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ABSTRACT. In this paper we introduce a broad class of nonlinear mappings
which contains the class of contractive mappings and the class of generalized
hybrid mappings in a Hilbert space. Then we prove an attractive point the-
orem for such mappings in a Hilbert space. Furthermore, we prove a mean
convergence theorem of Baillon’s type without convexity in a Hilbert space.
Finally, we prove a weak convergence theorem of Mann’s type [12] without
closedness. These results generalize attractive point, mean convergence and
weak convergence theorems proved by Takahashi and Takeuchi [18], and Ko-
courek, Takahashi and Yao [8].

1. INTRODUCTION

Throughout this paper, we denote by N the set of positive integers and by R the
set of real numbers. Let H be a real Hilbert space and let C' be a nonempty subset
of H. Let T be a mapping of C into H. Then we denote by F(T) the set of fixed
points of T and by A(T') the set of attractive points [18] of T, i.e.,

(i) F(T)={2€C:Tz=z};

(i) A(T)={z€ H:||Tx—z|| < ||z — z||, Yz € C}.
We know from [18] that A(T) is closed and convex; see Lemma 2.3 in Section 2.
This property is important. A mapping T of C' into H is said to be contractive if
there exists a real number o with 0 < a < 1 such that

[Tz =Tyl < allz -y
for all z,y € C. From Banach [2] it is known that any contractive mapping of a

closed subset C' of H into itself has a unique fixed point. Let C' be a nonempty
subset of H. A mapping T of C into H is said to be nonexpansive if

[Tz =Tyl <z -yl

for all z,y € C. From Baillon [1] we know the following mean convergence theorem
in a Hilbert space.

Theorem 1.1. Let H be a Hilbert space, let C' be a nonempty closed convex subset
of H and let T be a nonexpansive mapping of C into C' with a fized point. Then
for any x € C,

1nfl
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is weakly convergent to a fized point of T.

Kohsaka and Takahashi [10], and Takahashi [17] introduced the following non-
linear mappings. A mapping T : C' — H is called nonspreading [10] if

2|Tz —Ty|?* < ||Tx —y|* + || Ty — |
for all z,y € C. A mapping T : C — H is called hybrid [17] if
3Tz — Ty||* < [lz —y|* + [Tz — y|* + | Ty — «|?

for all z,y € C; see also Iemoto and Takahashi [5] and Kohsaka and Takahashi [9].
Kocourek, Takahashi and Yao [8] introduced a wide class of nonlinear mappings
which contains the classes of nonexpansive mappings, nonspreading mappings, and
hybrid mappings in a Hilbert space. A mapping 7' : C — H is called generalized
hybrid [8] if there exist «, 8 € R such that

alTe = Tyl* + (1 = a)|la = Tyll* < BlITz — y|* + (1 = Bz — y|I?

for all z,y € C. We call such a mapping an («, (3)-generalized hybrid mapping.
We know that (1,0), (2,1) and (2, 1)-generalized hybrid mappings are nonexpan-
sive, nonspreading and hybrid mappings, respectively. Kocourek, Takahashi and
Yao [8] proved a mean convergence theorem which generalizes the Baillon’s theorem
(Theorem 1.1); see also Takahashi and Yao [20]. Recently, Takahashi and Takeuchi
[18] proved the Kocourek, Takahashi and Yao’s mean convergence theorem without
convexity.

In this paper, motivated by Kocourek, Takahashi and Yao [8], and Takahashi
and Takeuchi [18], we introduce a broad class of nonlinear mappings of C into
H which contains the class of contractive mappings and the class of generalized
hybrid mappings. Then we prove an attractive point theorem for such mappings in
a Hilbert space. Furthermore, we prove a mean convergence theorem of Baillon’s
type without convexity in a Hilbert space. Finally, we prove a weak convergence
theorem of Mann’s type [12] without closedness. These results generalize attractive
point, mean convergence and weak convergence theorems proved by Takahashi and
Takeuchi [18], and Kocourek, Takahashi and Yao [8].

