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Abstract. Assume that F'is a nonlinear operator on a real Hilbert space H which is n-strongly
monotone and x-Lipschitzian on a nonempty closed convex subset C' of H. Assume also that
C is the intersection of the fixed point sets of a finite number of nonexpansive mappings on
H. We construct an iterative algorithm with variable parameters which generates a sequence
{z,,} from an arbitrary initial point o € H. The sequence {z,} is shown to converge in norm

to the unique solution u* of the variational inequality

(F(u"),v—u*) >0, Vovel.

Applications to constrained generalized pseudoinverse are included.

Key Words: Iterative algorithms, modified hybrid steepest-descent methods with variable
parameters, convergence, nonexpansive mappings, Hilbert space, constrained generalized pseu-

doinverses.



1. Introduction

Let H be a real Hilbert space with inner product (-, ) and norm || - ||, respectively. Let C'
be a nonempty closed convex subset of H and let F': H — H be a nonlinear operator. Then

we consider the following variational inequality problem: find a point u* € C' such that

VI(F, C) (F(u*),v—u") >0 Vv e C.

Variational inequalities were initially studied by Stampacchia (cf. Ref, 1). These problems
have been widely studied since they cover as diverse disciplines as partial differential equations,
optimal control, optimization, mathematical programming, mechanics and finance. The reader
is referred to Refs.1-5 and references therein.

It is well known that if F' is a strongly monotone and Lipschitzian mapping on C then
the VI(F,C) has a unique solution, see e.g., Ref. 6. We remark that not only the existence
and uniqueness of solutions are important in the study of the VI(F,C), but also how to find
a solution of the VI(F, C') is important. A great deal of effort has gone into this problem. See
Refs. 2 and 7.

It is also well known that the VI(F, C) is equivalent to the following fixed-point equation:

u* = Polu* — pF (")), 1)

where P is the (nearest point) projection from H onto C| i.e.,

Pox = argmin, |z —y|, forx € H,
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and p > 0 is an arbitrarily fixed constant. If F' is a strongly monotone and Lipschitzian
mapping on C' and g > 0 is small enough, then the mapping determined by the right-hand
side of (1) is a contraction. Hence the Banach Contraction Principle guarantees that the Picard
iterates converge strongly to the unique solution of the VI(F,C). Such a method is called
the projection method. It has been widely extended and developed to compute approximate
solutions of various classes of variational inequalities and complementarity problems; see Zeng
(Refs. 8-10). Unfortunately, the projection method involves the projection Po which may not
be easy to compute due to the complexity of convex set C.

On the other hand, in order to reduce the complexity probably caused by the projection
Pc, Yamada (Ref. 11, see also Ref. 12) recently introduced a hybrid steepest-descent method
for solving the VI(F, C'). His idea is stated now. Let C be the fixed point set of a nonexpansive

mapping 7' : H — H; that is, C = {& € H : Tx = x}. Recall that T' is nonexpansive if

[Tz —Ty| < [lz —yl, forz,yeH.

Let Fix(T) = {x € H : Tx = x} denote the fixed-point set of T. Let F be n-strongly
monotone and k-Lipschitzian on C. Take a fixed number p € (0,2n/x?) and a sequence {\,}
of real numbers in (0,1) satisfying the conditions below:

(L1) limA,, =0,

(12) S, = o0,

(L3) im(A, — Apg) /A2, = 0.



Starting with an arbitrary initial guess uy € H, one can generate a sequence (u,) by the

following algorithm:
Upt1 = Tup — Ay pF(Tuy,), n>0. (2)

Then Yamada (Ref. 11) proved that {u,} converges strongly to the unique solution of the
VI(F,C). An example of a sequence {\,}, which satisfies conditions (L.1)-(L3), is given by
An = 1/n%, where 0 < 0 < 1. Note that condition (L3) was first used by Lions (Ref. 13).
In the case when C' is expressed as the intersection of fixed-point sets of N nonexpansive

mappings T; : H — H with N > 1 an integer, Yamada (Ref. 11) proposed another algorithm:
Upy1 = ﬂn—l—l]un - )\nJrl,UF(T[n—&—l]un): n > 07 (3)

where Tjy := Timoan for integer k£ > 1 with the mod function taking values in the set
{1,2,--- N} (ie., if k = jN + ¢ for some integers j > 0 and 0 < ¢ < N, then Ty = Ty if
g=0and Ty =T, if 0 < ¢ < N), where p € (0,2/5?) and where the sequence {),} of
parameters satisfies conditions (L1),(L2), and (14),

(L4) 3|\, — Ansn| is convergent.

