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Abstract

Degree theory has been developed as a tool for checking the solution existence of nonlinear equations. In his classic paper
published in 1983, Browder developed a degree theory for mappings of monotone type f + T, where f is a mapping of class (S)+
from a bounded open set §2 in a reflexive Banach space X into its dual X*, and T is a maximal monotone mapping from X into X*.
This breakthrough paved the way for many applications of degree theoretic techniques to several large classes of nonlinear partial
differential equations. In this paper we continue to develop the results of Browder on the degree theory for mappings of monotone
type f + T. By enlarging the class of maximal monotone mappings and pseudo-monotone homotopies we obtain some new results
of the degree theory for such mappings.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction and an outline of Browder’s degree theory

Many problems in analysis and in its various applications can be reduced to solving an equation f(x) =y in an
appropriate space. Degree theory has developed as a means of examining the solution existence and estimating the
number of the solutions in a particular feasible region.

Suppose that X and Y are topological spaces. Let O be a class of open subsets £2 in X. For each £2 in O, we denote
by £ and 952 the closure and boundary of £2, respectively. Let F be a family of maps f : 2 — Y over which the
degree theory is to be defined. For each £2 in O, we consider a family of homotopies { f;: 0 <t < 1} of maps in F, all
having the common domain £2. The collection of all such homotopies for the various £2 in O will be denoted by H,
which is called a class of permissible homotopies for the degree theory.

Definition 1.1. By a degree theory over the class F, which is invariant with respect to the homotopies in H and which
is normalized by a given map fp : X — Y, we mean: For each yp in Y and foreach f : 2 — Y in F, with yop ¢ f(952),
an integer d( f, §2, yo) is defined and satisfies the following three conditions:
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(a) (Normalization) If d(f, §2, yo) # O then there exists x in §2 such that f(x) = yg. For each £2 in O, we have
Jole € F,andif yo € fo($2) then d(fo, $2, yo) = +1.

(b) (Additivity) If f € F, f: £ — Y and that £2{, §2; are a pair of disjoint sets in O contained in §2 such that
yo ¢ f(£2\ (821U £22)) then

d(f, 82, y0) =d(f, 21, y0) +d(f, §22, yo).

(c) (Homotopy invariance) If { f;: 0 <t < 1} is a homotopy in H with domain £ and if {y,: 0 <t < 1} is a continuous
pathin Y with y; ¢ f;(0£2) for all ¢ in [0, 1] then d(f;, §2, y;) is independent of 7.

The existence of a degree theory for a given class of mappings is not a trivial assertion. The classical example
of an extension of the degree theory for the infinite dimensional case is the Leray—Schauder degree theory which
is defined for the case in which X =Y is an arbitrary Banach space, O is the class of bounded open subsets of X,
F is the class of continuous maps f : 2 — X with (I — f)(£2) relatively compact in X. Here H is the class of
homotopies {f;: 0 <t < 1} which is restricted by the assumption that there exists a fixed compact set K in X such
that (I — f;)(£2) C K for all ¢ in [0, 1].

Ever since the introduction of the Leray—Schauder degree theory in 1934, there have been various extensions and
generalization in different directions (see, for instance, [2,3,5-11] and references given therein). One of the most
important generalizations is due to Browder [2], where a degree theory was introduced for maps of class ()4 from a
bounded open subset of a reflexive Banach space into its dual. In particular, Browder built the degree theory for more
general mappings of monotone type f 4 T, where f is of class (S)+ and T is a maximal monotone operator. This
generalization paved the way for applications of the degree theory to a large number of nonlinear partial differential
equations (see, e.g., [2,7]). For this important event, we will outline below some results in [2].

Throughout this paper we always assume that X is a reflexive Banach space. By the result which is due to Linden-
strauss, Asplund and Trojanski, it is true that X can be renormed so that X and X™* are both locally uniformly convex
(see [4, Theorem 2.11]). In this case the duality mapping J : X — X* defined by

(), x) = x> = [T

is of class (S), strictly monotone and a homeomorphism (see [2, Proposition 8] and [12, Corollary 32.24]).

Definition 1.2. Let G be a subset of a Banach space X and f : G — X* be a mapping. Then

(a) f is said to be of class (S)+ if for any sequence {x,} in G which converges weakly to x (written x,, — x briefly)
and limsup,,_, . (f (x»), x, — x) <0 we have x, — x (in norm).

(b) f is said to be demicontinuous if for any sequence {x,} in G which converges to x we have f(x,) converges
weakly to f(x).

The following result on the existence and uniqueness of the degree theory for mappings of class (S5), was obtained
in [2].

Theorem 1.3. (See [2, Theorem 4].) Let X be a reflexive Banach space, O be a class of bounded open subsets $2
of X, F be a class of maps f : 2 — X* such that f is of class (S)+ and demicontinuous. Let H be the class of affine
homotopies in F and J be the duality mapping form X to X* corresponding to an equivalent norm on X in which
both X and X* are locally uniformly convex.

Then there exists exactly one degree function d in the sense of Definition 1.1, which defines on F, to be invariant
under 'H and normalized by J.