2. PRELIMINARIES

Let H be areal Hilbert space with inner product (-, -) and norm ||-||, respectively.
We denote the strong convergence and the weak convergence of {z,} to x € H by
Ty, — x and x, — x, respectively. Let A be a nonempty subset of H. We denote
by ¢0A the closure of the convex hull of A. In a Hilbert space, it is known that

(2.1) laz + (1 = a)yl* = allz|* + (1 — &) [[ylI* - a(l — )]z - y|®
for all z,y € H and « € R; see [16]. Furthermore, in a Hilbert space, we have that
(2.2) 20—y, 2z —w) = [lz —wl* + [ly = 2[* [l — 2> — [ly — w]]?

for all x,y,z,w € H. Let C' be a nonempty subset of H and let 7' be a mapping
from C into H. We denote by F'(T) the set of fixed points of 7. A mapping 7" from
C into H with F(T') # 0 is called quasi-nonexpansive if ||Tx — u|| < ||z —u|| for any
x € C and u € F(T). Tt is well-known that if T : C' — H is quasi-nonexpansive
and C'is closed and convex, then F(T) is closed and convex; see Ito and Takahashi
[6]. Tt is not difficult to prove such a result in a Hilbert space. In fact, for proving
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that F(T) is closed, take a sequence {z,} C F(T) with 2, — z. Since C is weakly
closed, we have z € C. Furthermore, from
Iz = Tzl| < |z = znll + lzn — T2 < 2||z = 2]l = 0,

we have that z is a fixed point of T and so F(T') is closed. Let us show that F(T)
is convex. For z,y € F(T) and a € [0,1], put z = az + (1 — a)y. Then we have
from (2.1) that

2= T2 = flaw + (1 - a)y — T2
— afle = 72|12 + (1 = )y = 72|12 = a(l — @)z — y]?
< aflz — 22 + (1= @)y — 22 = a(1 — @)z — y?

a(l - allz — yl* + (1 - a)a?[lz — y|* - a(l - @)z — y]?
—a(l-a)(l-a+a-1)z—y|?
=0.

This implies Tz = z. Thus F(T) is convex. Let D be a nonempty closed convex
subset of H and z € H. We know that there exists a unique nearest point z € D
such that ||z — z|| = infyep ||z — y||. We denote such a correspondence by z = Ppz.
The mapping Pp is called the metric projection of H onto D. It is known that Pp
is nonexpansive and
(x — Ppxz,Ppx —u) >0

for all € H and u € D; see [16] for more details. For proving main results in this
paper, we also need the following lemma proved by Takahashi and Toyoda [19].

Lemma 2.1. Let D be a nonempty closed convex subset of H. Let P be the metric
projection from H onto D. Let {u,} be a sequence in H. If ||upt1 — ul| < ||un — ul]
for allu € D and n € N, then {Pu,} converges strongly to some ug € D.

Let {*° be the Banach space of bounded sequences with supremum norm. Let
i be an element of (I°°)* (the dual space of [*°). Then, we denote by u(f) the
value of pu at f = (x1,x9,23,...) € [®°. Sometimes, we denote by p,(x,) the
value p(f). A linear functional p on [* is called a mean if p(e) = ||u|| = 1, where
e=(1,1,1,...). A mean p is called a Banach limit on *° if p,(z,4+1) = pn(zn).
We know that there exists a Banach limit on [°°. If y is a Banach limit on [*°, then
for f = (x1,22,235,...) €1,

linrggf Ty < pp(zy,) < limsup x,.

In particular, if f = (x1,x9,23,...) € [* and x, — a € R, then we have u(f) =
tn(Tn) = a. See [15] for the proof of existence of a Banach limit and its other
elementary properties. Using means and the Riesz theorem, we can obtain the
following result; see [11], [13] and [15].

Lemma 2.2. Let H be a Hilbert space, let {x,} be a bounded sequence in H and
let 11 be a mean on 1°°. Then there exists a unique point zo € co{x, | n € N} such
that

/’Ln<$n7y>:<307y>7 VyGH

The following result obtained by Takahashi and Takeuchi [18] is important in
this paper.



