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Abstract. Let ¢ > 1 and F be a real g-uniformly smooth Banach space, K be a nonempty closed
convex subset of £ and T : K — K be a Lipschitz continuous mapping. Let {u,} and {v,} be bounded
sequences in K and {a,} and {8,} be real sequences in [0, 1] satisfying some restrictions. Let {z,} be
the sequence generated from an arbitrary x; € K by the Ishikawa iteration process with errors: y, =
(1 =Bn)xn + BnTxn + vy, i1 = (1 — ap)zy + anTypn + uy,n > 1. Sufficient and necessary conditions for

the strong convergence {z,} to a fixed point of T is established.
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1. Introduction and Preliminaries

Let E be an arbitrary real Banach space and let Jy(¢ > 1) denotes the generalized duality mapping

!General Education Center, China Medical University, Taichung, Taiwan 404. This research was partially supported by
grant from the National Science Council of Taiwan.
2Department of Applied Mathematics, National Sun Yat-sen University, Kaohsiung, Taiwan 804. This research was partially

supported by grant from the National Science Council of Taiwan.
3Corresponding author, Department of Applied Mathematics, National Sun Yat-sen University, Kaohsiung, Taiwan 804.

This research was partially supported by grant from the National Science Council of Taiwan.



from E into 2F" given by
Jo(x) ={f € E* : (z, f) = ||l=||* = [lz[l[| ]I},

where E* denote the dual space of E and (-,-) denotes the generalized duality pairing between FE and E*.
In particular, .J5 is called the normalized duality mapping and it is usually denote by J. It is well known
(see [11]) that J,(x) = ||z]|9"2J(z) if z # 0, and that if E* is strictly convex then .J; is single-valued. The
single-valued generalized duality mapping will be denoted by j, in the sequel.

Recall that a mapping 7" with domain D(T") and range R(T') in E is called strictly pseudocontractive

[1] if for all z,y € D(T), there exist A > 0 and j(z —y) € J(x — y) such that
(Tx =Ty, j(x—y)) <z —yl* = Mz —y — (Tz - Ty)|* (1.1)
The mapping 7T is said to be Lipschitz continuous with constant L > 0 if
[Tz —Tyl| < Lz —yl| Va,y € D(T).

We remark that a strictly pseudocontractive mapping is Lipschitz continuous with constant L = (14+\)/A >
1 (see, e.g., [14]).

The Mann iterative process (with errors) and the Ishikawa iterative process (with errors) have been
extensively applied to approximating the solutions of nonlinear operator equations or fixed points of non-
linear mappings in Hilbert spaces or Banach spaces in the literature. See, e.g., [3-10]. In 1974, Rhoades

[9] proved the following convergence theorem using the Mann iterative process.

Theorem 1.1. Let H be a real Hilbert space and K a nonempty compact convex subset of H. Let
T : K — K be a strictly pseudocontractive mapping and let {a,} be a real sequence satisfying the
conditions: (i) ap = 1; (ii) 0 < ayp, < L,m > 15 (1ii )02 @y = 00; (iv) limy ooy, = o < 1. Then the

sequence {x,} generated from an arbitrary xg € K by the Mann iterative process,

Tnt1 = (1 —ap)zy + apyTx,, n >0,



converges strongly to a fixed point of T

Let E be a real Banach space. The modulus of smoothness of F is defined as the function pg : [0, 00) —

[0,00) :
1
pe(r) =sup{g(lz +yl +llz —yl) =1zl < L]l < 7}

E is said to be uniformly smooth if and only if lim, o, (pr(7)/7) = 0. Let ¢ > 1. The space E is said
to be g—uniformly smooth (or to have a modulus of smoothness of power type g > 1), if there exists a
constant ¢, > 0 such that pg(7) < ¢,79. It is well known that Hilbert spaces are 2-uniformly smooth while
itl1 <p<2, Ly, l, and the Sobolev spaces WP are p—uniformly smooth. If p > 2, L,, [, and W}, are

2-uniformly smooth.

Theorem 1.2 [11]. Let ¢ > 1 and E be a real Banach space. Then the following are equivalent:
(1) E is g—uniformly smooth.

(2) There exists a constant ¢, > 0 such that for all z,y € E
Iz +yll* < [z + ¢(y, o ()) + cqllyll. (1.1)
(3) There exists a constant dy such that for all ,y € E and t € [0, 1]
11 =)z +ty[|* = (L= )]z + tyl|* = wq(t)dgllz = y]|* (1.2)

where wy(t) = t9(1 —t) +¢(1 —t)1.