Let T : X — 2% be a multifunction. We will call the sets I'r={(x,y):yeTx)}and D(T) ={x € X: T (x) # 7},
the graph and the effective domain of T, respectively. In the rest of the paper we always assume that D(T") is nonempty.
Recall that the multifunction T : X — 2% is said to be monotone if for any (x1, y1), (x2, y2) in I'T one has
(y2 — y1,x2 — x1) = 0. T is said to be maximal monotone if T is monotone and it follows from
(v—y,u—x)=20, V(x,y)elr,

that (u,v) e I'r.
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For each € > 0, we consider the generalized Yosida transformation T . corresponding to T, consider in [1] and
defined by the formula

Te=(T""+es")7",

which is a single-valued function (see, e.g., [4, Proposition 3.10]).
The following theorem is the basis for building the degree theory for mappings of type f + T'.

Theorem 1.4. (See [2, Theorem 8].) Assume §2 € O and conditions:

() f:82 — X*isofclass (S)4, demicontinuous and bounded.
() T:X— 2% " is maximal monotone.

(i) yo & (f +T1)(352).

Suppose further that

(iv) 0 T(0).

Then there exists € > 0 such that the following assertions are valid:

@) yo ¢ (f +T.)(082) forall € in (0, €];
) d(f+Te,2,y0)=d(f +Te, 82, y0) forall e, € in (0, €].

Definition 1.5. Let 2 € O, f : 2 — X* be of class (S)+, demicontinuous and bounded. Let T : X — 2X be a
maximal monotone operator and yg be a point in X* such that yg ¢ (f + 7)(952). Suppose, in addition, 0 € T (0).
The degree function d; (f + T, §2, yo) is the common value of d(f + T, §2, yo) for € sufficiently small.

Definition 1.6. Let £2 € O and {f;, 0 <7 < 1} be a family of maps from Q into X*. Then { f;} is said to be a homotopy
of class (S)+ if for any sequence {x,} in §2 converging weakly to x and for any sequence {#,} in [0, 1] converging to
t for which

limsup( f;, (xx), x, — x) <0,

n—oo

then x,, — x and f; (x,) — f:(x).

Definition 1.7. Let {7;,0 < 7 < 1} be a family of maximal monotone maps from X into 2X", Suppose, in addition,
that 0 € 7;(0) for all 7 in [0, 1]. Then {7} is called a pseudo-monotone homotopy if it satisfies the following mutually
equivalent properties [2, Proposition 15]:

(a) Suppose that t, — ¢ in [0, 1] and (x,, y,) € I, such that x, — x in X, y, — y in X* and limsup (y,, x,) <
(y,x). Then (x, y) € I', and lim (y,, x,) = (y, x).
(b) The mapping ¢ of X* x [0, 1] into X defined by

ow, 1) = (T, + 1) (w),

is continuous, with X and X™* given the norm topologies.
(¢) For each w in X*, the mapping ¢,, of [0, 1] into X defined by

0w () = (T; + 1)~ L(w),

is continuous from [0, 1] into X in the norm topology.
(d) For any (x, y) in I'7; and a sequence f, — ¢ in [0, 1], there exists a sequence (x,, y,) in I'7, such that x, — x
and y, — y.

The following results establish the homotopy invariance of the degree theory for maps of type f + T'.

Please cite this article in press as: B.T. Kien et al., On the degree theory for general mappings of monotone type, J. Math. Anal. Appl. (2007),
doi:10.1016/j.jmaa.2007.07.058




4 B.T. Kien et al. / J. Math. Anal. Appl. eee (eeee) eee—eee

Theorem 1.8. (See [2, Theorem 9].) Assume 2 € O and conditions:

() {fi: 0 <t < 1} is a homotopy of class (S)+ of maps of 2 into a bounded subset of X*.
(i) {T;: 0 <t < 1} is a pseudo-monotone homotopy from X into 2% .
(iii) {y;: 0 <t < 1} is a continuous path in X* such that y; ¢ (f; + T;)(082) for all t in [0, 1].

Suppose, in addition,
@iv) 0€ T;(0) for all t in [0, 1].
Then there exists € > 0 such that the following assertions are valid:

@ vy ¢ (fr +T;.c)(082) forall e € (0,€] and ¢t in [0, 1].
(b) d(fi +Ti.¢, 82, y:) is independent of t and €.

Theorem 1.9. (See [2, Theorem 12].) Let X be a reflexive Banach space. Then there exists exactly one degree function
in the sense of Definition 1.1 on the class F of maps f + T, where f is of class (S)4, demicontinuous and bounded,
and T is maximal monotone satisfying 0 € T (0), which is normalized by J and invariant under class 'H of all affine
homotopies of the form (1 —t)(T + f)+tg, where f, g are of class (S)+, demicontinuous and T is maximal monotone.

Theorems 1.4, 1.8, and 1.9 are nice results on the degree theory for mappings of monotone type f + 7'. After more
than twenty years, it is now well known and has been cited by many papers. However, in our opinion, the class of
mappings of monotone type f + T given by Browder is rather narrow. Namely, in the above theorems, the conditions

0eT@©O) and 0€eT;(0) wererequired.

