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Abstract. Using elementary arguments, we shall show that every
bounded disjointness preserving linear functional of the Wiener
ring L1(Z) assumes the form

ϕ(f) = λ

∞∑
n=−∞

f(n)zn,

for some scalar λ in C and for some z in the unit circle T. Con-
sequently, every bounded disjointness preserving linear operator
Φ from L1(Z) into itself assumes the form Φ(f) = Φ(e0) ∗ H(f),
where H is an algebra homomorphism of L1(Z).

1. Introduction

A linear functional ϕ of an algebra A is said to be disjointness pre-
serving if ϕ(f)ϕ(g) = 0 whenever fg = 0. In the case when A is a
function algebra on X, a disjointness preserving map is the map that
preserves the disjointness of cozeroes, where the cozero of a function
f is the set coz(f) = {x ∈ X : f(x) 6= 0}. Recently, many authors
studied disjointness preserving maps between function algebras, group
algebras, algebras of differentiable functions and general Banach alge-
bras. See e.g., [1, 6, 5, 8, 7, 3, 2].

In this note, using elementary arguments, we shall study bounded
disjointness preserving linear functionals ϕ of the Wiener ring

L1(Z) = {f : Z→ C |
∞∑

n=−∞
|f(n)| < +∞},

with multiplication defined by convolution. Our results state that such
ϕ will assume a form,

ϕ(f) = λ

∞∑
n=−∞

f(n)zn,
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for some scalar λ in C and for some z in the unit circle T. Using this,
we show that every bounded disjointness preserving linear operator Φ
is the convolution of an algebra homomorphism H of L1(Z) and the
function Φ(e0); namely,

Φ(f) = Φ(e0) ∗H(f), ∀f ∈ L1(Z).

2. Notations and preliminaries

Recall that L1(Z) is a commutative Banach algebra with norm

‖f‖ =
∞∑

n=−∞
|f(n)|

and multiplication

f ∗ g(n) =
∞∑

k=−∞
f(n− k)g(k).

The (multiplicative) unit in L1(Z) is the function e0 in L1(Z) defined
by e0(0) = 1 and e0(n) = 0 for n ∈ Z− {0}.

It is also well-known that every complex homomorphism of a group
algebra L1(G) arises exactly from the dual group Ĝ of G. More pre-
cisely, let G be a locally compact abelian group and γ : G → T be a
continuous homomorphism. Define f̂(γ) by

f̂(γ) =

∫

G

f(x)γ(x−1)dx

for every f in L1(G). Then f 7−→ f̂(γ) is a nonzero complex ho-
momorphism of L1(G). Conversely, if ϕ : L1(G) → C is a nonzero
homomorphism, there is a continuous homomorphism γ : G → T such
that ϕ(f) = f̂(γ). See, e.g., [4, p. 226].

Suppose γ : Z→ T satisfies that γ(x+y) = γ(x)γ(y) for all x, y ∈ Z.
Then either γ ≡ 0 or there exists n ∈ Z such that γ(n) = an for all
a ∈ T. In other words, the dual group of Z is the circle group T, i.e.,
Ẑ = T. Hence, every complex homomorphism ϕ of L1(Z) assumes the
form

ϕ(f) =
∞∑

n=−∞
f(n)zn, ∀f ∈ L1(Z),

for some z in T. In other words, the maximal ideal space of the Banach
algebra L1(Z) is homeomorphic to the unit circle T.
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The Gelfand transform Γ : L1(Z) → C(T), sending f to f̂ , takes the
following form

f̂(z) =
∞∑

n=−∞
f(n)zn, f ∈ L1(Z), z ∈ T.

It is clearly linear, bounded, injective and multiplicative. We note
that the range of the Gelfand transform contains C2(T), via, e.g., the
Fourier series. Moreover, this map expends to an isometry from L2(Z)
onto L2(T) (Plancherel Theorem).

As usual, we regard C(T) the space of all continuous periodic func-
tions defined on the real line with period 2π. Then the following well-
known results are applicable. We sketch the proofs here for complete-
ness.