Under these conditions, Yamada (Ref. 11) proved the strong convergence of {u,} to the
unique solution of the VI(F, ). Note that condition (L.4) was first used by Bauschke (Ref.
14). In the special case of N = 1, (L4) was introduced by Wittmann (Ref. 15).

Recently, Xu and Kim (Ref. 16) continued the convergence study of the hybrid steepest-

decent algorithms (2) and (3). Their major contribution is that the strong convergence of
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algorithms (2) and (3) holds with condition (L3) replaced by the condition

(L3)" limA,, /A1 = 1, or equivalently, lim(A\, — Aps1)/Ans1 =0,
and with condition (L4) replaced by the condition

(L4)" limA, /Ay n = 1, or equivalently, lim(\, — A1 n)/Ansin = 0.

It is clear that condition (L3)’ is strictly weaker than condition (L3), coupled with con-
ditions (L1) and (L2). Moreover, (L3)’ includes the important and natural choice {1/n} for
{A\n} while (L3) does not. It is easy to see that if lim,, oo\, /Ansn exists then condition (L4)
implies condition (L4)’. However, in general, conditions (L4) and (L4)’ are not comparable;
neither of them implies the other (see Ref. 17 for details). Furthermore, under conditions (L1),
(L2), (L3)” and (L4)’, they gave the applications of algorithms (2) and (3) to the constrained
generalized pseudoinverses.

Motivated and inspired by Yamada’s algorithms (2) and (3), we introduce and study the
following modified hybrid steepest-descent algorithms (I) and (II) with variable parameters

for computing approximate solutions of the VI(F,C):

Algorithm (I): Let {\,} C (0,1), and {u,} C (0,2n/k*). Starting with an arbitrary initial

guess ug € H, one can generate a sequence {u,} by the following iterative scheme:

Upt1 = Tup — Mpr1pini1 F(Tuy,), n>0.

Algorithm (IT): Let {\,} C (0,1), and {u,} C (0,2n/k?). Starting with an arbitrary initial



guess ug € H, one can generate a sequence {u,} by the following iterative scheme:
Upt1 = T’[nJrl}un - An+lun+1F(ﬂn+1]un)7 n = 0.

Compared with algorithms (2) and (3) respectively, Algorithms (I) and (II) introduce the
sequence {u,} of positive parameters so as to take into account possible inexact computation.

In this paper, we give two assumptions (A), (B):

(A) limsup,,_, o (T"up — Upt1, Tup — upy) <0 for Algorithm (I).

(B) imsup,_ oo (Tt w1+ Ting1)Un — Untn, TingN] -+ Thng1)n — ) < 0 for Algorithm (II).

Firstly, under (A), (L2) and conditions (d1), (d2):

(d1) i — 2| < Y22 for some ¢ € (0,72/k2),

A’VL
Nt

(d2) limy, oo (pnt1 — ! “pin) =0,

we prove that the sequence {u,} generated by Algorithm (I) converges in norm to the unique

solution of the VI(F,C). Secondly, under (B), (L2), (d1) and condition (d3):

An
>\n+N

(d3) Himy— oo (ftntn — ‘i) =0,

we prove that the sequence {u, } generated by Algorithm (II) converges strongly to the unique

solution of the VI(F, C'). Furthermore, we apply these two results to consider the constrained

generalized pseudoinverses. Note that for u € (0,2n/k?) whenever p, = u ¥n > 1, then the

above condition (d1) holds. Indeed, since

n— Vn? — 1K’ n+ Vi —1> _ 2n
5 =

=0< and lim —_ >
t—0+ K2 H {0+ K K2 #




so there exist some 41, o € (0,7%/K?) such that

noyVmrote? u, Ve (0,0),

K2

VIR Y€ (0, 09).