4 WATARU TAKAHASHI, NGAI-CHING WONG, AND JEN-CHIH YAO

Lemma 2.3. Let H be a Hilbert space, let C' be a nonempty subset of H and let T
be a mapping from C into H. Then A(T) is a closed and convex subset of H.

We also have the following result.

Lemma 2.4. Let H be a Hilbert space, let C' be a nonempty subset of H and let T
be a quasi-nonexpansive mapping from C into H. Then A(T)NC = F(T).

Proof. Let z € A(T)NC. From z € A(T) we have that

Tz —z|| < ||z —z|, VxeCl.
From z € C we have that ||Tz — z|| < ||z — z|| = 0 and hence z € F(T). Conversely,
let z € F(T'). Since T : C — H is quasi-nonexpansive, we have that

Tz —z|| < ||z — 2|, VxeC.

This implies z € A(T). It is obvious that z € C. Thus z € A(T) N C. This
completes the proof. [l

3. ATTRACTIVE POINT THEOREMS

Let H be a real Hilbert space and let C' be a nonempty subset of H. A mapping

T from C into H is called normally generalized hybrid if there exist o, 3,7, € R
such that

(1) a+B8+v+6>0;

(2) a4+v>0,0ra+ >0

(3) allTz —Ty|* + Bllw — Tyl* + 4|72 — y|* + dllz —y|> <0, Va,yeC.
Such a mapping T is called («,f,7,d)-normally generalized hybrid. If a + § =
—v—9 =1, then an («, 3,7, §)-normally generalized hybrid mapping is a generalized
hybrid mapping in the sense of Kocourek, Takahashi and Yao [8]. A normally
generalized hybrid mapping T : C' — H with a fixed point is quasi-nonexpansive.
In fact, if y is a fixed point of T in (3), then we have that

o Tz =yl + Bllz — ylI> + 7Tz — y||> + 6llz — y[|> < 0

and hence
(3.1) (@ +NTz —ylI> < (== 9)llz —y|*.
Since a +v > —f3 — § and a + v > 0, we have that
—B-0 2 2
Tz —y|? < T — <llx— .
| ylI” < a+7|| ylI” < llz =yl

This implies that T is quasi-nonexpansive. Similarly, we have the desired result in
the case of a4 3 > 0. We first prove an attractive fixed point theorem for normally
generalized hybrid mappings in a Hilbert space.

Theorem 3.1. Let H be a real Hilbert space, let C be a nonempty subset of H
and let T be an (o, 8,7, 6 )-normally generalized hybrid mapping from C into itself.
Then T has an attractive point if and only if there exists z € C' such that {T"z |
n=0,1,...} is bounded. Additionally, if C is closed and convez, then T has a fixed
point if and only if there exists z € C such that {T"z | n = 0,1,...} is bounded.
In particular, a fized point of T is unique in the case of a + B+ v+ 0 > 0 on the
condition (1).
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Proof. Suppose that T' has an attractive point z. Then ||Tx — z|| < ||« — z|| for
all z € C. Therefore {T"z | n = 0,1,...} is bounded. Conversely, suppose that
there exists z € C such that {T"z | n = 0,1,...} is bounded. Since 7T is an
(o, B,7,)-normally generalized hybrid mapping of C' into itself, we have that

o[ = T 2|2 + Bl = T 2|2 + T = 75|12 + 8z — 72| < 0

for all n € NU {0} and = € C. Since {T™z} is bounded, we can apply a Banach
limit u to both sides of the inequality. Thus we have that

(@ +PpalTe = T2 + (8 + 8 pnllz — T"2||* < 0.