Browder used these conditions in an essential way to prove his theorems. Meanwhile, several applications, where
the graphs of operators T; are supposed not to contain (0, 0). It is noted that, if we take any (xo,x;) in I'r and
put 7'(x) = T(x + x0) — x§ and f'(x) = f(x + xo) then 7’ is maximal monotone and satisfies 0 € 77(0). It is
plausible to define the degree d(f + T, §2, yo) via d(f' + T, 2 — x0, yo — x(")‘). However, in this case, the degree
depends on (xo, x;;) and we will encounter easily a trouble with the homotopy invariance since it might happen that
x(’)‘ & (), Tt (x0). To illustrate this we give the following example.

Example 1.10. Let K be a nonempty closed convex set in X such that 0 ¢ K and 2K C K. Assume that N (x) is the
normal cone of K at x defined by

x*eX* (x*,y—x)<0VyeK} ifxek,
0, otherwise.

Ng(x) = {

Put T;(x) = (1 — 1)(—J (x) + Nk (x)). Since 0 ¢ K, 0 ¢ T;(0). Indeed, we have (), T;(x) = @ for all x in K. Hence
{T;, 0 <t < 1} is not a pseudo-monotone homotopy in the sense of Definition 1.7.

The aim of the paper is to relax the assumptions that 0 € 7 (0) and 0 € T;(0), and enlarges the class of pseudo-
monotone homotopies {7;} which is given by Browder. To this end, we have to develop a new scheme in proving
our theorems. By using this scheme we will be able to obtain enhanced versions of Theorems 1.4, 1.8, and 1.9 under
relaxed conditions for a broader class of {7;}. We think this is significant, since our results can be applied to a degree
theory of variational inequalities in reflexive Banach spaces and solving nonlinear PDEs, for some of which the
original Browder’s degree theory does not seem to be very handy.

2. Main results
In this section we will keep all the notations of the preceding section. Below extends Theorem 1.4.

Theorem 2.1. Assume X is a reflexive Banach space and the following conditions:
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G f: Q2 — X*is of class (S)., demicontinuous and bounded.
(i) T :X — 2X" is maximal monotone.
(i) yo ¢ (f +T)(952).

Then there exists € > 0 such that the following assertions are valid:

(@) yo ¢ (f +Te)(082) forall € in (0, €];
) d(f+Te,2,y0)=d(f +Te, 82, y0) forall e, € in (0, €].

Definition 2.2. Let 2 € O and f : 2 — X* be of class (), demicontinuous and bounded. Let T : X — 2X" be a
maximal monotone operator and yg be a point such that yo ¢ (f + 7)(352). The degree di(f + T, §2, yo) is assigned
to be the common value of d(f + T, £2, yo) for € sufficiently small.

The next theorems will be proved for the class of maximal monotone operators and pseudo-monotone homotopies
which enlarges the class given by Browder. For such classes, we introduce the following definition.

Definition 2.3. Let {7;: 0 < < 1} be a family of maximal monotone maps from X into 2X" such that their effective
domains are nonempty. Then {7;} is called a pseudo-monotone homotopy if for any (x,y) in I'r, and a sequence
t, — t in [0, 1], there exists a sequence (x,, y,) in Iy, such that x,, - x and y, — y.

It is obvious that if {7}, 0 < 7 < 1} is a pseudo-monotone homotopy in the sense of Definition 1.7 then it is also
a pseudo-monotone homotopy in the sense of Definition 2.3. Example 1.10 indicates that there exists a pseudo-
monotone homotopy in the sense of Definition 2.3 but it is not a pseudo-monotone homotopy in the sense of
Definition 1.7.

Based on the class of pseudo-monotone homotopies in the sense of Definition 2.3 we obtain the following results
extending Theorems 1.8 and 1.9.

Theorem 2.4. Assume X is a reflexive Banach space and conditions:

() {fi: 0 <t < 1} is a homotopy of class (S)y of maps of 2 into a bounded subset of X*.
(i) {T;: 0 <t < 1} is a pseudo-monotone homotopy from X into 2X*,
(iii) {y;: 0 <t < 1} is a continuous path in X* such that y; ¢ (f; + T;)(082) for all t in [0, 1].

Then there exists € > 0 such that the following assertions are valid:

@ yr ¢ (fi +T1.¢)(082) forall € in (0,€] and ¢t in [0, 1].
(b) d(fi +Ti.¢, 82, y:) is independent of t and €.

Theorem 2.5. Let X a reflexive Banach space, 2 € O and f : 2 — X* be of class (S)+, demicontinuous and
bounded. Let T : X — 2X" be a maximal monotone operator and yy be a point of X* such that yy ¢ (f + T)(3£2).
Then the following assertions hold:

(a) (Existence) If di(f + T, §2, yo) #~ O then there exists x in §2 such that yo € f(x) + T (x). _
(b) (Additivity) If £21, $25 are a pair disjoint subsets of O contained in §2 such that yo & (f + T)(£2 \ (£21 U §2»))
then

di(f+T,2,y0)=di(f+T,21,y0)+di(f+T, 2, ).