Furthermore, it was shown in [12, Remark 5] that if F is g—uniformly smooth (¢ > 1), then for all

xz,y € F, there exists a constant L, > 0 such that

lia(x) = ja@)I| < Lullz = y]| 7.

Recently, Osilike and Udomene [13] improved, unified and developed the above Theorem 1.1 and Brow-

der and Petryshyn’s corresponding result [1] in two aspects: (i) Hilbert spaces are extended to the setting of



g—uniformly smooth Banach spaces (¢ > 1); (ii) Mann iterative process is extended to the case of Ishikawa

iterative process.

Theorem 1.3 [13, Theorem 2]. Let E be a real g—uniformly smooth Banach space which is also
uniformly convex. Let K be a nonempty closed convex subset of £ and T : K — K be a strictly
pseudocontractive mapping with a nonempty fixed-point set F(T"). Let {a,} and {3,} be real sequences

in [0, 1] satisfying the conditions:

() 0<a<al™t<b<(gA1/c,)(1 - Br),¥n > 1 and for some constants a,b € (0, 1);
(i) dop2; Br < 0o, where 7 = min{1, (¢ — 1)}.

If {x,} is the sequence generated from an arbitrary x; € K by the Ishikawa iterative process

{ Yn = (1 - ﬂn)l‘n + BT xy,

Tyl = (1 — apn)xn + anTyn,n > 1.

then {z,} converges weakly to a fixed point of T'.

Let E be a real g—uniformly smooth Banach space, K be a nonempty closed convex (not necessarily
bounded) subset of F, and T': K — K be a Lipschitz continuous mapping with constant L > 0 such
that F(T) # (). Let {u,} and {v,} be bounded sequences in E and {a,}, {8,} be real sequences in [0, 1]
satisfying certain restrictions. Let {z,} be the sequence generated from z; € K by the Ishikawa iterative
process with errors:

{ Yn = (1 - ﬂn)l'n + BTy + vp, (1.3)

Tnt1 = (1 — an)xn + anTyn + tp,n > 1.
Here we assume that after perturbations by errors all z, and y, still belongs to K. We note that the
Ishikawa iterative process with errors (1.3) was introduced by Liu [3] for approximating solutions of a
nonlinear equation in Banach spaces. In this paper we will establish the sufficient and necessary conditions
for the strong convergence of {z,} to a fixed point of T. The case where v,, equal to the zero vectors was

studied in [14] under the assumption that 7' is a strictly pseudocontractive mapping.



The following lemma will be useful in the sequel.

Lemma 1.1 [10]. Let{a,}%; and {b,}>2; be sequences of nonnegative real numbers such that Y>> | b, <

oo and apy1 < ap + by, Vn > 1. Then lim, o a, exists.

2. Main Results

Lemma 2.1. Let E be a real g—uniformly smooth Banach space and K be a nonempty convex subset
of E, and T : K — K be a Lipschitz continuous mapping with constant L > 0 such that F(T) # (). Let
{un 21, {vn}22, be bounded sequences in E, and {a,}52 1, {8 }52; be real sequences in [0, 1] satisfying
the following conditions: (i) Y02 [|un| < 00, (i) > one; [|vn|| < oo, and (iii) Y02 an < co. Let {z,} be

the sequence generated from an arbitrary z; € K by the Ishikawa iterative process (1.3) with errors. Then
(i) [|znsr — |2 < (1 + 0p)||xn — 2*||2 + 0,, V0 > 1,Va* € F(T),

where

6n = qon(1+ L+ L?) + alc,(1 + qL(1 + L) + ¢,L9(2 4+ L)4 (1 + L))
and

On = (qonL + 1)z — 2|9 on|| + @fcFLI(2 + L)T|vg |17
Hallunllllontt — un — 2|71 + cqllunl|7.