From ||Tx —T"z||? = ||Tx — z||* + 2(Tx — z,2 — T"2) + ||x — T"2||?, We also have
that

(@4 pnl Tz — 2|* + 2(a + )pn Tz — 7,0 — T"2)
oty + B+ mlle — T2l <0,
From (1) o+~ + 8+ 6 > 0, we have that
(3.2) (a+ )Tz —z|* + 2(a + V) (T — z, 2 — T"2) < 0.
Since there exists p € C from Lemma 2.2 such that
pn(y, T"2) = (y, p)
for all y € H, we have from (3.2) that
(3.3) (a4 )Tz — z||> + 2(a + )Tz — z,x — p) <O0.
From (3.3) and (2.2) we obtain that
(@ +)| T — z|?
+(a+7)(|Tz = pl* = | Tz — z|* — [l = p|*) <0
and hence
(a+)([Tz —p|* ||z - p|*) < 0.
Since o + v > 0, we have that
1Tz —p|? < [|lz — p||?
for all z € C. This implies p € A(T). In the case of « 4+ § > 0, we can obtain the

result by replacing the variables x and y. Additionally, if C is closed and convex,
then we have from {T"z} C C that

pe€co{T"xr:n e N} CC.
Since p € A(T) and p C C, we have that
ITp —pll < llp = pl =0
and hence p € F(T). Conversely, if z € F(T), then it is obvious that {T"z} = {z}
is bounded.

Next suppose that a4+ 5+ v+ > 0. Let p; and ps be fixed points of T'. Then
we have that

o Tpr — Tp2|* + Bllpr — Tp2|” + ¥ Tpr — p2l* + 8llp1 — p2||?
=(a+B+7+0)|pr—p2l> <0

and hence p; = ps. Therefore a fixed point of T is unique. This completes the
proof. O
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Remark 3.1. We can also prove Theorem 3.1 by using the following condition instead
of the condition (2):

(2) B+46<0,0or v+ <0.
In the case of the condition 8+ ¢ < 0, we obtain from (1) that

B+6>—a—r.

Thus we obtain the desired result by Theorem 3.1. Similary, for the case of v+4 < 0,
we can obtain the result by using the case of « + 3 > 0.

As a direct consequence of Theorem 3.1, we obtain the following theorem.

Theorem 3.2. Let H be a Hilbert space, let C be a nonempty bounded subset of
H and let T be an (a, 3,7,8)-normally generalized hybrid mapping from C into
itself. Then T has an attractive point. Additionally, if C' is closed and convex,
then T has a fived point. In particular, a fized point of T is unique in the case of
a+ B +v+95 >0 on the condition (1).

Note that an (a, 83,7, §)-normally generalized hybrid mapping T above with o =
1,6=v=0and —1 < § < 0 is a contractive mapping. Using Theorem 3.1, we can
show an attractive point theorem for contractive mappings in a Hilbert space.

Theorem 3.3. Let H be a Hilbert space, let C' be a nonempty subset of H and let
T be a contractive mapping from C into C, that is, there exists a real number «
with 0 < a < 1 such that

[Tz =Tyl < allz -y
for all x,y € C. Then T has an attractive point.
Proof. Let x € C. We have that
1T — || < || Tz — T el + |T" 2 = T" x| + - + ||T2 — 2
< (@t H+a" 4 1) Te - x|
1
< ——||Tx — .
11—«

Then {T"z | n = 0,1,...} is bounded. By Theorem 3.1 T has an attractive
point. O

Using Theorem 3.1, we can show the following attractive point theorem for gen-
eralized hybrid mappings in a Hilbert space.

Theorem 3.4 (Takahashi and Takeuchi [18]). Let H be a Hilbert space, let C be
a nonempty subset of H and let T' be a generalized hybrid mapping from C into C,
that is, there exist real numbers o and (3 such that

ol Te = Tyll* + (1 = a)|lo = Tyl|* < Bl|Tz —y[* + (1 = Bz — y||?

for all z,y € C. Then T has an attractive point if and only if there exists z € C
such that {T"z |n =0,1,...} is bounded.

Proof. An (a, B3)-generalized hybrid mapping T is an (a,1 — a, =3, —(1 — 3))-
normally generalized hybrid mapping such that a + (1 —a) = 8- (1—-06)=0>0
and @ + (1 — &) =1 > 0. Then we have the desired result from Theorem 3.1. O
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4. MEAN CONVERGENCE THEOREMS

In this section, using the technique developed by Takahashi [13], we prove a mean
convergence theorem of Baillon’s type without convexity for normally generalized
hybrid mappings in a Hilbert space.