(c) (Homotopy invariance) If { f;: 0 <t < 1} is a homotopy of class (S)+ of maps of 2 into a bounded set of X*,
{T;: 0 <t < 1} is a pseudo-monotone homotopy from X into 2X" and {y: 0 <t < 1} is a continuous path in X*
such that y; ¢ (f; + T;)(082) for all t in [0, 1], then d\(f; + Tz, §2, y;) is independent of t.
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Theorem 2.6. Let X be a reflexive Banach space. Then there exists exactly one degree function in the sense of
Definition 1.1 on the class F of maps f + T, where f is of class (S)4, demicontinuous and bounded, and T is
maximal monotone, which is normalized by J and invariant under class H of all affine homotopies of the form
(1 =)(f +T)+tg, where f and g are of class (S)+, demicontinuous and bounded, T is maximal monotone with
D(T)=X.

3. Proofs

We notice that Theorem 2.4 includes Theorem 2.1 as a special case when f; = f,yy =ypand T; =T for all ¢ in
[0, 1]. Hence it suffices to prove Theorem 2.4. We will complete the proof of Theorem 2.4 by proving some lemmas.

Lemma 3.1. Let f be of class (S)+ and demicontinuous. Assume that g is demicontinuous and monotone. Then [ + g
is of class (S)+ and demicontinuous.

Proof. It is easily seen that f + g is demicontinuous. Let {x,} be a sequence such that x,, — x¢ and
lim Sup(f(xn) +8(xn), xn — xO) <0.
n—>oo

By the monotonicity of g we get
(f(xn) + 8Cxn), xn — x0) = (£ (Xn), Xn — X0) + (g(x0), Xn — Xo).
This implies that limsup,,_, oo ( f (x»), X, — x0) < 0. Since f belongs to class (S5)4, we have x, — xo. Hence f + g is

of class (S)4+. O

Lemma 3.2. Suppose that f satisfies conditions in Theorem 2.4, x, € §2 such that x,, — xo and t, € [0, 1]. Then
liminf,, oo ( f;, (xn), Xy — x0) = 0.

Proof. Suppose on the contrary that
o= liminf(ftn (xn), Xn — x0> <0. (1)
n— o0

Since (fi, (xn), xp — x0) = = f ) llllx, — xoll, by the boundedness of sequences {f;, (x,)} and {x, — xo}, we
have oo > —oo. It follows that there exist subsequence {x,,} and {z,,} such that limy_, o ftnk (X)), Xn, — X0) =
o < 0. Hence there exists a number kg > O such that ( f,nk (Xn;), Xn, — x0) < O for all k > k. This implies that
limsupy_, oo (f1,,, (i), Xn, — x0) < 0. Since f is of class (S)+, we get x,, — xo. By using the inequality

(fon, Con)s Xy, = X0) = = S, )| 11 — X0l

we obtain o = limg_, oo (f,”k (Xn,), Xn, — x0) = 0. This contradicts (1). The proof is complete. O

Proof of Theorem 2.4. (a) Suppose that the assertion is false. Then we could find a sequence €, — 0%, a sequence x,
in 02 and a sequence t, in [0, 1] such that

Yty = St (n) + 20, 2

where z, = T;, ¢, (x,). Since { f; (x,)} and {y;, } are bounded, the sequence {z,} is also bounded. Hence we can assume
that x,, — xo, t, — ¢ in [0, 1], z, — zo and y;, — y;. Since

(20, Xn — x0) = (1, = f1, (Xn), Xn — X0),

we have
(Zns Xn) = (za, x0) + (ytn , Xp — X0) — (ft,, (Xn), Xn — x0>' 3)
This implies that
limsup(z,, x,) < limsup(z,, x0) + limsup(y;, , x, — x0) — liminf{ f;, (xn), x» — Xo). 4)
n—o0 n—o0 n—o0 n—o00
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By the Lemma 3.2, we have liminf,,_, oo ( f;, (x1), X, — x0) = 0. Hence it follows from (4) that

lim Sup<zn, xn) < <Z0» )C()). (5)
n—>oo
Note that the equality z, = Ty, ¢, (x,) means that z, € T;, (x, — enJ_l(zn)). We now take any (1, v) in I'7,. By the
definition of {7}}, there exists sequences u, — u and v, — v such that (u,, v,) € I'r, . Using the monotonicity of Ty,
we get

<Zn — Un, Xp — EnJ_l(Zn) - un) = 0.