Lemma 1. Let [a, b] ⊂ (c, d). There exists a function K in C∞(R)
such that K = 1 on [a, b], K = 0 outside (c, d), and 0 ≤ K ≤ 1 on R.

Proof. Define f, g : R→ R by

f(x) =

{
e−1/x, if x > 0;
0, otherwise;

and
g(x) = f(x)f(1− x).

Then g is of class C∞; furthermore, g is positive for 0 < x < 1 and
vanishes elsewhere. Define

h(x) =

∫ x

0
g(t)dt∫ 1

0
g(t)dt

,

and

K(x) =





0 for x ≤ c
h(x−c

a−c
) for c ≤ x ≤ a

1 for a ≤ x ≤ b
h(d−x

d−b
) for b ≤ x ≤ d

0 for x ≥ d .

It is straightforward to see that K is smooth on R with the stated
properties. ¤
Corollary 2.

(1) Let U, V be two nonempty disjoint closed subsets of T. Then

there is an f ∈ L1(Z) such that f̂ = 1 on U and f̂ = 0 on V .
(2) Let {U1, . . . , Un} be an open covering of a compact subset K of

T. Then there are f1, . . . , fn in L1(Z) such that 0 ≤ f̂i ≤ 1,

coz f̂i ⊂ Ui, for i = 1, . . . , n, and f̂1 + · · ·+ f̂n = 1 on K.
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Lemma 3. Let f ∈ L1(Z) such that f̂(z0) = 0 for some z0 ∈ T.

Then for any ε > 0, there is an fε ∈ L1(Z) such that f̂ε vanishes in a
neighborhood of z0 and ‖f − fε‖ < ε.

Proof. We can assume z0 = 1. As f̂(1) = 0, we have

(1)
+∞∑

m=−∞
f(m) = 0.

On the other hand,
∑+∞

m=−∞ |f(m)| < +∞ ensures that for any δ > 0,
there is a positive integer N such that

N∑
m=−N

|f(m)| < δ.

Let

U =
N⋂

m=−N

{θ ∈ (−π, π) : |1− eimθ| < δ}.

Then U is an open neighborhood of 0 in R. Assume (−3α, 3α) ⊆ U .
Set

Ct = {eiθ : −tα < θ < tα}, for t = 1, 2, 3.

Let g, h ∈ L2(Z) such that ĝ and ĥ are the characteristic functions of
C1 and C2, respectively. Define

k =
πgh

α
∈ L1(Z).

Then k̂ = π
α
ĝ ∗ ĥ, and

k̂(z) =
π

α

∫

T
ĝ(z′)ĥ(

z

z′
) dz′ =

π

α

∫

C1

ĥ(
z

z′
) dz′.

Hence, k̂ = 1 on C1, k̂ = 0 outside C3, and 0 ≤ k̂ ≤ 1 on T. Moreover,

‖k‖ ≤ π

α
‖g‖2‖h‖2 =

π

α

√
α/π

√
2α/π =

√
2.

By (1), we have

f ∗ k(n) =
+∞∑

m=−∞
f(m)k(n−m) =

+∞∑
m=−∞

f(m)[k(n−m)− k(n)].
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Denoting by km(n) = k(m− n), we have

‖f ∗ k‖ =
+∞∑

n=−∞

∣∣∣∣∣
+∞∑

m=−∞
f(m)[km(n)− k(n)]

∣∣∣∣∣

≤
+∞∑

m=−∞
|f(m)|‖km − k‖

=
N∑

m=−N

|f(m)|‖km − k‖+
∑

|m|>N

|f(m)|‖km − k‖

≤
N∑

m=−N

|f(m)|‖km − k‖+ 2
√

2δ.

Observe that
α

π
(km − k) = gmhm − gh = gm(hm − h) + (gm − g)h.

Here,

‖gm(hm − h)‖ ≤ ‖gm‖2‖hm − h‖2 = ‖ĝm‖2‖ĥm − ĥ‖2.