Theorem 4.1. Let H be a Hilbert space, let C' be a nonempty subset of H and let
T be an («, 3,7,d)-normally generalized hybrid mapping from C into C which has
an attractive point. Let P be the metric projection from H onto A(T). Then for
any x € C,

1 n—1
Spx==Y T"
P
k=0
is weakly convergent to an attractive point p of T, where p = lim,, o, PT"x.

Proof. Since A(T) is nonempty, we have that {T™z} is bounded for all z € C. Since
n—1

ISuz—yll < = 3" IThz — gl < 1z~
k=0
for all n € NU {0} and y € A(T), we have that {S,z | n =0,1,...} is bounded.
Then there exists a strictly increasing sequence {n;} and p € H such that {S,, |
i=0,1,...} is weakly convergent to p. We first show that p € A(T). Indeed, since
T is an (a, (3,7, d)-normally generalized hybrid mapping of C into itself, we have
that

al|Tz — TF |2 + Bz — T la||? + || Tz — T*z||? + 6||z — T*z||> <0
for all k € NU{0} and z € C. We also have that
Tz = Tha|® = (@ +9)(IT2 = 2> + |z = T[> + 2Tz - 2,2 — T*z))
—al|Tz —T*z|>.
Since —a — 3 — v < § from (1), we obtain that
a(|Tz = T a|? — | Tz = T |?) + B(llz = Tz | - ||z — T"z|*)
+2(a+9)(Tz— 2,2 —T*z) + (a+7)||z = Tz||* < 0.

Summing up these inequalities with respect to k = 0,1,...,n — 1 and dividing by
n, we obtain that

n /8 mn
(T2 = T"al* = Tz — 2|*) + = (Il = T"|* - [|2 — 2[|*)

@
n
+2(a+ )Tz — 2,2 — Spx) + (a+7)||z — Tz|]* < 0.

Replacing n by n;, we have that

p -
nfi(l\z = T"z|* — ||z — z]|?)
+ 20+ )Tz — 2,2 — Sp,x) + (a +7)||z — Tz||* < 0.
Letting ¢ — oo, we obtain that
2a+7)(T5 — 2,2 = p) + (@ + )l - T2 <0.
As in the proof of Theorem 3.1, we obtain that

(@ + )Tz = plI* = llz = T2l + [z = pl*) + (a +7) |2 = T2|* < 0.

(1T = T x|* = | T2 — |*) +

«
U
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From o + v > 0 we have that for all z € C|
lp = T=|* < |lp — 2[I*.

This implies p € A(T). Similarly, we can obtain the desired result for the case of
a+3>0.

Since A(T) is nonempty, closed and convex from Lemma 2.3, the metric projec-
tion P from H onto A(T') is well-defined. We also obtain that

1T e — y|| < |72 —y|

for all n e NU {0} and y € A(T). By Lemma 2.1, there exists ¢ € A(T') such that
{PT"xz | n = 0,1,...} is convergent to q. To complete the proof, we show that
q = p. Note that the metric projection P satisfies

(z—Pz,Pz—u)>0
for all z € H and u € A(T); see [15]. Therefore
(T*z — PT*2, PT*z — y) >0

for all k € NU {0} and y € A(T). Since P is the metric projection from H onto
A(T), we obtain that

|T"x — PT"z| < ||T"2z — PT™ x|
< |1t — PT 2|
that is, {||T"x — PT"z|| | n = 0,1, ...} is non-increasing. Therefore we obtain
(Tkz — PT*z,y — q) < (T*z — PT*z, PT*z — q)
< |72 — PT*|| - [|PT*z — g
< |lz = Pzl - [|PT*z — q].