Hence

(2ns Xn) 2 (2, ) + (Vns Xn — ttn) + €nllzall® = €nllvalllizall. (6)

From (5) and (6) we have

(0, x0) = limsup(z,, x,)

n—o00

2 liminf(z,, x,)
n—00

> liminf(z,, u,) + liminf(v,, x, — u,) + liminf(e, |2, 1> — €nllva 24 ]l)
1n—>00 n—>00 n—>00
z

(Z()vl/l) +<v3x0_u>' (7)

This implies that (zo — v,xp — u) > 0 for all («,v) in I7,. By the maximal monotonicity of 7; we obtain
20 € T (xp). Substituting (u, v) = (xo, zo) into (7) we get lim,,— 0 (zn, Xn) = (20, X0). Hence it follows from (3) that
limy,— oo { f2, (Xn), Xn — x0) = 0. Since {f;, 0 < s < 1} is homotopy of class (§)4+ and 952 is closed, x, — xo € 952
and f; (x,) = f;(xp). By letting n — oo, from (2) we obtain y; = f;(xo) + zo, where zg € T;(xo) and xo € 352. This
means that y; € (f; + T;)(92) for some ¢ in [0, 1]. We obtain a contradiction.

(b) We first show that for each € in (0, €] and ¢ in [0, 1], the degree d| (f; 4+ T;.¢, §2, y;) is well defined. Recall that

Te= (T +es7N)7".

Since T; is maximal monotone, T,*] is also maximal monotone (see [12, Proposition 32.5]). By [4, Proposi-
tion 5.5] (see also [12, Corollary 32.24]), J~! has the same properties of J. According to Proposition 3.10
in [4], (T,_1 + eJ~ 17! is a single-valued and demicontinuous maximal monotone operator. Hence we obtain from
Lemma 3.1 that f; + T; ¢ is of class (S)+ and demicontinuous. Consequently, the degree d(f; + T;.c, £2, y;) is well
defined.

We now show that there exists € > O such that d(f; + T; ¢, £2, y;) is independent of € in (0, €] and ¢ in [O, 1].
Suppose on the contrary that the assertion is false. Then there exist €, — 0%, €, — 0% and t,, in [0, 1] such that

d(fo, + Tyens 82, y1,) #d(fi, + Ty, e, 82, Y1, (®)
For each fixed n, we consider the homotopy H, defined by
Hy(s,x) = 5T, ¢, (x) + (1 = )T}, o (x) + f1,(x). )

If y,, ¢ Hy(s,052) for all s in [0, 1] then
d(H,,(l, ), 82, Ytn) = d(H,,(O, ), 82, y,”).
Hence
d(fo + Trprens 2. 3) = d(fo + T2 2. 31,
which contradicts (8). Thus there exists x,, in d£2 and s, in [0, 1] such that
Vi =80Tt e, (xXn) + (1 = $2) T, ¢, (Xn) + f1, (). (10)

Putz, = 5,1, ¢, (xn) + (1 — sn)Ttn,é’/l (xn). Then {z,} is a bounded sequence because the sequences { f;, (x,)} and {y;, }
are bounded. Without loss of generality we can assume that t, — ¢, s, — s, X, — X0, Z» — 20 and y;, — ;. Putting
ap = Tt,,,sn (x4), by = Tl,,,e,’, (xn), we have
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an € Ty, (v — €nd "'(@n)).  bu € Ty, (xn — €, 7" (b)) (1)
AS ytn = ftn (xn) + Zn, WE haVC
(va xn) = <Zn, xO) + (ytn » Xn — XO) - (ft,, (xn), xp — xo), (12)
By using the similar arguments in the proof of part (a) we obtain
lim sup(z,, x,) < (20, X0)- 03
n—>oo

We now consider the following cases:
Case 1. The sequence {s,a,} is bounded.

Since the sequence {s,a,} is bounded, {(1 — s,)b,} is also bounded. Take any (u, v) in I'y;, by the definition of the
family {7, 0 < s < 1} we can find sequences u, — u and v, — v such that (u,, v,) € I" T, - Using the monotonicity
of T;, we get

<an — Un, Xn — En-]_l(arl) - Mn) = 0.
Hence

{an, xp) 2 (an, un) + (U, Xy — up) + 6,1”61””2 —é&xllvnlllanll. (14)
Similarly, we also have

(Bus Xn) = (bn, un) + (Vn, Xn — ) + €, [1bull* — € 1ol 1ba - (15)
Multiplying (14) with s,,, (15) with 1 — s, and summing up, we get

(@ns Xn) = (2ns n) + (s X — ) + suen(lanll> — lvnllllanll) + (4 = sw)ep, (116a 1> = lvalll1Ball)- (16)
It follows that

(Zn, Xn) 2 (2Zn, Un) + (Vn, X0 — un) — €xspllvnllllanll — 6;/1(1 — s llva bl a7

From (13) and (17) we have

(z0, x0) = limsup(z,, x,)
n—0o0

> liminf(z,, x,)
n—0o0

> liminf(z,, un) 4+ liminf(v,, x, — uy) + lminf(—€,s,llvp | lan | — (1 = s, Va1 ]]) (18)
n— 00 n—o00 n—oo
2 (20, u) + (v, xo — u). (19)

This implies that (zo — v, xo —u) > 0 for all (u, v) in I'7,. Hence zg € T;(xo) by the maximal monotonicity. Substitut-
ing (4, v) = (X0, zo) into (19), we get lim,—, 00 (24, X») = (20, X0). Hence it follows from (12) that lim,,—, oo ( f3, (xn),
x, — x0) = 0. Since { f;, 0 < s < 1} is homotopy of class (5)4, we get x, — xo € 952 and f;, (x,) — f:(x). Hence it
yields y; = f;(xo) + zo- This means that y, € (f; + 7;)(952) for some ¢ in [0, 1]. We obtain a contradiction.