Let γ̂m(z) = zm be the character of T associated to m in Z. Then

‖ĥm − ĥ‖2
2 = ‖(γ̂m − 1)ĥ‖2

2

≤ 1

2π

∫ 2α

−2α

∣∣eimθ − 1
∣∣2 dθ

<
2αδ2

π
, ∀ |m| ≤ N.

As ‖ĝm‖2 = ‖ĝ‖2 =
√

α
π
, we have

‖gm(hm − h)‖ <

√
2αδ

π
.

Similarly, we have

‖(gm − g)h‖ <

√
2αδ

π
.

Hence,
‖km − k‖ < 2

√
2δ, ∀ |m| ≤ N.

Consequently,
‖f ∗ k‖ < 2

√
2‖f‖δ + 2

√
2δ.

Setting δ < ε
2
√

2(1+‖f‖) and fε = f − f ∗ k, we will have the desired

conclusion. ¤
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3. Bounded disjointness preserving operators of L1(Z)

Theorem 4. If ϕ is a nonzero bounded disjointness linear functional
of L1(Z), then ϕ = λh, where h is a complex homomorphism of L1(Z),
and λ is a scalar.

Proof. For each point z in the dual group Ẑ = T, let Iz (resp. Mz) con-

sist of all functions f in L1(Z) such that f̂ vanishes in a neighborhood
of z (resp. vanishing at z). By Lemma 3, Iz is norm dense in Mz.

We claim that ϕ(Iz) = {0} for exactly one z in T.

Suppose, on contrary, that for each z in T there is an f̂z vanishing
in an open neighborhood Vz of z with ϕ(fz) 6= 0. Let f ∈ L1(Z). The

compact support of f̂ is covered by a finite union of the open sets Vxi
.

By Corollary 2, we can write f = f1 + · · ·+fn for some fi ∈ L1(Z) with

coz(f̂) ⊆ Vxi
, i = 1, . . . , n. Now f̂if̂xi

= 0 implies fi ∗ fxi
= 0. Since ϕ

preserves disjointness, ϕ(fi) = 0 since ϕ(fxi
) 6= 0, a contradiction.

For the uniqueness of z, assume that ϕ(Iz) = ϕ(Iy) = {0} for some
y 6= z. By Corollary 2, for every f in L1(Z) we can write f = f1 + f2

with f1 ∈ Iz and f2 ∈ Iy. It follows ϕ(f) = 0 for all f in L1(Z). And
thus ϕ = 0, again a contraction.

Finally, it follows from the boundedness of ϕ that ϕ(Mz) = {0}. In
other words, the kernel of ϕ contains that of the complex homomor-
phism h in T defined by h(f) = f̂(z). Hence the assertion follows. ¤
Corollary 5. Every bounded disjointness preserving linear functional
ϕ of L1(Z) is in the form of

ϕ(f) = λ

∞∑
n=−∞

f(n)zn, ∀n ∈ Z

for some z in T and scalar λ.

Theorem 6. Let Φ : L1(Z) → L1(Z) be a bounded disjointness pre-
serving linear operator. Then there is an algebra endomorphism H of
L1(Z) such that

Φ(f) = Φ(e0) ∗H(f), ∀f ∈ L1(Z).

Proof. For each z in T, Φ̂(·)(z) is a bounded disjointness preserving
linear functional of L1(Z). By Theorem 4, we have

Φ̂(f)(z) = λzhz(f), ∀f ∈ L1(Z).

Here, λz is a scalar and hz is a complex homomorphism of L1(Z). In

case Φ̂(·)(z) is zero, we have λz = 0. It is clear that Φ̂(e0)(z) = λz for
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all z ∈ T. Define, by duality, a map H from L1(Z) into itself by asking
that

Ĥ(f)(z) = hz(f), ∀f ∈ L1(Z).

We see that H is an algebra homomorphism. The assertion follows. ¤
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