K2

Hence, it is obvious that we can pick a number ¢ € (0,7?/x?) such that

e O R it
2

K K2

that is,
0, VP
b=l <

Moreover, obviously (L3)’ implies that for p € (0,2n/x%) whenever p, = p, Vn > 1, the
above condition (d2) holds; (L4)" implies that for u € (0,2n/x%) whenever u, = p, ¥Yn > 1,
the above condition (d3) holds. On the other hand, under (L1), (L2) and (L3)’, Xu and Kim
(Ref. 16) proved that {u,} is bounded and lim,,_,« ||u, — Tu,|| = 0; see Steps 1 and 4 in the

proof of their Theorem 3.1 (Ref. 16). Hence we derive

lim sup(T'u,, — w1, Tty — up) = 0.

This shows that (L1), (L2) and (L3)’ imply (A). Also, under (L1), (L2) and (L4)’, Xu and
Kim (Ref. 16) proved that {u,} is bounded and lim, . ||tn — Thngn - - - Tingjunl| = 0; see

Steps 1 and 4 in the proof of their Theorem 3.2 (Ref. 16). Thus, we obtain

lim Sup<T[n+N} T ir[nJrl]un — Un+N, ir[nJrN] e T'[n+1}un - un> =0.

n—oo



This shows that (L1), (L2) and (L4)’ imply (B). In conclusion, our results improve, extend

and unify the corresponding ones in Xu and Kim (Ref. 16).

2. Preliminaries

The following lemmas will be used for the proofs of our main results in Section 3.

Lemma 2.1 (Ref. 16). Let {s,} be a sequence of nonnegative numbers satisfying the condi-
tions: Sp41 < (1 —a)sp + @, ¥ n >0 where {«,} and {3,} are sequences of real numbers
such that
(i) {an} € [0,1] and >0° y o, = 00, or equivalently,
o1 —ay) = lmy, o [Th_o(1 — o) = 0;
(ii) limsup,, .3, <0, or
(i) 3, an By is convergent.

Then, lim,,_,os, = 0.

Lemma 2.2 (Ref. 18). Demiclosedness Principle. Assume that 7" is a nonexpansive self-
mapping of a closed convex subset C' of a Hilbert space H. If T has a fixed point, then I — T
is demiclosed; that is, whenever {z,} is a sequence in C' weakly converging to some x € C' and
the sequence {(I — T')z,} strongly converges to some y, it follows that (I — 7))z = y. Here [

is the identity operator of H.



The following lemma is an immediate consequence of an inner product.

Lemma 2.3. In a real Hilbert space H, there holds the inequality:

lz+ylI* < ll2l” + 2y, z +y), Va,ye€ H.

3. Modified Hybrid Steepest-Descent Algorithms with Variable

Parameters

Let H be a real Hilbert space and let C' be a nonempty closed convex subset of H. Let
F : H — H be an operator such that, for some constants x,n > 0, F' is k-Lipschitzian and

n-strongly monotone on C'; that is, I satisfies the following conditions, respectively:

[Fe = Fy|| <wllz —yll, zyed, (4)

Under these conditions, it is well known that the variational inequality problem

VI(F, C) (Fu*,v—u")y >0 velC

has a unique solution u* € C.
Denote by Pc the projection of H onto C'. Namely, for each x € H, Psx is the unique
element in C satisfying
|z — Poz|| = min{|lz -y -y € C}.
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Recall that the projection P is characterized by the inequality:

<$_PC«T7?J_PCx>§Oa yec

In this section, assume that 7' : H — H is a nonexpansive mapping with Fix(7) = C.
Note that obviously Fix(Py) = C. Then we propose a modified steepest-descent algorithm with
variable parameters which produces a sequence converging in norm to the unique solution u* of
VI(F,C). We introduce now some notation. Let A be a number in (0,1) and let 0 < p < 2n/k?.
Associated with the nonexpansive mapping 7' : H — H, define the mapping T™* : H — H
by

TOWy .= Tx — \uF(Tz), € H.