(ii) There exists a constant M > 0 (e.g., M = e2onzt 9n) such that

n+m—1
|Zntm — 2|9 < M||zp — ||+ M Z O, Yn,m > 1,Va* € F(T).
k=n

Proof. (i) Let z* be an arbitrary element in F'(T"). Then it follows from (1.1) and (1.3) that
(1 — an)xn + anTyn + up — 2|9

(1 = an)zn + anTyn — x*||9 + Q<Uqu(xn+1 —Up — T¥)) + CqHuan
11 = an)xn + anTyn — ¥+ qllunll|l2n1 — un — 271 + cgllun[|®.(2.1)

[l
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Observe that



11 = an)zn + anTyn — 2|9

Since
[(@n = TYn, Jo(@n — )|
and
lyn —2* < I
<
< |
<
we have
(@ — TYn, o )N <y
Also since
|20 — Tynll? = |[[(zn —2%) -
<
<
<
and
lyn —2*[|7 < (1+L
= (2+L)i(3t£
< (2+L)U(LEE
= (2+41)
we get

A

[n — Tynll?

zn — 2% — an(zn — Tyn) ||

IA

zn — 2*|? = gon(Tn — TYn, Jo(Tn — T¥))
+afcqllzn — Tynl|?

< lzn — 2¥(7 + gon|(zn — Tyn, jo(Tn — 2%))|
+adcyllzn — Tyn||?. 2.2)

< Nlan = Tynllljg(zn — 2*)||

= |(xn — %) = (Tyn — Ta*)|[Jzn, — 2*|27!

< (l#n = =*|| + Lllyn — a*|)lz — 2*||97

lon — 2|7+ Ll — ||l — 2197,

- Bn)xn + ﬁnTwn + Up — $*”

(1 = Bn)(@n — %) + Bn(Tzn — Ta*) + vy
(1= B)llzn — 2| + Bnl| Tan — Ta*|| + [Jon]
L= B+ Ln)|zn — 2| + [[on|

1+ L)|jan — ™| + [[vall,

—a*[[9+ Lljzp — 2|91 ((1 + L)|lzn — 2 + [[on]))

1+ LA+ L))llwn — 2*[|7 + Lz — 2|97 o]l (2.3)

(Tyn — Ta*) |

[ — (| = ¢(Tyn — T2, jo(2n — %)) + cql| Tyn — T[]
[2n — 2*|7 + ql| Tyn — Ta*|[|ljg(zn — 2)[| + ¢gL|lyn — 2|
lzn = 2*[19 + qLllyn — 2*|[l|lzn — 21971 + gL lyn — 2*[|%,

Nz = 2*(| + [Jvn])

L)1 E 20 — 2| + g lval)?

|z, — ™ |9 + ﬁ”van) (by Jensen’s Inequality)
LA L) ||l@n — 2|7+ (2 + L) o9,

lon — 2*[17 + L((1 + L)l|lzn — 2| + [Jon ) ll2n — [T

+eg L2+ L)1 + L)llzn — 2*|7 + (24 L)7{|va|]

(14 qL(1+ L) +¢,L42 + L) Y1 + L)) ||lzn — ¥4

+eg L2+ L) o[l + [[onllllzn — 2[4 (2.4)

Consequently from (2.1) -(2.4), we have



[Zn1 —2* |7 < flzn — 2|9 + gan[(1 4+ L1 + L)) [lz, — 2*(|9 + Ll — 2*(|97vall]
+adcgl(1+qL(1 + L) + ¢, LY(2 + L)I (1 + L))|Jan — 2*]|
+egL9(2 + L)q_IHUan + lvnll|2n — x*Hq_l] + qllun|[|Tn+1 — un — x*Hq_l + cqllunl|?
= (14 0p)||xn — x*||7 + 0,.

Therefore (i) is valid.

(ii) It follows from conclusion (i) that for all n,m > 1 and =* € F(T)

[Zn+m — 217 < (14 ngm—1)|Tntm—1 — (|9 + Onym—1

< (1 + 5n+m—1)(1 + 5n+m—2)‘|$n+m—3 - x*Hq
+(1 + 5n+m—1)9n+m—2 + 9n+m—1
(

< (4 0nm—1) (1 + Fntm—2)(1 + ntm—3) | Tntm—2 — ¥4
+(1 + 5n+m71)(1 + 5n+m72)9n+m73 + (1 + 5n+m71)0n+m72 + 0n+m71
< ..
< X gy — a0 4 X B,
< Mlzn — 2|94+ M A O,

where M = e2=r=1%_ This shows that conclusion (ii) is also valid.