Summing up these inequalities with respect to k = 0,1,...,n — 1 and dividing by
n, we obtain

<S x— lnilPTkac y—q> < MTEIHPT’%—(]H
n n ) —_ n .
k=0 k=0
Since {S,,z | ¢ = 0,1,...} is weakly convergent to p and {PT"z | n =0,1,...} is
convergent to q, we obtain that
p—qy—q <0.
Putting y = p, we obtain
lp—ql* <0
and hence ¢ = p. This completes the proof. O

As in the proof of Theorem 3.4, from Theorem 4.1 we can prove the following
mean convergence theorem for generalized hybrid mappings in a Hilbert space.

Theorem 4.2 (Takahashi and Takeuchi [18]). Let H be a Hilbert space, let C be
a nonempty subset of H and let T be a generalized hybrid mapping from C into C,
that is, there exist a,, 3 € R such that

allTz =Ty + (1 - a)|le = Ty|* < BTz — y|* + (1 = B)]lz — yII?
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for all z,y € C. Suppose A(T) # 0 and let P be the metric projection from H onto
A(T). Then for any x € C,

n—1
1
Spx=~-Y TF
T nl; T

is weakly convergent to an attractive point p of T, where p = lim,_, ., PT"x.

5. WEAK CONVERGENCE THEOREMS OF MANN’S TYPE

In this section, we prove a weak convergence theorem of Mann’s type [12] for
normally generalized hybrid mappings in a Hilbert space. Before proving the result,
we need the following lemma.

Lemma 5.1. Let H be a Hilbert space and let C be a nonempty subset of H. Let
T : C — H be a normally generalized hybrid mapping. If x,, — z and x,— Tz, — 0,
then z € A(T).

Proof. Since T' : C' — H is a normally generalized hybrid mapping, there exist
a,3,7,0 € Rsuch that (1) a+8+~v+6>0,(2) a+v>0,0or a+ >0 and

(5.1) a| Tz = Ty|* + Blla = Tyl* + [Tz — y|* +dllz — y|* <0

for all z,y € C. Suppose z,, — z and z,, — Tx,, — 0. Replacing z by x,, in (5.1),
we have that

(62)  alTza =Tyl + Blen — Tyl +1|Ten — ol + dllzn — yl < 0.
From this inequality, we have that
a(|Tan = xl® + llon — Tyl|* + 2(T2n — 2, 20 — Ty)) + Blln — Tyl
F (T2 — 2l + ll2n = yl* + 2(T2s — @0y 20 — ) +6llzn —y[|? <0
We apply a Banach limit u to both sides of this inequality. We have that
apin([|[Tzn — $n||2 + (|75 — T7JH2 +2(Twy — Tny 20 — TY)) + Bpn||Tn — Ty||2
F (T = 2o + 20 = ylI* + 2(T20 — 0, 20 — ) + Spnllzn —y|I> <O
and hence
ovpin |5 — TyHZ + Bpn||lzn — Ty||2
+ Yinl|Tn — y||2 + Spn|Tn — y”2 <0.
Thus we have
(@ + B)nllzn = Tyl + (v + 8)pnllzn — ylI* < 0.
From ||z, — Ty||*> = ||z, — y[* + ly = Ty|* + 2(z» — y,y — Ty), we also have
(+ B) (pinllzn — ylI> + ly = TYII* + 21t (w0 — v,y — Ty)) + (v + 8) a2 — y[|* < 0.
From a + 3+ v+ d > 0 we obtain that
(a+ B)(ly = Tyll® + 2pn(n — y,y — Ty)) < 0.
Since x, — z, we have that
(@+B)(lly = Tyll* +2(z —y,y — Ty)) < 0.
Using (2.2), we have that
(@+B)(lly =Tyl + 2 = Tyll* — = = ylI* — lly — Tyl*) < 0.
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Since a + # > 0, we have that
|z = Tyll> = |z —y|* <0

for all y € C. This implies z € A(T). Similarly, we can obtain the desired result
for the case of a4+~ > 0. This completes the proof. (|

We can prove the following theorem by using Lemma 5.1 and the technique
developed by Ibaraki and Takahashi [3,4].