Lemma 3.1 (Ref. 11; see also Ref. 16). T™M is a contraction provided 0 < p < 2n/x2.

Indeed,

[Tz — TO0y|| < (1= Az —yll, =,y € H, (6)

where 7 =1 — \/1 — u(2n — pk?) € (0,1).
Algorithm 3.1. Modified Hybrid Steepest-Descent Algorithm (I).

Let {\,} be a sequence in (0,1) and let {u,} be a sequence in (0,2n/k?). Starting with
an arbitrary initial guess ug € H, one can generate a sequence {u,} by the following iterative
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scheme

Upyr 1= TO )y = Ty — Ny F(Twy),  no> 0. (7)

We have the following convergence result.

Theorem 3.1. Let the sequence {u,} be generated by algorithm (7). Assume that
(i) 2%, A\, = oo where {\,} C (0,1);

(ii) |pn — | < 7“72;“2 for some ¢ € (0,7%/K?);

(1) im0 (pnr1 = 5225+ n) = 0.

If

lim sup(Tu,, — Upy1, Tty — uy) <0,

n—oo

then {u,} converges strongly to the unique solution u* of the VI(F, C).

Remark 3.1. In Theorem 3.1, we take T'=1, ¢ = %, Ap = % and pi, = 515 for all n > 1.
Then it is clear that all the conditions in Theorem 3.1 are satisfied. But since A, — % #£0

and pi, — 55 # 0, it is known that (L1) is not satisfied. In this case Xu and Kim’s Theorem

3.1 (Ref. 16) can not guarantee that the sequence {u,} generated by

Up41 = Up — @F(un)a

converges strongly to the unique solution u* of the VI(F,C).

Proof of Theorem 3.1. We divide the proof into several steps.
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Step 1. {u,} is bounded. Indeed, we have (note that

TOnsrbni)y* = 0 — Xy 11 F(u*) )

L I e

< ||T(An+1,un+1)un — T()‘nJrlanJrl)u*H + HT(AnJrl».“nJrl)u* —

< (1= M1 Tog) [tn — @] 4 At i || F/(w") | (8)

where 7,,,1 == 1— \/1 — pnt1(2n — ppy1k?). By virtue of condition (ii) we claim that 7,41 > 7

where 7 =1 — /1 — ¢. Indeed, it follows from condition (ii) that

I O RV e
K2 - K2

n+1 < 12 =
and hence
N VP ) VP
(Mnﬂ—j‘i‘T)'( n+1_§_7)§0-

This implies that

Ry — 20pins1 + ¢ < 0.

Observe that

fnp1 (20— popis?) 2 e=1-[1-(1=VI-¢f =1-(1-71)?

where 7 := 1 — /1 — c. Hence, we derive

Tnr1 =1 — \/]- - /Ln+1(27’] — Mn+1li2) > T.
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Therefore, it follows from (8) that

[unta = w*l < (1= Anam)[un = @[] + Angapl[F'(u) ]
By induction, it is easy to see that
[un — || < max{[luo —w"[l, (/7| F @)} n=0.
Step 2. ||ups1 — Up|| — 0,m — oo. Indeed, we have
funss = ] = [P0, — Tty |
< ||T(A"+1’“"+1)un — T(/\nJrl’HnJrl)un_lH + HT(AnH,nnH)un_l _ T(Amun)un_ln
< (U= AmaTne) lun = wnall + PAngapings = Antin] - [ F (T )|
< (A= Xaa)un = un—all + A1 fingr = Anptn] - [[F(Tn-1)||-
Note that by Step 1 {u,} is bounded. Then, {F(Tu,)} is bounded since
IE(Tun) = Fu?)|| < #llun —u].

Putting M = sup{||F(Tu,)|| : n > 0}, we obtain

HunJrl — Un” < (1 - )‘n+lT)Hun - unle + (An+17)ﬁn+1

where

Brs1 = M| \s1tinsr — Maptn|/(TAns1) — 0 (using condition (iii)).
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By Lemma 2.1, we deduce that ||u,+1 — u,| — 0.

