou, Star chromatic numbers of some planar graphs, J. Graph Theory, 27 (1998), pp. 33-42.

[10] G. Gao and X. Zhu, Star-extremal graphs and the lexicographic product, Discrete Math., 152 (1996), pp. 147-156.

[11] J. R. Griggs and D. D.-F. Liu, The channel assignment problem for mutually adjacent sites, J. Combin. Theory Ser. A, 68 (1994), pp. 169-183.

[12] S. Klavžar, On the fractional chromatic number and the lexicographic product of graphs, Discrete Math., 185 (1998), pp. 259-263.

[13] D. D.-F. Liu, T -colorings of graphs, Discrete Math., 101 (1992), pp. 203-212. [14] D. D.-F. Liu, T -coloring and chromatic number of distance graphs, Ars Combin., to appear.

[15] T. Parsons, Circulant graph imbeddings, J. Combin. Theory Ser. B, 29 (1980), pp. 310-320.

[16] R. Ringeisen and R. Roberts (eds.), Problem Session: Applications of discrete mathematics, Proceedings of the Third Conference on Discrete Mathematics, Clemson University, Clemson, South Carolina, May 14-16, 1986, (SIAM, Phildaelphia, PA, 1988), pp. 221-222.

[17] E. R. Scheinerman and D. H. Ullman, Fractional Graph Theory, Wiley, New York, 1997.

[18] A. F. Sidorenko, Triangle-free regular graphs, Discrete Math., 91 (1991), pp.

215-217.

[19] H. Yeh and X. Zhu, Coloring some circulant graphs, manuscript, 1999. [20] A. Vince, Star chromatic number, J. Graph Theory, 12 (1988), pp. 551-559.

[21] X. Zhu, Star chromatic numbers and products of graphs, J. Graph Theory, 16 (1992), pp. 557-569.

[22] X. Zhu, Circular chromatic number, a survey, manuscript, 1997.