Theorem 5.1. Let H be a Hilbert space and let C' be a convex subset of H. Let
T :C — C be a normally generalized hybrid mapping with A(T) # 0 and let P be
the mertic projection of H onto A(T). Let {a,} be a sequence of real numbers such
that 0 < a, < 1 and liminf, . an(1 — @) > 0. Suppose {x,} is the sequence
generated by x1 = x € C and

Tnt1 = QnZp + (1 —apn)Tz,, neN.
Then {x,} converges weakly to an element v € A(T), where v = lim,,_,oc Pxy,.

Proof. Let z € A(T). Then we have that

241 = 2l1* = llanzn, + (1 — @) Tx, — 22
< aplr, — ZH2 + (1 —an)||Ton — ZH2
< apllen, — ZH2 + (1 — )|z, — ZH2

ln — 2|2

for all n € N. Hence lim,, o ||z, — 2||? exists. Then {z,} is bounded. We also
have from (2.1) that

[Zn+1 = 2[1 = lan@n + (1 — an) Tz, — 2|2

= apllzn = 2* + (1 = @) [T2n = 2[* = an(1 = @) [T, — 22
< ap|lzn — ZH2 + (1 = ay)|lzn - Z||2 —ap(l =) Tz, — 33n||2
= [lzn = 2[1? = an(l = an) [ T2n — zn|*.

Thus we have
an(l = an)|Tzn = zpl* < [l = 2[° = 201 — 2|,

Since lim,, .o ||z, — 2||? exists and liminf,, o o, (1 — ) > 0, we have that

(5.3) | Tay — zp| — 0.

Since {x,} is bounded, there exists a subsequence {z,, } of {z, } such that z,, — v.
By Lemma 5.1 and (5.3), we obtain that v € A(T). Let {z,,} and {z,,} be two
subsequences of {x,} such that z,, — v; and T, — v2. To complete the proof,
we show v; = vg. We know v1,vs € A(T) and hence lim,, . ||z, — v1]|? and
limy, o0 [|Zn, — v2||? exist. Put

a= lim (|2, — v]* = [lz, — va|/?).
n—oo
Note that for n =1,2,...,
0 = v1]|* = |0 = v2]|* = 2(@p, v2 — v1) + [Joa[|* — [Jo2]1*.
From x,, — v1 and z,; — v2, we have

(5.4) a = 2(v1,vg —v1) + o1 ]| = [lvz|®
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and
(5.5) a = 2(va,va —v1) + o1 [|* = [Jva .

Combining (5.4) and (5.5), we obtain 0 = 2(ve — v1,v3 — v1). Thus we obtain
vy = v1. This implies that {z,} converges weakly to an element v € A(T'). Since
|@nt1 —2|| < |Jxn — 2| for all z € A(T) and n € N, we obtain from Lemma 2.1 that
{Px,} converges strongly to an element p € A(T). On the other hand, we have
from the property of P that

(X — Py, Pty —u) >0
for all u € A(T) and n € N. Since z,, — v and Px,, — p, we obtain
(v=pp—u) 20

for all w € A(T). Putting u = v, we obtain p = v. This means v = lim,,_,o, Px,,.
This completes the proof. ([l

Using Theorem 5.1, we can show the following weak convergence theorem of
Mann’s type for generalized hybrid mappings in a Hilbert space.

Theorem 5.2 (Kocourek, Takahashi and Yao [8]). Let H be a Hilbert space and let
C be a closed convex subset of H. Let T : C' — C be a generalized hybrid mapping
with F(T) # 0. Let {a,} be a sequence of real numbers such that 0 < oy, <1 and
liminf,, eo @n(l — ay) > 0. Suppose {x,} is the sequence generated by x4 = x € C
and

Tpt1 = nZp + (1 —a,)Tx,, neN.

Then the sequence {x,} converges weakly to an element v € F(T).

Proof. As in the proof of Theorem 3.4, a generalized hybrid mapping is a normally
generalized hybrid mapping. Since {x,} C C and C is closed and convex, we have
from Theorem 5.1 that v € A(T)NC. A normally generalized hybrid mapping with
F(T) # 0 is quasi-nonexpansive, we have from Lemma 2.4 that A(T)NC = F(T).
Thus {z,} converges weakly to an element v € F(T). O
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