Step 3. ||Tu, — u,|| — 0,n — oo. Indeed, observe that

[tn = tngr|* = [ln = T + Anapingr B (Tun) ||

= Hun - TUHH2 + 2 n 41011 <F(Tun>, Un — Tun) + )‘721+1N721+1HF<TU%)H2
Z Hun - TUHHQ + 2)‘n+1,un+1 <F<Tun)a Up — Tun>
= |ltun — Tun||* + 2(Tup — Upy1, Uy — Tuy),

and hence

HTUH - unH2 < Hun—H - UnH2 + 2<Tun — Unp+1, Tuy, — Un>

Combining Step 2 with the assumption that limsup, . (Tu, — tpi1, Tu, — u,) < 0, we

conclude that

limsup || Tu, — u,||*  leqlimsup[||tn1 — wn||® + 2(TUp — U1, Tty — )]

< limsup,, . |[Unt1 — un||* + 2leqlimsup,, . (T, — Ups1, Ty, — Uy)
<0.

Thus || Tu, — u,| — 0.
Step 4. limsup,, . (—F(u*), u,, —u*) < 0. To prove this, we pick a subsequence {u,,} of {u,}
so that

limsup(—F(u*), u, — u*) = lm (—=F(u"), u,, — u").

n—oo 1—00

Without loss of generality, we may further assume that w,, — 4 weakly for some u € H. But
by Lemma 2.2 and Step 3, we derive @ € Fix(T') = C. Since u* is the unique solution of the

VI(F, C'), we obtain



Step 5. u, — u* in norm. Indeed, by applying Lemma 2.3, we get

HunH _ u*H2 — H(T()\n+17/~6n+1)un _ T()‘"“’“"“)u*) + (T(’\”“’“”“)u* _ U*>H2
< ||T()‘”+17“”+1)un _ T(/\n+17un+1)u*H2 + 2<T(An+1vun+1)u* —u¥, Upi1 — u*>

< (1= A Tosn) lun = w12 + 201 ( F (%), g — ')

2 MUp41

< (= Apan)|fun — U*H2 + (Anga7) - <_F(U*)vun+1 - U*>

Since {u,} is a positive and bounded sequence, an application of Lemma 2.1 combined with

Step 4 yields that ||u,, — u*|| — 0. O

Next we consider a more general case when

i=1
with V> 1 an integer and T; : H — H being nonexpansive for each 1 <7 < N.
We introduce now another modified hybrid steepest-descent algorithm with variable pa-

rameters for solving the VI(F, C).

Algorithm 3.2. Modified Hybrid Steepest-descent Algorithm (II).

Let {\,} be a sequence in (0,1) and let {u,} be a sequence in (0,2n/k?). Starting with
an arbitrary initial guess ug € H, one can generate a sequence {u,} by the following iterative

scheme

T(A'rﬂ»l »,U"n,+1)

Up41 = [n+1] Up = ,—T[n—i—l}un - )\nJrllfanrlF(T[n—&—l]un)y n > 0. (9)
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We prove now the main result of this paper.

Theorem 3.2. Let the sequence {u,} be generated by algorithm (9). Suppose that
(i) X0, Ay = oo where {\,} C (0,1);

(ii) [pn — 2| < 7“7;_6”2 for some ¢ € (0,7%/K?);

Assume in addition that
N
C = ﬂ Fix(T;) = Fix(T\Ty - - - Ty) = Fix(TyTy - - Ty—1) = -+ - = Fix(To T3 - - - TnTh).  (10)

i=1
If

lim sup(Tinyn) - Ting1)tn = UniNs Ting N Ting 1)U — Un) <0,

n—oo

then {u,} converges in norm to the unique solution u* of the VI(F, C).

Remark 3.2. In Theorem 3.2 we take T3 = --- =Ty =1, ¢ = 5, A\, = % and p, = 55
for all n > 1. Then it is clear that all the conditions in Theorem 3.2 are satisfied. But since

A — % # 0 and p, — 355 # 0, it is known that (L1) is not satisfied. In this case, Xu and

Kim’s Theorem 3.2 (Ref. 16) can not guarantee that the sequence {u,} generated by

Up1 = Uy — — F(uy)

converges strongly to the unique solution u* of the VI(F, C).