Case 2. The sequence {s,a,} is unbounded.

Since {s,a,} is unbounded, {(1 — s,)b,} is also unbounded and we have
lim s, llap|| = lim (1 —sp)[|bp |l = +o00.
n—0o0 n—oo
The next lemma will finish the proof of the theorem.

Lemma 3.3.

lim €,lla,|| = lim €, |b,| =0.
n—0o0 n—oo
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Proof. Fix (1o, vo) in I'7;. Then there exist a sequence u, — uo and a sequence v, — vg such that v, € T (u,).
Using the monotonicity of 7;, we get

(an — vu. X0 — €ad " (an) — un) > 0.
Hence

(ans Xn = Un) = (Vn, Xp — ttn) + €nllan|* — € llvallllanll.
This implies that

lanlllxn — wnll = (Vn, Xn — tn) + €nllan|* — €nllvalllianll.

It is equivalent to

enllan ) = llanll (110 — wnll + €nllvall) + (vn, %0 — ) <O. (20)
Put

An = (enllvall + 10 — unll)* = d€n (Va, Xn — 1),
We get

2
Ay 2 (”xn —upl — €n||vn||) .
Hence it follows from (20) that
Enllvnll + llxn — unll +~/An

<
llanl 2,
Consequently,
enllvnll + - + /A
enllanll < nllvnl ”xnz 7| n Q1)
Similarly, we have
/!
— vA
EI/‘l 1ba]l < 6n”v'l” + llxp — unll + n' 22)

2

Since x, — xo, U, — ug, v, — vy, it follows from (21) and (22) that the sequences {e,||la,||} and {e,,||b,||} are
bounded. We now can assume that

lim €, lanll =, lim €, (b, = B.
n—>00 n— 00

It remains to show that « = 8 = 0. Conversely, suppose that the assertion is false. Then we must have either & > 0 or
B > 0. Fixing (u, v) in I';, we can find out a sequence u,, — u and a sequence v, — v such that v, € T;, (u,). Using
the monotonicity of 7;, and the similar arguments we obtain (16) again. From (13) and (16) we get

(0, x0) = limsup(z,, x,)
n—00

> liminf(z,, x,)
n— oo

> liminf(z,, un) 4+ lminf(v,, x, — uy) 4+ liminf(—s, €, llanllva | — (1 = s)é, [1balll[vall)
n—00 n—00 n—oo

+1}lngggf(6nllanllsnllanll + €, 1ba 11 (1 = 52)1ba |I). (23)
Note that

liminf(z,, u,) = (zo, u),
n—oo

liminf(v,, x, — u,) = (v, xo — u),
n—oo

liilrgggf(—snén lanllllvall = (1 = sw)e, [1Ballllvnll) = —safvll — (1 = s)Bllvl,
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and
lingggf(én llanlsnllanll + €y llball (1 = s2)1ba]l) = +00.
Hence from (23) we get (zg, xo) = +0o which is an absurd. The proof of the lemma is complete. O
We now take any (u,v) in I'y;. Let u, — u, v, — v and v, € T, (u,). Using (23) again we get
(20, x0) = limsup(z,, x,)

n—0o0

> liminf(z,, x,)
n—0oo

2 liminf(z,, u,) + liminf(v,, x, — u,) + liIninf(_snen llanlllvall — (1 = Sn)ey/; 1D 111 vn ”)
n—00 n—00 n—>00
2 (20, x0) + (v, x0 — u). (24)

This implies that (zo — v, xg — u) > 0. Since (u, v) is arbitrary and 7; is maximal monotone, we obtain zg € T;(xp).
Substituting (u, v) = (xg, zo) into (24) we obtain again lim,,_, 5 {2, X») = (20, X0). In the same manner of the proof at
the end of Case 1 we show that y, € (f; + 7;)(952) for some ¢ in [0, 1]. This contradicts our assumptions. The proof
of the theorem is now complete. O

Remark 3.4. The scheme of our proof is different from the proofs of Theorems 8 and 9 in [2]. In his approach,
Browder had used heavily the condition 0 € 7' (0) and the condition 0 € T;(0) for all ¢ in [0, 1], to show that there
exists a constant M > 0 such that s, €, |la,||*> < M and (1 — Sn)€, 16,112 < M. Then he concluded that s,€, ||ay,|| — O
and (1 — s,)€, ||b, || — 0. However, this scheme will collapse if those conditions are absent. In our proof above, we do
not assume these conditions and give instead a new scheme of reasoning which based on a intrinsic characterization
of maximal monotone mappings as well as the structure of the generalized Yosida transformation 7.