Theorem 2.1. Let ¢ > 1 and E be a real g—uniformly smooth Banach space, K be a nonempty closed
convex subset of F, and T : K — K be a Lipschitz continuous mapping with constant L > 0 such that
F(T) # 0. Let {u,} and {v,} be bounded sequences in E. Let {a,} and {f,} be real sequences in [0, 1]
satisfying >0 ||un|| < 00, D0y ||vn|| < 0o and Y02 oy, < 00. Let {x,,} be the sequence generated from
an arbitrary x; € K by the Ishikawa iterative process (1.3) with errors. Then {z,} converges strongly to

a fixed point of T if and only if {z,} is bounded and

liminf d(z,, F(T')) = 0,

n—oo
where d(z,, F'(T')) is the distance of x,, to set F/(T'), i.e., d(xn, F(T)) = infyreper |00 — u*||-
Proof. The necessity is rather straightforword. We verify the sufficiency. Suppose that {z,} is bounded

and liminf, .o d(xy, F(T)) = 0. First, from Lemma 2.1(i), we obtain

[en1 — 2|7 < (L4 0n)l|an — 2"+ 6n, V> 1,27 € F(T),



where
6n = qan(1+ L+ L*) +alc,(1 +qL(1+ L) + ¢, L2+ L) (1 + L)
and

On = (qonl +Dlzn —2*[9 |vn|| + 0 cfLI(2 + L) v |7
tallunllllznsr — un — 2|97 + cqflunl|.

Since Y 0% Jupl] < oo and Y02 ||vn|l < 0o, we have Y 0% ||un||? < co and Y02 |Jvn||? < oo. Note
that {,} and {u,} are both bounded. Thus, there is a number M > 0 such that |2ps1 — u, — 2*|| < M

and ||z, — 2*|| < M,¥n > 1. Hence

oo o0
> 00 < D ((aL + )M Hfon|| + cgLU2 + L) Hlvn[|? + gllun | M7 + cqlunl|)

n=1 n=1

o o0 oo e}
< (gL + MY lonll + L2+ L)Y vall? + MY flunll +¢g ) ual? < 0.

n=1 n=1 n=1 n=1

On the other hand, we have

o oo oo
> bn=q+L+L*)> an+cg(l+qL(l+L)+c¢ L2+ L) (1+L)> ol < occ.
n=1

n=1 n=1

Also, observe that
[Zn+1 — 2|7 < (L +6n)|lzn — 2|9+ 0 < |20 — 2¥|7 + 5an + On. (2.5)

This implies that

(d(ny1, F(T)))? < [d(@n, F(T))]? + 6, M7 + 0,,.

From Lemma 1.1 we know that the sequence {||z,, — x*||9} converges, so does the sequence {||z, — x*||}.
By Lemma 1.1 again, we infer that lim, oo (d(zy, F(T))? exists, so does limy .o d(xy, F(T)). Since
lim;, .o infd(x,, F(T)) = 0, we have lim,_,oo d(xy,, F(T)) = 0.

Now, we claim that {z,} is Cauchy sequence. Indeed, according to Lemma 2.1(ii), we deduce that

there exists a constant M > 0 such that

n+m+1
lTntm — 2| < M|y — 2|94+ M Z Ok, Yn,m > 1,2* € F(T).
k=n



Since limy, o0 d(p, F(T)) = 0 and > 7> 6, < oo, for an arbitrary € > 0, there exists an integer Ny > 1

such that for all n > Ny

1
2(¢-1)/q’

3

A F(T)) < (537

)1/q,

and 30 < = L
n — —.
PR ) VI T

Hence, d(zn,, F(T)) < (%)Uq . ﬁ This implies that there exists an z} € F(T') such that

* € yifg, 1
d(waxl) < (3M) o(g-1)/q
In view of Jensen’s Inequality, we conclude that
|Znm = 2all? < 27 ([|l2n — 277 + [|2nm — 27]%). (2.6)

Since for all n > Ny, we have
|2 — 27| Mzn, — 27|17+ M Y5y, Ok
Mlzn, — 2|7+ M >3, O

e 1 £ 1
M?T\/{ " 90D + MW ‘-1
£

A A IA

2" 2¢ 1>

and

|Znsm — @34 < My, —af]4+ M SrER=te,
< My, — a9+ M3, O
< Mgy gy + Mgy ot
= £

so, from (2.6), we get

_1,€ 1 € 1
[Zn4m — znl|? < 27 1(5 " 9g—1 + 9 9¢—1

):87 Vn2N17m21

This shows that {z,} is Cauchy sequence. Since the space E is complete, lim,,_,~ =, exists. Thus, we may

assume that lim,_, x, = u* and it is easy to show that u* is a fixed point of T'. This completes the proof.
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