Proof of Theorem 3.2. We shall again divide the proof into several steps.
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Step 1. {u,} is bounded. Indeed, we have (note that T[Ef]‘"’“")u* =u* — N\ F(u*) n>1)

HUnJrl - U*” = H]”[n)‘_:_bi!—]lyﬂn-ﬁ—l)un . u*H
S ||T[ )\n+lyﬂn+1)u — T[()\n+17un+1 U H + HT )\n+1,,un+1)u* _ U*H

n+1] n+1] [n+1]

< (1= At 1t = |+ Aaa st | F ()]

where 7,41 := 1—\/1 — pns1(2n — pny1k?). Asin Step 1 of the proof of Theorem 3.1, according

to condition (ii) we can derive 7,1 > 7, where 7 = 1 — /1 — ¢. Therefore we conclude that

[unia = u*l < (1= Anga)[[un — '] + Angapl [ F'(u)

where = 2n/k?. From this we get by induction
[un — u*|| < max{|ug — "], (u/7)|[F(u)]} 1 =0.

Step 2. ||un+n — Un|| — 0. As a matter of fact observing that T, n) = T}y, we have

Hun+N Un|
o ||Tn.:1+vN Mn+N)un+N_1 . T[Ej]\m“n)un—ln
< [nJTjVN un+N)un+N L — T[gIX/J]V’MJrN)Un L+ HT[(n)\LJ(]z]vunﬂv)un . —T[Eﬁ"’“”)unqll

< (1= M NTop M) | Ung N1 = tn—1 || + [ A Nt v — Anpin] - HF(T[n]“n )l
< (1= AanT) Jtns vt = U || + [ Mg NN — Anfin] - “F(T[n]un )l

Note that by Step 1 {u,} is bounded. Then {F(T},un—1)} is bounded since

| (Tugttnes) = F)]| < il — .

Putting M = sup{||F (T un-1)|| : n > 1}, we obtain
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||un+N - un” S (1 - )\n—f—NT)”un—i—N—l - un—l” + ()\n—l—NT)Bn—&—Nv

where

BN = M| AnsNpnsN — Anfin]/(TAnin) — 0 (using condition (iii)).

Now we apply Lemma 2.1 to get that ||u, n — uy,| — 0.
Step 3. Tjgny -+ Ting1)tn — U, — 0 in norm. Indeed observe that
[t — un?

= ||un - 71[7’L—|—N] tee 71[n—l—l]un + T[n+N] te ,I'[n—l—l]un - un+N||2
> ||un - T'[nJrN] T T’[nJrl}unH2 + 2<T'[n+N] T ﬂn+1]un — Up+N, Un — T’[nJrN] T T[n+1]un>v

and hence

lun = Tinsny - - Tyt
< HunJrN - unH2 + 2<ﬂn+N} toe T'[n—&-l]un — Up+4N, T'[n—&-N] to T[n—i—l]un - un)

According to Step 2 and the assumption that

lim sup(Tinn) - Ting)tn = UngNs Ting N Ting 1)U — tn) <0,

n—oo

we deduce that lim, .o ||un — Tnany - - - Tig1)tnl] = 0.
Step 4. limsup,,_, . (—F(u*),u, —u*) < 0. To see this, we pick a subsequence {u,,} of {u,}

such that

limsup(—F (u*), u, —u*) = lm (—=F(u"), u,, — u").

n—oo 1—00
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Since {u,} is bounded, we may also assume that u,, — @ weakly for some @ € H. Since the
pool of mapping {7T; : 1 < i < N} is finite, we may further assume (passing to a further
subsequence if necessary) that for some integer k € {1,2,..., N}, Tj,,) = Ty Vi > 1. Then it

follows from Step 3 that u,, — Tjiyn - - - Tjiy11un, — 0. Hence by Lemma 2.2 we deduce that