Proof of Theorem 2.5. (a) Choose a sequence {¢,} such that €, — 0T. By the definition, there exists ng > 0 such
that

dl(f+T79»YO)Zd(f‘l‘Te,,,Q,)’O)

for all n > ng. Since d(f + T, , §2, yo) # O, there exists an x, in 2 such that f(x,) + T¢, (x,) = yo. Since { f (x,)}
is bounded, {T, (x,)} is also bounded. Putting z, = T¢, (x,,), we get z, € T (x,, — €xJ " (z,)) and f(xn) + 20 = yo.
Without loss of generality, we can assume that x, — xo, z, — zo. By using the similar arguments in the proof of
Theorem 2.4 we can show that

lim sup(z,,, x,) < {20, X0). (25)
n—>0oo

We now utilize a variant of the proof of Theorem 2.4. Taking any (u, v) in I'7 and using the monotonicity of 7', we
have

<Zn — U, Xp — 611‘]71(111) - u) > 0.
This implies that
(Zns Xn) = (2n, ) + (U, Xy — ) + €l zalI* — €nllzall V]

By (25) we get

(z0, x0) = limsup(z,, x,)
n—0o0

> liminf(z,, x,)
n—0oo

> liminf(z,, u) + liminf(v, x, — u) + liminf(—e, [v]| 1z, ]))
n— 00 n— 00 n— 090

2 (20, u) + (v, x0 — u). (26)
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Consequently, (zo — v,xo — u) > 0 for all (4, v) in I'r. By the maximal monotonicity of T, it yields zg € T (xp).
Substituting (u, v) = (20, xg) into (26), we get lim,,— 50 (21, Xn) = (20, X0). Since

(Zns Xn) = (2n, X0) + (Y0, Xn — X0) — (f(xn)»xn _XO)’

we get limsup,,_, o, ( f (x»), x, — x0) = 0. Hence x,, — xo because f is of class (). On the other hand f is demicon-
tinuous, it follows f(x,) — f(xg). Using the equality f(x,) + z, = yo we obtain yg = f(xp) + zo, Where zg € T (x0)
for some xq in £2. Thus we have showed that yy € f(xg) + T (xo) for some x in £2.

(b) It easy to show that there exists € > 0 such that

Yo & (f + T (2\ (21U 2)
for all € in (0, €]. By Theorem 1.3, we have
dif + ]1,61 £2,y0)=d(f + T,es £21,y0) +d(f + Tév £22,y0)
for all € in (0, €]. Hence
di(f+T,2,y0)=di(f+T,821,y0) +di(f+T,82, yo).
(c) The assertion follows directly from Theorem 2.4. The proof of the theorem is complete. O
Proof of Theorem 2.6. Existence. Let di be the degree function in Definition 2.2. Put 7; := (1 — )T and f; :=
(1 —1)f +tg. Then {T;} is a pseudo-monotone homotopy in the sense of Definition 2.3 (see Appendix A) and { f;} is
a homotopy of class (S)4 in the sense of Definition 1.6. By Theorem 2.5, d| meets all requirements of the theorem.
Uniqueness. Suppose that there exists two degree functions d; and d, satisfying the conclusion of our theorem. By
Theorem 1.3 on the uniqueness of the degree function for mappings of class (§), the restrictions of d; and d> on this

class are equal. Let f be of class (S)4, demicontinuous and bounded, 7" be maximal monotone and yp be a point of
X* with yo & (f + T)(3£2). Assume that

di(f+T,82,y0) #do(f +T, 82, yo). 27)
By Theorem 2.1, there exists € > 0 such that

Yo & (f +Te)(052), Vee(0,€]
Since f 4 T is of class (§)+ and demicontinuous, we have

di(f+T,82,y0) =di(f +Te. 82, y0) =d2(f + Te, 82, y0).
By this and (27), it yields

d(f +T,82,y0) #d2(f + T, 82, yo). (28)

Consider the affine homotopy between (f + T) and (f + T.¢) for € € (0, €]. In view of (28), we can find €, — 0%,
u, € 082 and 1, € [0, 1] such that

yOE(l_tn)T(“n)+[nT,en(’/‘n)+f(”n)~ (29)
Hence there exists wy in T ¢, (u,) such that
yo=U—-t)w, +tnT,en(”n)+f(”n)- (30)

Putz, =1 —-t)w, +1,T¢,(u,) and v, =T, (u,). Then {z,} is a bounded sequence because { f (u,)} is a bounded
sequence and

Yo =2zn + f(un). €29

Without loss of generality we can assume that u, — ug, z, — zo and t,, — t.
In the sequel we will use a variant of arguments used in the proof of Theorem 2.4. In particular, we can show that

(z0, uo) = limsup(zy, uy). (32)
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Fixing any (x, y) in I'r, we claim that
(2o, uo) = limsup(z,, u,) = liminf(z,, u,) > (y, up — x) + (20, x). (33)
Since v, =T¢, (Un), vy € T (uy — €,J 1 (v,)). By the monotonicity of T, we get
(vn — vt — €y J "M wy) —x) 20
and
(Wp =y, up —x) 2 0.
It follows that

(Uns ttn) = (V. X) + (Vs 1ty — x) + € lvall> — €nllylllva (34)
and
(Wp, Up) 2 Wy, x) + (v, up — X). (35)
Multiplying (33) with #,, (34) with (1 — ¢#,) and summing up, we get
(Zn, Un) 2 (zn, X) +{y, up — x) "’Enl‘n”Un”2 — ety |yl llvnll
2 (2n, X) + (¥, un — x) — €xtn[|yll{|vnll. (36)

Case 1. The sequence {#,v,} is bounded.