Together with assumption (10) this implies that @ € C. Now since u* solves the VI(F, (), we

obtain

limsup(—F(u"), u, — u*y = (=F(u"),a —u*) <0.

n—oo

Step 5. u, — u* in norm. Indeed, applying Lemma 2.3, we get

Hun+1 —u*|?
_ HT[n "H’M"H)u u*||2

)\n Hn )\n Hn )\n Hn * *
_ ‘|(T[§1+i4-1 H +1) _ [/EH—T}I Hn+1) ) + (T[SH-I]I B +1)u —u )||2
< Hj*t[(n:ii—lyﬂn-!—l) _ T[glﬁﬁhunﬂ u H2 + 2( [El—ﬁil—}lylin+l)u* — U Upg — u*>

< (1= AaaTogn)lug —u ”2 + 22X 1 1 (= F(07), Uy — u™)
< (1= Anga ) lun — w2 4 (Apa7) - 222 (= F ("), tn 1 — u”).

T

Since {u,} is a positive and bounded sequence by Lemma 2.1 and Step 4, we conclude that

|wn, — u*|| — 0. O

Remark 3.3. Recall that a self-mapping of a closed convex subset K of a Hilbert space H is
said to be attracting nonexpansive (Refs. 14, 19) if T' is nonexpansive and if for z,p € K with

z ¢ Fix(T) and p € Fix(T), ||Tz — p|| < |lx — p||. Recall also that 7" is firmly nonexpansive
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(Refs. 14, 19) if

It is known that assumption (10) in Theorem 3.2 is automatically satisfied if each 7} is attract-
ing nonexpansive. Since a projection is firmly nonexpansive, we have the following consequence

of Theorem 3.2.

Corollary 3.1. Suppose that there hold conditions (i), (ii) and (iii) in Theorem 3.2. Let

uyg € H and let the sequence {u,} be generated by iterative algorithm
Un41 = P[n—i—l}un - )\n-l—l/ln—l—lF(P[n—i-l}un)a n > 07
where P, = Pp,, 1 <k < N. If

im sup(Piny -+ Png)tn = Ung Ny Pnany - Plostn — tg) <0,

then {u,} converges strongly to the unique solution u* of the VI(F,C) with C = N;_, Cy. In

particular, let p € (0,2n/k?). Then the sequence {u,} determined by the algorithm

U1 7= Plogajun — (1/(n + 1)) F(Priaua), 1 =0,

converges in norm to the unique solution u* of the VI(F, C).

Proof. The former part of the conclusion follows immediately from Theorem 3.2. Next, we
prove only the latter part of the conclusion. Put A\, = 1/(n+ 1) and p, = p. As in Steps 1
and 2 of the proof of Theorem 3.2, we can see that {u,} is bounded and ||u,+ny — u,|| — 0.

Now, note that
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s = Powjienll = 2 1F (P | = 0

Hence, ;41 — Ppy1ju, — 0 in norm. Since each P} is nonexpansive, we get the finite table

Un+N — P[n+N]un+N71 - 07
P[n+NWn+N—1 - P[n+N] P[n+N—1]Un+N—2 — 0,

PNy Pngogungr — Bngny Pngrytn — 0.

Adding up this table yields w4 — Ppnyny - - - Png1jtn — 0 in norm. Thus, Pypyny -« - Plpgqtn —
u, — 0 in norm. Consequently the latter part of the conclusion follows from the former one.

O

4. Applications to Constrained Generalized Pseudoinverse

Let K be a nonempty closed convex subset of a real Hilbert space H. Let A be a bounded

linear operator on H. Given an element b € H, consider the minimization problem
minge || Az — b||%. (11)

Let Sy denote the solution set. Then, .5, is closed and convex. It is known that Sj is nonempty

if and only if Pyzy(b) € A(K) where A(K) is the closure of A(K). In this case, Sy has a

unique element with minimun norm; that is, there exists a unique point & € 9, satisfying

12| = min{||z||* : z € S}. (12)
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Definition 4.1 (Ref. 20). The K-constrained pseudoinverse of A (symbol Ax) is defined as

D(Ag) ={b € H : Pyz(b) € AK)}, Ax(b) =3 and be D(Ak),

where & € S, is the unique solution to (12).

Now we recall the K-constrained generalized pseudoinverse of A; see Refs. 11, 16.
Let 0 : H — R be a differentiable convex function such that ¢ is a k-Lipschitzian and
n-strongly monotone operator for some constants xk > 0 and n > 0. Under these assumptions,

there exists a unique point # € S, for b € D(Ak) such that

0(£9) = min{f(zx) : x € Sp}. (13)

Definition 4.2 (Ref. 16). The K-constrained generalized pseudoinverse of A associated with

0 (symbol AK79 is defined as

~ A

D(Akg) = D(Ak), Axe(b) =20, and be D(Agg)

where Zo € S, is the unique solution to (13). Note that if 6(z) = (1/2)|z||?, then the
K-constrained generalized pseudoinverse AKﬁ of A associated with 6 reduces to the K-

constrained pseudoinverse Ay, of A in Definition 4.1.

We now apply the results in Section 3 to construct the K-constrained generalized pseu-

doinverse Ay of A. But first, observe that # € K solves the minimization problem (11) if
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and only if there holds the following optimality condition:
(A*(AZ = b),x— %) >0, z€K,
where A* is the adjoint of A. This is equivalent to, for each A > 0,
(M + (I = NA*A)z] — 2,2 —%) >0, z€K,
or
Px(ANAb+ (I — NATA)T) = 7. (14)
Define a mapping T': H — H by

Tx = Pg(A*b+ (I — NA*A)x), =€ H. (15)

Lemma 4.1 (Ref. 16). If A € (0,2||A]2) and if b € D(Ay), then T is attracting nonexpansive

and Fix(T") = S,

Theorem 4.1. Assume that there hold conditions (i), (ii) and (iii) in Theorem 3.1. Given
an initial guess ug € H, let {u,} be the sequence generated by algorithm
Uns1 = Ty — Apy1pn160 (Tu,), n >0, (16)

where 7' is given in (15). If

lim sup(T'u,, — Upy1, Tty — uy) <0,

n—oo
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then {u,} strongly converges to Ag 4(b).
Proof. The minimization problem (13) is equivalent to the following variational inequality

problem:
<9,(JA30>,.Z' — i’o) Z O, S Sb. (].7)
Since Fix(T') = S, and ¢ is k-Lipschitzian and n-strongly monotone, using Theorem 3.1 with

F := @, we infer that {u,} converges in norm to #o = Ag ¢(b). O

Lemma 4.2 (Refs. 14, 19). Let N be a positive integer and let {T;}¥; be N attracting non-

expansive mappings on H with a common fixed point. Then, NX, Fix(T}) = Fix(T1Ts - - - Ty ).

Suppose {S}, ..., SP} is a family of N closed convex subsets of K such that S, = N, S;.

For each 1 <7 < N, we define T; : H — H by
Tiz = Pg; (A"b + (I — ANA*A)z), z € H,
where Pg; is the projection from H onto Sj.

Theorem 4.2. Assume that there hold conditions (i), (ii) and (iii) in Theorem 3.2. Given

an initial guess ug € H, let {u,} be the sequence generated by the algorithm

Un+1 = izj[(n)\_:ﬁhuwrl)un = ﬂn+1]un - An—&—lﬂn—&—lel(ﬂn-i—l}un)a n > 0. (18)

If

lim Sup<T’[n+N] ce ﬂn+1]un — Up4N, T[n+N] to Jj[n—l—l]un - un) < O,

n—oo
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then {u,} converges in norm to Ag g(b).

Proof. In the proof of (Ref. 16, Theorem 4.2), Xu and Kim have proved that
Sy = Fix(T) = NY | Fix(T;). (19)

By Lemmas 4.1 and 4.2, we see that assumption (10) in Theorem 3.2 holds. By virtue of
(19), Theorem 3.2 ensures that the sequence {u,} generated by (18) converges strongly to the

unique solution & = A g(b) of (17). O
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