From (32) and (36) we get

(ZOv MO) P hm Sup<zl’l’ un)

\

liminf(z,, u,)

VoWV

liminf(z,, x) + liminf(y, u, — x) + liminf(—entn||vn|| ||y||)

Vv

= (y7u0_x> + (ZO,X).

This implies (33).
Case 2. The sequence {f,v,} is unbounded.

From (34) we have

2
[

lvnlllln — x1I 2 (y, un — x) + €nllvall” — €nllylllvall.

It is equivalent to

2
I

nllvnll” = llvall (lwn — 1l + € llyll) + (v, un — x) <O.

This implies that

(lun =Xl + €nllyl) ++/An
2 K

nllvnll < (37
where

An = (llun = x|+ enllyl)* = 4e(y. un — x)
which satisfies the inequality

2
Ap = (llun = x| = enllyll)”

Since u, — ugp, (37) implies that the sequence {¢, ||v, ||} is bounded. We now can assume that lime, ||v,|| = «. fa > 0
then (36) implies
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(z0, uo) = limsup(z,, un)

=

> liminf(z,, u,)
> liminf(z,, x) 4+ liminf(y, u, — x) + liminf(—ent,,||vn|| ||y||) + liminft, v, |€, ]| vn |
>

(v, uo — x) + (20, x) — tar|[y[| 4 oo,

which is impossible. Hence we must have o = 0. Using (36) again, it yields

(20, uo) = limsup(z,, un)

liminf(z,, u,)

>
P
> liminf(z,, x) 4+ liminf(y, u, — x) + liminf(—entn||vn|| ||y||)
>

(¥, uo — x) + (20, x) — 1l yller.

This implies (33). Thus we have proved that for any (x, y) in I'r, (33) holds. From (33) we get (zo — y, uo —x) > 0. By
the maximal monotonicity of 7 we have zo € T (ug). Substituting (x, y) = (uo, zo) into (33) we find that lim(z,,, u,) =
(z0, uo). Since

(Zn, Un) = (Zn, u0) + (Yo, Un — ug) — (f(un)9 Up — u0>a

we have lim(f (u,),u, — uo) = 0. Since f is of class (S)+ and 952 is closed, u,, — up € 3§2. On the other hand
f is demicontinuous, we have f(u,) — f(uo). From (31), it yields yp = zo + f(ug) for some z¢ in T (u#g). Hence
yo € (f + T)(952), which contradicts our assumption. Thus we must have d\ (f + T, 2, yo) =da(f + T, $2, yo). The
proof is complete. O

4. Concluding remark

In summary, we have proved the existence and uniqueness of the degree function in the sense of Definition 1.1
for mappings of type f + T. Our results improve and extend those in [2] to a larger class of maximal monotone
mappings 7' and homotopy {7;}, namely, without assuming the graph of homotopy {7;: 0 < 7 < 1} having a common
intersection. By putting 7 = Nk, where N is the normal cone of a closed convex set K, which is a maximal
monotone mapping, we will obtain results concerning a degree theory for variational inequalities of type f + Ng.
There are many applications and examples of the above results in this direction, and we refer the readers to [7].
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Appendix A

The following result is due to A.G. Kartsatos.
Let T : X — X* be a maximal monotone operator and A > 0. For each fixed x € X we consider the equation

0eAT(y)+ J(y—x).

This equation has unique solution x, (see proof of Theorem 3.13 in [4]. Denote by J,x = x; and f‘Ax =— % J(x) —x),

x € X and A > 0. Then the maps J, : X — X and T : X — X* are single-valued. Moreover, for every x € conv D(T')
we have Jyx — x as A — 0.

Theorem. Let T : X — 2% be a maximal monotone operator with D(T) = X. Then the family of mappings T with
Tsx =sTx, (s,x) € [0, 1] x D(T), is a pseudomonotone homotopy.
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Proof. Let s, — 5o € [0, 1] and (x, x*) € FTs0~ We have to show that there exists a sequence {(x,,x,")} such that
(xn, x;) € I'r,, and (x,, x;) = (x, x*) as n — oo.

Let 59 > 0. Since x* € 50T x, x* = soy* for some y* € Tx. Putting x, = x and x;; =5, y*, we have (x,, x;)) € I'r,,
and (x,, x;) — (x,x*).

Now, we consider the crucial case so = 0. Since Tox = {0}, x* = 0. Put

xXn=Jpx,  x;=s,1;,x, wheret, = /s,.

Since f}nx € Txy, x; € 5,Tx, = Ts,x,. Besides, we have x, — x because of x € X = D(T). We now have
* - 1
el = sall 70,21 < s = llxn = %1 = 0.
n
Hence x} — x*. O
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